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•  Large	  Q:	  probe	  quark	  &	  gluon	  degrees	  of	  freedom	  
	  

•  Addi:onal	  structures	  accessible	  
–  TMD	  PDFs	  
–  TMD	  fragmenta:on	  func:ons	  
–  Spin	  dependent	  TMD	  func:ons	  

	  
•  Evolu:on	  	  

–  Relate	  different	  physical	  observables	  
	  
•  Careful	  account	  of	  factoriza:on	  is	  essen:al	  

–  Calcula:ons	  involves	  interplay	  of	  different	  kinds	  of	  physics	  

Interest in Semi-Inclusive 
Processes 



Transverse Momentum in 
Semi-Inclusive DIS 

Fragmentation Function: dependence on Q2, z 

l1 

Proton 

l2 

H	  

Open up the black 
boxes 

Slide from Nov. ECT* 
workshop on 

fragmentation and  
hadronization 



•  Not	  in	  this	  talk	  (but	  important):	  
–  Precise	  defini:ons	  of	  TMD	  correla:on	  func:ons.	  
–  Detailed	  treatment	  of	  evolu:on.	  

	  
•  In	  this	  talk:	  

–  	  Matching	  all	  regions	  of	  qT:	  	  
•  Incorporate	  directly	  at	  the	  level	  of	  factoriza:on	  formaliza:on	  rather	  
than	  at	  implementa:on.	  	  
	  

–  Rela:onship	  between	  integrated	  and	  collinear	  cross	  sec:ons.	  
	  

–  W	  +	  Y	  formaliza:on	  
•  What	  has	  usually	  been	  done	  
•  What	  we	  do	  

Outline 



•  Cross	  Sec:on	  (unpolarized)	  
	  

•  	  Hadronic	  mass	  scale:	  
	  

•  Errors:	  

•  Coordinate	  space	  cutoff:	  
	  

•  Scales:	  
	  
	  

Notation 
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z ! z̃ = z

✓
q2T +Q2

Q2

◆
. (2)

In Ref. [4, Eq. (13.75)], Collins proposed to im-
pose a direct cuto↵ on the large qT part of the W -
term. Our method follows a very similar approach (see
Sec. VI), with our ⌅ function in Eq. (42) corresponding
to Collins’s F (qT/Q), and our WNew(qT, Q; ⌘, C5) corre-
sponding roughly to Collins’s L

F

. Likewise, CSS intro-
duced a mass-scale Qmin

T

⇠ m in Ref. [3] to regulate the
low qT part of the Y -term calculation. The role of Qmin

T

is
analogous to what we will call � in Sec. III. The replace-
ments in Eqs. (1)-(2) are physically motivated in that it
approximates the kinematic corrections on x and z mo-
mentum fractions that begin to be important at larger
qT. See also Sec. 2.6 of Ref. [9] for a review of the kine-
matical rescaling procedure.

In most implementations of the ResBos Monte Carlo,
for both Drell-Yan and SIDIS, the computational algo-
rithm automatically forces a switch between the W -term
(there called the “resummed term”) to a calculation done
using purely fixed order perturbative QCD above some
qT. In fact, this is useful also for improving the e�ciency
of computer calculations since it means that computa-
tionally intensive calculations of theW -term can be short
circuited above some qT without compromising the accu-
racy of the calculation. (See Refs. [15, 16].) For very low
qT, the ResBos Monte Carlo switches o↵ the Y -term for
qT . 0.5� 1.0 GeV [17].

Boer and den Dunnen [12, 18] used a method similar to
BCFG, but implemented the transition to very small bT
by using a modified renormalization group scale (called
µ0

b

). This aspect of the Boer-den Dunnen approach is
very similar to what we will use in this article.

We suggest that, to maintain context, it will be useful
to read the articles listed above concurrently with this
paper.

III. W AND Y TERMS

We start by reviewing the W + Y construction. This
will establish notational conventions to be used through-
out the paper in addition to clarifying the logic of the
W + Y method. We will also introduce one small modi-
fication of the usual construction.

Consider a generic transverse momentum dependent
cross section that depends on a hard scale Q and is dif-
ferential in a transverse momentum q

T

. It may also be
di↵erential in other kinematical variables, but for sim-
plicity we will not show these explicitly. It could be any
cross section for which a TMD factorization theorem ex-
ists. We will use the abbreviated notation

�(qT, Q) =
d �

d2qT dQ · · · . (3)

The ellipsis indicates possible dependence on other kine-
matical variables like z and x, whose exact values are not

relevant to our immediate discussion. Although the logic
in this paper is meant to apply generally, explicit ex-
pressions will be written for semi-inclusive deep inelastic
scattering (SIDIS). CSS-style derivations of TMD factor-
ization are given for SIDIS in Refs. [19, 20] (see also [4,
Sec. 13.15]).
The TMD formalism separates Eq. (3) into a sum of

two terms. One term (W ) describes the small transverse
momentum behavior qT ⌧ Q and an additive correction
term (Y ) accounts for behavior at qT ⇠ Q:

�(qT, Q) = W (qT, Q) + Y (qT, Q) +O

✓
m

Q

◆
c

�(qT, Q) .

(4)
The first term on the right is written in terms of TMD
parton distribution functions (PDFs) and/or TMD frag-
mentation functions (FFs) and is constructed to be an
accurate description in the limit of qT/Q ⌧ 1. The W -
term includes all non-perturbative transverse momentum
dependence, as well as a collinear perturbation theory
(possibly with resummation) tail at qT � m. The Y -
term does not generally separate into TMD functions,
but it is described entirely in terms of collinear factoriza-
tion. The error term is proportional to a positive (c > 0)
power of m/Q, where m is a hadronic mass scale.
The definition of W is as given in, for example, Ref. [4,

13.71] (where it is called L):

W (qT, Q) ⌘ TTMD�(qT, Q) . (5)

The TTMD “approximator” is an instruction to replace
the object to its right by an approximation that is de-
signed to be good in the qT ⌧ Q limit. That is, it re-
places the exact �(qT, Q) by the approximate W (qT, Q):

TTMD�(qT, Q) = �(qT, Q) +O

✓
qT
Q

◆
a

�(qT, Q)

+O

✓
m

Q

◆
a

0

�(qT, Q)

+ · · · , (6)

where a, a0 > 0 and the ellipsis represents possible higher
powers in qT/Q and/or m/Q. The approximator nota-
tion is very useful for organizing nested approximations.
Another approximator, Tcoll, handles the large qT ⇠ Q

region. It replaces �(qT, Q) with an approximation that
is good when qT ⇠ Q. That is,

Tcoll�(qT, Q) = �(qT, Q) +O

✓
m

qT

◆
b

�(qT, Q)

+ · · · , (7)

where b > 0, and the ellipsis represents possible higher
powers in m/qT. Since Tcoll is to be applied to the qT ⇠
Q region, one only needs collinear factorization at a fixed
order and with a hard scale µ ⇠ Q.
If qT ⌧ Q and qT ⇠ Q were the only regions of in-

terest, then the TTMD and Tcoll approximators would be
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�(qT, Q) = Approx. 1


�(qT, Q)

�
+

✓
�(qT, Q)�Approx. 1
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Approx. 2
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◆b

�(qT, Q) + · · · (355)

Approx. 2
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(360)

= �(qT, Q)�Approx. 1


�(qT, Q)

�
+O

✓
m

Q

◆min(a,a0,b)

�(qT, Q) (361)

�(qT, Q) = W (qT, Q) + Y (qT, Q) +O

✓
m

Q

◆c

�(qT, Q) (362)

Approx. 1


�(qT, Q)

�
+Approx. 2


�(qT, Q)

�
�Approx. 2 Approx. 1


�(qT, Q)

�
(363)
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W (qT, Q) =

Z
d2bT
(2⇡)2

eiqT

·b
T W̃ (bT, Q) . (341)

W (qT, Q) =

Z
d2bT
(2⇡)2

eiqT

·b
T W̃ (bT, Q) . (342)

W (qT, Q) =

Z
d2bT
(2⇡)2

eiqT

·b
T W̃ (bT, Q) . (343)

W (qT, Q) =

Z
d2bT
(2⇡)2

eiqT

·b
T W̃ (bT, Q) . (344)

The relevant renormalization group scales are

µb ⌘ C1/bT , µb⇤ ⌘ C1/b⇤ , µQ ⌘ C2Q , (345)

where C1 and C2 are constants that are chosen to optimize perturbative convergence. After solving the evolution
equations, the W -term for SIDIS (neutral-current and neglecting heavy flavors) can be written as

W̃ (bT, Q) = H(µQ, Q)F̃j/A

�
xA, bT;Q

2
0, µQ

0

�
D̃B/j

�
zB , bT;Q

2
0, µQ

0

�

⇥ exp

(Z µQ

µQ
0

dµ0

µ0


2�(↵s(µ

0); 1)� ln
Q2

(µ0)2
�K(↵s(µ

0))

�)

⇥ exp

("
�gK(bT; bmax) + K̃(b⇤;µb⇤)�

Z µQ
0

µb⇤

dµ0

µ0 �K(↵s(µ
0))

#
ln

✓
Q2

Q2
0

◆)
(346)

bc(bT) =
q

b2T + C2
1/µ

2
max (347)

WNew(qT, Q; ⌘, C5) = ⌅

✓
qT
Q

, ⌘

◆Z
d2bT
(2⇡)2

eiqT

·b
TW̃ (bc(bT), Q) (348)

WNew(qT, Q; ⌘, C5) = ⌅

✓
qT
Q

, ⌘

◆Z
d2bT
(2⇡)2

eiqT

·b
TW̃OPE(b⇤(bc(bT)), Q)W̃NP(bc(bT), Q) (349)

b⇤(bc(bT)) �!

8
><

>:

bmin bT ⌧ bmin

bT bmin ⌧ bT ⌧ bmax

bmax bT � bmax

(350)

bmin ⌘ b⇤(bc(0)) =
C1

µmax

s
1

1 + C2
1/(µ

2
maxb

2
max)

. (351)

b⇤(bc(bT)) =

s
b2T + C2

1/µ
2
max

1 + b2T/b
2
max + C2

1/(µ
2
maxb

2
max)

(352)

bmin ⌘ b⇤(bc(0)) =
C1

µmax

s
1

1 + C2
1/(µ

2
maxb

2
max)

⇡ C1

µmax
⇠ 1

Q
(353)
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This corresponds to the presentation of solution in Eq. (24) of Ref. [24]. F̃
j/A

�
x
A

, bT;Q2
0, µQ

0

�
and

D̃
B/j

�
z
B

, bT;Q2
0, µQ

0

�
are, respectively, the TMD PDF and TMD FF evaluated at a reference scale Q0. The operator

definitions are given in Eqs. (13.42,13.106) of Ref. [4]. The exponential factors on the second and third lines imple-
ment the evolution from Q to Q0. The K̃(b

⇤

;µ
b⇤) is the Collins-Soper (CS) evolution kernel (see [24, Eq. (6,11,25)]),

while �
K

(↵
s

(µ)) and �(↵
s

(µ0); 1) are anomalous dimensions for the CS kernel and a TMD PDF respectively (see [24,
Eq. (7,8,9,10,12)]). See also Refs. [23, 25] and references therein for detailed discussions of the evolution equations
and their origins.

We define the normalization of the bT-space W -term through the Fourier-Bessel transform:

W (qT, Q) =

Z
d2bT
(2⇡)2

eiqT

·b
T W̃ (bT, Q) . (21)

To economize notation, we will assume there is only one flavor of parton so that we may drop the sum over j and the
j subscript. In detailed calculations, the sum needs to be restored.5

In the limit bT ⌧ 1/m, each TMD correlation function can be expanded in an OPE and expressed in terms of
collinear correlation functions. Then the transverse coordinate dependence is itself perturbatively generated. Let
us define a notation to describe this limit. First, substitute bT ! b

⇤

in Eq. (20) to regulate the bT & 1/m region.
Second, expand the result in an OPE and drop order O(bTm) corrections. We call the result W̃OPE(b

⇤

(bT), Q):

W̃OPE(b
⇤

(bT), Q) ⌘ H(µ
Q

, Q)
X

j

0
i

0

Z 1

xA

dx̂

x̂
C̃PDF

j/j

0 (x
A

/x̂, b
⇤

(bT);µ
2
b⇤ , µb⇤ ,↵s

(µ
b⇤))fj0/A(x̂;µb⇤)⇥

⇥
Z 1

zB

dẑ

ẑ3
C̃FF

i

0
/j

(z
B

/ẑ, b
⇤

(bT);µ
2
b⇤ , µb⇤ ,↵s

(µ
b⇤))dB/i

0(ẑ;µ
b⇤)⇥

⇥ exp

(
ln

Q2

µ2
b⇤

K̃(b
⇤

(bT);µb⇤) +

Z
µQ

µb⇤

dµ0

µ0


2�(↵

s

(µ0); 1)� ln
Q2

µ0

2 �K(↵
s

(µ0))

�)
. (22)

The functions f
j

0
/A

(x;µ) and d
B/j

0(z;µ) are the ordinary collinear PDF and FF. Note that using b
⇤

instead of bT
implies replacing µ

b

by µ
b⇤ (see Eq. (19)). Equation (22) is the standard result for the small bT limit and corresponds

to Eq. (22) of Ref. [24], but without the non-perturbative exponential factors. Thus,

W̃ (bT, Q) = W̃OPE(b
⇤

(bT), Q) +O ((bTm)p) (23)

with p > 0.

B. Separation of Large and Small bT

For Eq. (18), a common functional form is [26]:

b
⇤

(bT) ⌘

s
b2T

1 + b2T/b
2
max

. (24)

The standard steps for separating large and small bT are to first write a ratio,

e�gA(xA,b

T

;b
max

)�gB(zB ,b

T

;b
max

) ⌘ W̃ (bT, Q0)

W̃OPE(b
⇤

(bT), Q0)
. (25)

The ratio on the right side defines the exponential functions on the left according to some reference scale Q0. The
g-functions, therefore, account for all the error terms on the right side (23) (at some Q0).6 Next, one notices that
the CS evolution is identical for the numerator and denominator, apart from the fact that the evolution kernel is
evaluated at bT in the former and b

⇤

(bT) in the latter. Thus, one may re-express the right side of Eq. (25) in terms of

5
Recall, however, that for scattering o↵ a quark, there is no fla-

vor dependence in the hard scattering until order ↵3
s. So flavor

independence is likely a good approximation. See the discussion

at the beginning of section VIA of Ref. [24].

6
It is essentially just convention that the g-functions appear in an

exponent.
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dẑ

ẑ3
C̃FF
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⇥ exp

(
ln

Q2

µ2
b⇤

K̃(b⇤(bT);µb⇤) +

Z µQ

µb⇤

dµ0

µ0


2�(↵s(µ

0); 1)� ln
Q2

µ02 �K(↵s(µ
0))

�)
. (390)

Thus,

W̃ (bT, Q) = W̃OPE(b⇤(bT), Q) +O ((bTm)p) (391)

with p > 0.

e�gA(xA,b
T

;b
max

)�gB(zB ,b
T

;b
max

)�2gK(b
T

;b
max

) ln(Q/Q
0

) ⌘ W̃ (bT, Q)

W̃OPE(b⇤(bT), Q)
. (392)

qT . O(m) O(m) ⌧ qT ⌧ O(Q) qT & O(Q) (393)

Acknowledgments

This work was supported by...

23

W̃OPE(b⇤(bT), Q) ⌘ H(µQ, Q)
X

j0i0

Z 1

xA

dx̂

x̂
C̃PDF

j/j0 (xA/x̂, b⇤(bT);µ
2
b⇤ , µb⇤ ,↵s(µb⇤))fj0/A(x̂;µb⇤)⇥

⇥
Z 1

zB

dẑ
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dẑ

ẑ3
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⇥ exp

(
ln

Q2

µ2
b⇤

K̃(b⇤(bT);µb⇤) +

Z µQ

µb⇤

dµ0

µ0


2�(↵s(µ

0); 1)� ln
Q2

µ02 �K(↵s(µ
0))

�)
. (388)

W̃OPE(b⇤(bT), Q) ⌘ H(µQ, Q)
X

j0i0

Z 1

xA

dx̂

x̂
C̃PDF

j/j0 (xA/x̂, b⇤(bT);µ
2
b⇤ , µb⇤ ,↵s(µb⇤))fj0/A(x̂;µb⇤)⇥

⇥
Z 1

zB

dẑ
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ẑ3
C̃FF
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FIG. 14. Transverse momentum distributions of flavor–singlet
unpolarized valence and sea quarks at x = 0.1. Panel (a)

shows fu+d−ū−d̄
1 and f ū+d̄

1 as functions of p2T on a logarithmic

scale; panel (b) shows the radial distribution 2πpT f
u+d−ū−d̄
1

and 2πpT f
ū+d̄
1 on a linear scale, such that the area un-

der the curves corresponds to the integral over pT . Dashed
lines: Valence quark distribution fu+d−ū−d̄

1 (see Fig. 6). Solid

lines: Sea quark distribution f ū+d̄
1 (PV regularization). [Self–

consistent soliton profile Eq. (A4) with M = 0.35GeV,MN =
3.26M .]

I. Sea vs. valence quark distribution

Using the numerical approximation of Sec. VH we now
want to compare our results for the sea quark transverse
momentum distribution with those of the valence quarks
calculated in Sec. IV. Figure 14 summarizes the numer-
ical results for the valence distribution fu+d−ū−d̄

1 (x, pT )

and the sea quark distribution f ū+d̄
1 (x, pT ) at a represen-

tative value of x = 0.1. Panel (a) shows the distributions

themselves on a logarithmic scale; panel (b) the radial
distributions on a linear scale, such that the area un-
der the curves corresponds directly to their integral over
pT . Similar results are obtained at other values of x:
the shape of the individual pT distribution changes little
with x (cf. Fig. 4 for the valence distribution); only their
normalization changes in proportion to the total valence
and sea quark density.

The numerical estimates clearly show very different
shapes of the valence and sea quark transverse momen-
tum distributions, especially at large values of pT , as
first observed in the calculation of Ref. [40]. Based on
our theoretical analysis we can now explain this strik-
ing behavior as the effect of dynamical chiral symmetry
breaking in the QCD vacuum on the intrinsic transverse
momentum distribution of the sea quarks. Even with the
strong modification of the would–be 1/p2T tail by the UV
cutoff, the sea quark transverse momentum distribution
in the chiral quark–soliton model is qualitatively differ-
ent from that of the valence quarks. While the precise
numerical values depend on the model implementation
(see e.g. Fig. 11), the fact as such is rooted in the basic
structure of the effective dynamics chiral and should be
model–independent.

When interpreting the results of Figure 14 one should
keep in mind that the accuracy of the approximation
Eq. (5.66) used in our numerical estimate of f ū+d̄

1 (x, pT )
is not sufficient to predict the values at p2T <∼ 2M2

with meaningful relative accuracy (cf. the discussion in
Sec. VH). In this sense the plot of the radial distribu-
tion, in which the low–pT region is suppressed, conveys a
more realistic picture. This uncertainty, however, in no
way influences our conclusions regarding the qualitatively
different behavior of valence and sea quark distributions
at large pT .

The qualitative difference between the pT distribution
of valence and sea quarks is the most important practical
result of our study. Its numerous implications for deep–
inelastic processes are explored in Sec. VIII.

J. Polarized sea quark distribution

To complete our study of the sea quark transverse
momentum distribution we want to investigate also the
flavor–nonsinglet polarized sea quark distribution. The
gradient expansion of this distribution can be carried out
in complete analogy to the flavor–singlet unpolarized case
starting from Eq. (3.38), cf. Secs. VA and VB; we do not
present the intermediate steps here. The result can again
be represented as a convolution integral over the momen-
tum of the classical chiral field, analogous to Eq. (5.16),

gū−d̄
1,grad(x, pT ) =

∫
dy

y

∫
d2kT gcl(y,kT )

× gqq̄(x, y;pT ,kT ). (5.67)

Example: Sea vs. Valence 
Quark TMD PDFs 
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FIG. 5. (a) Distribution of the values of the ratios hk2
?,dv i/hk

2
?,uv

i vs. hk2
?,seai/hk2

?,uv
i obtained from fitting 200 replicas of

the original data points in the scenario of the default fit. The white squared box indicates the center of the 68% confidence
interval for each ratio. The shaded area represents the two-dimensional 68% confidence region around the white box. The
dashed lines correspond to the ratios being unity; their crossing point corresponds to the result with no flavor dependence. For
most of the points, hk2

?,dv i < hk2
?,uv

i < hk2
?,seai. (b) Same as previous panel, but for the distribution of the values of the ratios

hP 2
?,unfi/hP 2

?,favi vs. hP 2
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?,favi. For all points, hP 2
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FIG. 6. Same content and notation as in the previous figure, but for the scenario with the cut Q2
> 1.6 .

B. Fit with Q

2
> 1.6 GeV2

In this scenario, we restrict the Q

2 range compared to the default fit by imposing the cut Q

2

> 1.6 GeV2. The
set of data is reduced to 1274 points. The mean value of the �

2/d.o.f is smaller, since we are fitting less data.
Moreover, the disregarded Q

2 bin contains high statistics. As for the default fit, the behavior of transverse momenta
over the 200 replicas is summarized in Fig. 6. The exclusion of low-Q2 data leads to partial di↵erences in the
features of the extracted TMD PDFs: the average width of valence quarks slightly increases, while the distribution
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W (qT, Q) ⌘ TTMD�(qT, Q) . (369)

The TTMD “approximator” is an instruction to replace the object to its right by an approximation that is designed
to be good in the qT ⌧ Q limit. That is, it replaces the exact �(qT, Q) by the approximate W (qT, Q):
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The relevant renormalization group scales are

µb ⌘ C
1

/b
T

, µb⇤ ⌘ C
1

/b⇤ , µQ ⌘ C
2

Q , (342)

where C
1

and C
2

are constants that are chosen to optimize perturbative convergence. After solving the evolution
equations, the W -term for SIDIS (neutral-current and neglecting heavy flavors) can be written as
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7

This corresponds to the presentation of solution in Eq. (24) of Ref. [24]. F̃
j/A

�
x
A

, bT;Q2
0, µQ

0

�
and

D̃
B/j

�
z
B

, bT;Q2
0, µQ

0

�
are, respectively, the TMD PDF and TMD FF evaluated at a reference scale Q0. The operator

definitions are given in Eqs. (13.42,13.106) of Ref. [4]. The exponential factors on the second and third lines imple-
ment the evolution from Q to Q0. The K̃(b

⇤

;µ
b⇤) is the Collins-Soper (CS) evolution kernel (see [24, Eq. (6,11,25)]),

while �
K

(↵
s

(µ)) and �(↵
s

(µ0); 1) are anomalous dimensions for the CS kernel and a TMD PDF respectively (see [24,
Eq. (7,8,9,10,12)]). See also Refs. [23, 25] and references therein for detailed discussions of the evolution equations
and their origins.

We define the normalization of the bT-space W -term through the Fourier-Bessel transform:

W (qT, Q) =

Z
d2bT
(2⇡)2

eiqT

·b
T W̃ (bT, Q) . (21)

To economize notation, we will assume there is only one flavor of parton so that we may drop the sum over j and the
j subscript. In detailed calculations, the sum needs to be restored.5

In the limit bT ⌧ 1/m, each TMD correlation function can be expanded in an OPE and expressed in terms of
collinear correlation functions. Then the transverse coordinate dependence is itself perturbatively generated. Let
us define a notation to describe this limit. First, substitute bT ! b

⇤

in Eq. (20) to regulate the bT & 1/m region.
Second, expand the result in an OPE and drop order O(bTm) corrections. We call the result W̃OPE(b

⇤

(bT), Q):

W̃OPE(b
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. (22)

The functions f
j

0
/A

(x;µ) and d
B/j

0(z;µ) are the ordinary collinear PDF and FF. Note that using b
⇤

instead of bT
implies replacing µ

b

by µ
b⇤ (see Eq. (19)). Equation (22) is the standard result for the small bT limit and corresponds

to Eq. (22) of Ref. [24], but without the non-perturbative exponential factors. Thus,

W̃ (bT, Q) = W̃OPE(b
⇤

(bT), Q) +O ((bTm)p) (23)

with p > 0.

B. Separation of Large and Small bT

For Eq. (18), a common functional form is [26]:

b
⇤

(bT) ⌘

s
b2T

1 + b2T/b
2
max

. (24)

The standard steps for separating large and small bT are to first write a ratio,

e�gA(xA,b

T

;b
max

)�gB(zB ,b

T

;b
max

) ⌘ W̃ (bT, Q0)

W̃OPE(b
⇤

(bT), Q0)
. (25)

The ratio on the right side defines the exponential functions on the left according to some reference scale Q0. The
g-functions, therefore, account for all the error terms on the right side (23) (at some Q0).6 Next, one notices that
the CS evolution is identical for the numerator and denominator, apart from the fact that the evolution kernel is
evaluated at bT in the former and b

⇤

(bT) in the latter. Thus, one may re-express the right side of Eq. (25) in terms of

5
Recall, however, that for scattering o↵ a quark, there is no fla-

vor dependence in the hard scattering until order ↵3
s. So flavor

independence is likely a good approximation. See the discussion

at the beginning of section VIA of Ref. [24].

6
It is essentially just convention that the g-functions appear in an

exponent.
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The relevant renormalization group scales are

µb ⌘ C1/bT , µb⇤ ⌘ C1/b⇤ , µQ ⌘ C2Q , (354)

where C1 and C2 are constants that are chosen to optimize perturbative convergence. After solving the evolution
equations, the W -term for SIDIS (neutral-current and neglecting heavy flavors) can be written as
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ẑ3
C̃FF
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ẑ3
C̃FF
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Thus,

W̃ (bT, Q) = W̃OPE(b⇤(bT), Q) +O ((bTm)p) (390)

with p > 0.
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W (q
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The relevant renormalization group scales are
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where C
1

and C
2

are constants that are chosen to optimize perturbative convergence. After solving the evolution
equations, the W -term for SIDIS (neutral-current and neglecting heavy flavors) can be written as
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i0/j(zB/ẑ, b⇤(bT);µ
2
b⇤ , µb⇤ ,↵s(µb⇤))dB/i0(ẑ;µb⇤)⇥
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+ polarized terms + large qT correction, Y + p.s.c. (384)
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i0/j(zB/ẑ, b⇤(bT);µ
2
b⇤ , µb⇤ ,↵s(µb⇤))dB/i0(ẑ;µb⇤)⇥
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Thus,

W̃ (bT, Q) = W̃OPE(b⇤(bT), Q) +O ((bTm)p) (391)
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The relevant renormalization group scales are

µb ⌘ C1/bT , µb⇤ ⌘ C1/b⇤ , µQ ⌘ C2Q , (354)

where C1 and C2 are constants that are chosen to optimize perturbative convergence. After solving the evolution
equations, the W -term for SIDIS (neutral-current and neglecting heavy flavors) can be written as
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The Y-term 



•  “TMD	  part”	  /	  W-‐term	  	  (good	  qT	  <<	  Q	  approxima:on)	  

	  
	  
•  “Fixed	  Order”	  (good	  qT	  >>	  m	  approxima:on)	  
	  

	  
•  W-‐term	  error:	  
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The TTMD “approximator” is an instruction to replace the object to its right by an approximation that is designed
to be good in the qT ⌧ Q limit. That is, it replaces the exact �(qT, Q) by the approximate W (qT, Q):
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where C1 and C2 are constants that are chosen to optimize perturbative convergence. After solving the evolution
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The relevant renormalization group scales are

µb ⌘ C1/bT , µb⇤ ⌘ C1/b⇤ , µQ ⌘ C2Q , (342)

where C1 and C2 are constants that are chosen to optimize perturbative convergence. After solving the evolution
equations, the W -term for SIDIS (neutral-current and neglecting heavy flavors) can be written as
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•  What	  about	  qT	  <	  m	  and	  qT	  >	  Q?	  

•  What	  about	  inclusive	  integral?	  

qT Regions 



Goal: 

Generalize/Improve  
W+Y  

Formalization 



•  Parton	  Model	  W-‐term:	  
	  	  	  
	  
	  
	  
	  

•  CSS	  /	  TMD	  factoriza:on	  formalism	  W-‐term:	  
	  

Semi-Inclusive to Inclusive 
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a)  W-‐term:	  good	  approxima.on	  for	  qT/Q	  è	  0	  
	  	  	  

b)  Fixed	  order	  term:	  good	  for	  qT	  è	  O(Q)	  

c)  W	  +	  Y	  is	  good	  for	  	  O(m)	  <<	  qT	  <<	  O(	  Q)	  
–  Bad	  for	  qT	  <	  O(m),	  qT	  >	  O(Q)	  
–  But	  no	  problem	  in	  principle:	  	  Recall	  a)	  &	  b)	  	  
–  Switch	  off	  W+Y	  below	  some	  min	  qT	  and	  above	  some	  max	  
qT/Q	  
	  

d)  Need	  to	  simultaneously	  drop	  powers	  of	  m/qT	  &	  qT/Q	  	  
	  

Very Large and Very Small qT 



	  
	  
	  

	  
d)  Culprit:	  W	  and	  Y	  are	  used	  far	  outside	  their	  domains	  

of	  accuracy;	  default	  treatments	  of	  errors	  not	  
necessarily	  op:mal.	  
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Figure 6. dσNLO, dσASY, WNLL and the sum WNLL+Y (see eq. (3.3)), corresponding to the three
different SIDIS kinematical configurations defined in figure 1. Here bmax = 1.0GeV−1, g1 = 0.3
GeV2, g1f = 0.1GeV2, g2 = 0GeV2.

3.3 Y term matching

It should now be clear that a successful matching heavily depends on the subtle inter-

play between perturbative and non-perturbative contributions to the total cross section,

and that finding a kinematical range in which the resummed cross section W matches its

asymptotic counterpart dσASY, in the region qT ∼ Q, cannot be taken for granted.

In figure 6 we show, in the three SIDIS configurations considered above, the NLO

cross section dσNLO (solid, red line), the asymptotic cross section dσASY (dashed, green

line) and the NLL resummed cross section WNLL (dot-dashed, cyan line). The dotted blue

line represents the sum (WNLL + Y ), according to eq. (2.19).

Clearly, in none of the kinematical configurations considered, WNLL matches dσASY,

they both change sign at very different values of qT . Moreover, the Y factor can be very

large compared to WNLL. Consequently, the total cross section WNLL + Y (dotted, blue

line) never matches the fixed order cross section dσNLO (solid, red line). At low and

intermediate energies, the main source of the matching failure is represented by the non-

perturbative contribution to the Sudakov factor. As we showed in section 3.1, the resummed

term W of the cross section is totally dominated by the non-perturbative input, even at

large qT . Notice that, in the kinematical configurations of the COMPASS experiment, the

matching cannot be achieved simply by adding higher order corrections to the perturbative

calculation of the Y term, as proposed in ref. [8], as WNLL is heavily dependent on the

non-perturbative input.

Interestingly, the cross section does not match the NLO result even at the highest

energies considered,
√
s = 1TeV and Q2 = 5000GeV2: further comments will be addressed

in the following subsection.

3.4 Matching with the inclusion of non-perturbative contributions

As discussed above, the mismatch betweenWNLL and dσASY at qT ∼ Q is mainly due to the

non-perturbative content of the cross section, which turns out to be non-negligible, at least

at low and intermediate energies. To try solving this problem one could experiment different

– 10 –

lying at qT above the main maximum of the resummed cross
section !Fig. 5". This prescription is satisfactory for two dif-
ferent possible situations, in which the resummed cross sec-
tion crosses #Fig. 5!a"$ or does not cross #Fig. 5!b"$ the per-
turbative cross-section.

B. Kinematic corrections at qT%Q

In this subsection we will discuss the differences between
the kinematics implemented in the definitions of the
asymptotic and resummed cross sections !36" and !43", and
the kinematics of the perturbative piece at non-zero values of
qT .
Consider the perturbative hadronic cross section !30". The

integrand of Eq. !30" contains the delta-function

&! qT2
Q2 !" 1x̂ !1 # " 1ẑ !1 # $"xz&! !'a!x "!'b!z "!xz

qT
2

Q2$ ,
!83"

which comes from the parton-level cross section !B1". De-
pending on the values of x ,z ,Q2,qT

2 , the contour of the in-
tegration over 'a and 'b determined by Eq. !83" can have
one of three shapes shown in Figs. 6!a"–6!c". For qT#Q the
integration proceeds along the contour in Fig. 6!a", and the
integral in Eq. !30" can be written in either of two alternative
forms

d(BA

dxdzdQ2dqT
2d)

"%
('a)min

1 d'a
'a!x MBA!'a ,'b ; x̂ , ẑ ,Q2,qT

2 ,)"

"%
('b)min

1 d'b
'b!z MBA!'a ,'b ; x̂ , ẑ ,Q2,qT

2 ,)", !84"

where

MBA!'a ,'b ; x̂ , ẑ ,Q2,qT
2 ,)"

"
(0Fl

4*SeAQ2

+s

*
x̂ ẑ,

a ,b , j
e j
2DB/b!'b"Fa/A!'a"

$ ,
+"1

4

f ba
(+)! x̂ , ẑ ,Q2,qT

2 "A+!- ,)". !85"

The lower bounds of the integrals are

!'a"min"
w2

1!z %x , !86"

!'b"min"
w2

1!x %z , !87"

with

w.
qT
Q

!xz . !88"

Alternatively, the cross section can be written in a form
symmetric with respect to x and z,

d(BA

dxdzdQ2dqT
2d)

"%
x%w

1 d'a
'a!x M !'a ,'b ; x̂ , ẑ ,Q2,qT

2 ,)"

%%
z%w

1 d'b
'b!z M !'a ,'b ; x̂ , ẑ ,Q2,qT

2 ,)",

!89"

where the integrals are calculated along the branches RP and
RQ in Fig. 6!a", respectively. As qT→0,

!'a"min→x , !'b"min→z ,

FIG. 5. Choice of the matching between the resummed and per-
turbative cross section.

FIG. 6. The contours of the integration over 'a , 'b for !a,b,c"
the perturbative cross section !30"; !d" the asymptotic and re-
summed cross sections !36" and !43".
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•  Requirements	  
	  
1)  qT	  <<	  Q	  approxima:on	  shouldn’t	  contribute	  for	  qT	  >	  Q.	  	  

qT>>	  m	  approxima:on	  shouldn’t	  contribute	  for	  qT<	  m.	  
Guzzi,,	  Nadolsky,	  Wang	  (2014)	  	  
	  	  

2)  Integrated	  TMD	  formalism	  should	  match	  collinear	  formalism.	  
“Unitarity”:	  	  Bozzi,	  Catani,	  de	  Florian,	  Grazzini	  (2006)	  
	  

3)  Integrated	  TMD	  parton	  model	  should	  match	  collinear	  parton	  
model.	  
	  

4)  Should	  recover	  standard	  W+Y	  treatment	  for	  Q	  	  è	  ∞	  and	  for	  
m	  <<	  qT	  <<	  Q.	  	  

Generalized W+Y Formalization 
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V. MODIFIED b

⇤

-PRESCRIPTION

Next, we generalize the standard b
⇤

-prescription slightly. Note that using µ
b⇤ as a renormalization scale is only useful

if there is a significantly broad region in bT where bTm and 1/(bTQ) are simultaneously reasonable small parameters.
If Q is small enough that no such region exists, then changing the renormalization scale away from µ = Q does little
to improve the accuracy of a calculation. Moreover, the bT > 1/Q region could contribute a significant fraction of the
bT-integral at smaller Q, and thus could introduce non-negligible errors. To avoid this, we need a cuto↵ on small bT.
We therefore define

b
c

(bT) =
q
b2T + C2

1/µ
2
max . (33)

Then,

b
⇤

(b
c

(bT)) =

s
b2T + C2

1/µ
2
max

1 + b2T/b
2
max + C2

1/(µ
2
maxb

2
max)

. (34)

This modified b
⇤

-prescription will be used in later sections in a modified W̃ (bT, Q).
Also define

bmin ⌘ b
⇤

(b
c

(0)) =
C1

µmax

s
1

1 + C2
1/(µ

2
maxb

2
max)

. (35)

Then, for large enough µmax and bmax

bmin ⇡ C1

µmax
. (36)

Since µmax is intended to provide a cuto↵ on bT . 1/Q, it will ultimately chosen to be of order Q. Thus, bmin decreases
like 1/Q, in contrast to bmax which remains fixed. Note also that

b
⇤

(b
c

(bT))�!

8
><

>:

bmin bT ⌧ bmin

bT bmin ⌧ bT ⌧ bmax

bmax bT � bmax .

(37)

µmax = C5µQ

/b0 , (38)

where b0 ⌘ 2 exp(��
E

). (The inclusion of b0 is a convention that will be convenient for later calculations). For
µmax � 1/bmax, b⇤(bc(bT)) ⇡ b

⇤

(bT). Instead of µ
b⇤ , we will ultimately use the scale

µ̄ ⌘ C1

b
⇤

(b
c

(bT))
(39)

to implement renormalization group improvement in TMD correlation functions. There is a maximum cuto↵ on the
renormalization scale equal to

µ
c

⌘ lim
b

T

!0
µ̄ = µmax

s

1 +
C2

1

b2maxµ
2
max

⇡ C1

bmin

s

1 +
b2min

b2max

. (40)

The approximation sign corresponds to the limit of small 1/(µmaxbmax). Note that,

bminµc

⇡ C1 for bmin/bmax ! 0 . (41)

We will use these definitions later.
We might reasonably have used b

c

(b
⇤

(bT)) instead of b
⇤

(b
c

(bT)) to define bmin and µ
c

. Then, bmin would exactly
equal C1/µmax and µ

c

would exactly equal µmax. However, we will see in Sec. VI that there are reasons to prefer
b
⇤

(b
c

(bT)).

•  Basic	  

	  
•  Generalized	  	  
	  	  	  
	  
	  
	  

Generalized W-term 
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W (qT, Q) =

Z
d2bT
(2⇡)2

eiqT

·b
T W̃ (bT, Q) . (341)

The relevant renormalization group scales are

µb ⌘ C1/bT , µb⇤ ⌘ C1/b⇤ , µQ ⌘ C2Q , (342)

where C1 and C2 are constants that are chosen to optimize perturbative convergence. After solving the evolution
equations, the W -term for SIDIS (neutral-current and neglecting heavy flavors) can be written as

W̃ (bT, Q) = H(µQ, Q)F̃j/A

�
xA, bT;Q

2
0, µQ

0

�
D̃B/j

�
zB , bT;Q

2
0, µQ

0

�

⇥ exp

(Z µQ

µQ
0

dµ0

µ0


2�(↵s(µ

0); 1)� ln
Q2

(µ0)2
�K(↵s(µ

0))

�)

⇥ exp

("
�gK(bT; bmax) + K̃(b⇤;µb⇤)�

Z µQ
0

µb⇤

dµ0

µ0 �K(↵s(µ
0))

#
ln

✓
Q2

Q2
0

◆)
(343)

bc(bT) =
q
b2T + C2

1/µ
2
max . (344)

WNew(qT, Q; ⌘, C5) = ⌅

✓
qT
Q

, ⌘

◆Z
d2bT
(2⇡)2

eiqT

·b
TW̃ (bc(bT), Q) (345)

WNew(qT, Q; ⌘, C5) = ⌅

✓
qT
Q

, ⌘

◆Z
d2bT
(2⇡)2

eiqT

·b
TW̃OPE(b⇤(bc(bT)), Q)W̃NP(bc(bT), Q) (346)
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20

W (q
T

, Q) =

Z
d2b

T

(2⇡)2
eiqT

·b
T W̃ (b

T

, Q) . (341)

The relevant renormalization group scales are

µb ⌘ C
1

/b
T

, µb⇤ ⌘ C
1

/b⇤ , µQ ⌘ C
2

Q , (342)

where C
1

and C
2

are constants that are chosen to optimize perturbative convergence. After solving the evolution
equations, the W -term for SIDIS (neutral-current and neglecting heavy flavors) can be written as

W̃ (b
T

, Q) = H(µQ, Q)F̃j/A

�
xA, bT;Q

2

0

, µQ
0

�
D̃B/j

�
zB , bT;Q

2

0

, µQ
0

�

⇥ exp

(Z µQ

µQ
0

dµ0

µ0


2�(↵s(µ

0); 1)� ln
Q2

(µ0)2
�K(↵s(µ

0))

�)

⇥ exp

("
�gK(b

T

; b
max

) + K̃(b⇤;µb⇤)�
Z µQ

0

µb⇤

dµ0

µ0 �K(↵s(µ
0))

#
ln

✓
Q2

Q2

0

◆)
(343)
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where C1 and C2 are constants that are chosen to optimize perturbative convergence. After solving the evolution
equations, the W -term for SIDIS (neutral-current and neglecting heavy flavors) can be written as

W̃ (bT, Q) = H(µQ, Q)F̃j/A

�
xA, bT;Q

2
0, µQ

0

�
D̃B/j

�
zB , bT;Q

2
0, µQ

0

�

⇥ exp

(Z µQ

µQ
0

dµ0

µ0


2�(↵s(µ

0); 1)� ln
Q2

(µ0)2
�K(↵s(µ

0))

�)

⇥ exp

("
�gK(bT; bmax) + K̃(b⇤;µb⇤)�

Z µQ
0

µb⇤

dµ0

µ0 �K(↵s(µ
0))

#
ln

✓
Q2

Q2
0

◆)
(343)
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2
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✓
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Q
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✓
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d�
SIDIS

=
X

f

Hf,SIDIS

(Q)⌦ Fq(x, k1T , q)⌦Dq(z, k2T , q) + Y
SIDIS

SIDIS

d�
DY

=
X

f

Hf,DY

(Q)⌦ Ff/H
1

(x
1

, k
1T , Q)⌦ F

¯f/H
2

(x
2

, k
2T , Q) + Y

Drell�Yan

Drell�Yan

d�
e

+

e

� =
X

f

Hf,e+e

�(Q)⌦DH
1

/ ¯f (z1, k1T , Q)⌦DH
2

/f (z2, k2T , Q) + Y
e

+

e

� e+e� ! H
1

+H
2

+X

H(q) H(q) (326)

d� =

Z
d�̂ ⌦ Fq(x, k1T , q)⌦Dq(z, k2T , q) (327)

P 2

T (328)

d�(q
T

, Q)

dQ2 dx d2qT . . .
=H(µQ, Q)

Z
d2k

T

F
�
x, q

T

� k
T

;Q2, µQ

�
D
�
z,k

T

;Q,µQ

�
+ Y (q

T

, Q)

⌘H(µQ
0

, Q
0

) FQ=Q
0

j/A ⌦DQ=Q
0

B/j , (329)

d�(q
T

, Q)

dQ2 dx d2qT . . .
=H

Z
d2k

T

F
�
x, q

T

� k
T

�
D
�
zA,kT

�

⌘H(µQ
0

, Q
0

) FQ=Q
0

j/A ⌦DQ=Q
0

B/j , (330)

W̃ ⇠ (Const. b
T

� dep.)⇥Q�2a (331)

Q2 ! zAzBQ
2 zB ! 1/x (332)

b⇤(bT) =
b
Tp

1 + b2
T

/b2
max

(333)

Q = 2.0 GeV Q = 20.0 GeV (334)
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µmax = C5µQ

/b0 , (45)

where b0 ⌘ 2 exp(��
E

). (The inclusion of b0 is a convention that will be convenient for later calculations). For
µmax � 1/bmax, b⇤(bc(bT)) ⇡ b

⇤

(bT). Instead of µ
b⇤ , we will ultimately use the scale

µ̄ ⌘ C1

b
⇤

(b
c

(bT))
(46)

to implement renormalization group improvement in TMD correlation functions. There is a maximum cuto↵ on the
renormalization scale equal to

µ
c

⌘ lim
b

T

!0
µ̄ = µmax

s

1 +
C2

1

b2maxµ
2
max

⇡ C1

bmin

s

1 +
b2min

b2max

. (47)

The approximation sign corresponds to the limit of small 1/(µmaxbmax). Note that,

bminµc

⇡ C1 for bmin/bmax ! 0 . (48)

We will use these definitions later.

=) Omissions etc were here.

The steps for evolving WNew(qT, Q;µmax) are exactly analogous to the steps that led to (36) in the standard
treatment. Namely, Eq. (33) becomes

WNew(qT, Q; ⌘, C5) = ⌅

✓
qT
Q

, ⌘

◆Z
d2bT
(2⇡)2

eiqT

·b
TW̃NP(bc(bT), Q)W̃ (b

⇤

(b
c

(bT)), Q) . (49)

=) Omitted items.
Now the definition of W̃ (bT, Q) is unchanged, and only the bT ! b

c

(bT) replacement is new. Thus, the steps for
implementing evolution for W̃ are unchanged from the original case. Therefore instead of Eq. (36) we simply need

W̃ (b
c

(bT), Q) = H(µ
Q

, Q)
X

j

0
i

0

Z 1

xA

dx̂

x̂
C̃PDF

j/j

0 (x
A

/x̂, b
⇤

(b
c

(bT)); µ̄
2, µ̄,↵

s

(µ̄))f
j

0
/A

(x̂; µ̄)⇥

⇥
Z 1

zB

dẑ

ẑ3
C̃FF

i

0
/j

(z
B

/ẑ, b
⇤

(b
c

(bT)); µ̄
2, µ̄,↵

s

(µ̄))d
B/i

0(ẑ; µ̄)⇥

⇥ exp

⇢
ln

Q2

µ̄2
K̃(b

⇤

(b
c

(bT)); µ̄) +

Z
µQ

µ̄

dµ0

µ0


2�(↵

s

(µ0); 1)� ln
Q2

µ0

2 �K(↵
s

(µ0))

��

⇥ exp

⇢
�g

A

(x
A

, b
c

(bT); bmax)� g
B

(z
B

, b
c

(bT); bmax)� 2g
K

(b
c

(bT); bmax) ln

✓
Q

Q0

◆�
. (50)

The evolved expression is the same as Eq. (36) except that b
⇤

(b
c

(bT)) and µ̄ = C1/b⇤(bc(bT)) are used instead of the
more common b

⇤

(bT) and µ
b⇤ = C1/b⇤(bT). Note that g

K

(b
c

(bT); bmax) depends on µmax through b
c

, albeit only for
bT . 1/µmax. For bT � 1/µmax, gK(b

c

(bT); bmax) ! g
K

(bT; bmax). Also, g
K

(b
c

(bT); bmax) does not vanish exactly as
bT ! 0 but instead approaches a power of 1/µmax.

Up to this point, we have introduced two new parameters, ⌘ and C5, in the treatment of the W -term.
=) I don’t understand the following:
If ⌘ and C5 are large, then they only a↵ect the qT & Q region. As a definition, WNew(qT, Q; ⌘, C5) is therefore as
valid as the standard one. Indeed, the standard definition is just the special case of W (qT, Q) with C5, ⌘ = 1, so we
have simply written down a two-parameter family of equally valid definitions for the W -term, with the standard CSS
version being a particular limiting case. However, will need non-arbitrary criteria for fixing the values of ⌘ and C5.
We will return to this in Sec VII. First, we need to complete the construction of the full cross section by formulating
a new Y -term in terms of the new W -term.

VI. MODIFIED Y -TERM

Now we can construct a Y -term from nearly identical steps to those of Sec. III. Recall that the TMD approximator,
TTMD, replaces the cross section by an approximation that is good in the qT/Q ⌧ 1 limit – see Eq. (7). The TTMD

Addresses point 3.)  
     and part of point 1.) 

Called	  F(Q/qT)	  in	  	  
Collins	  Textbook	  	  
(2011)	  



•  Cross	  Sec:on	  (unpolarized)	  
	  

•  	  Hadronic	  mass	  scale:	  
	  

•  Errors:	  

•  Coordinate	  space	  cutoff:	  
	  

•  Scales:	  
	  
	  

Notation 

4

z ! z̃ = z

✓
q2T +Q2

Q2

◆
. (2)

In Ref. [4, Eq. (13.75)], Collins proposed to im-
pose a direct cuto↵ on the large qT part of the W -
term. Our method follows a very similar approach (see
Sec. VI), with our ⌅ function in Eq. (42) corresponding
to Collins’s F (qT/Q), and our WNew(qT, Q; ⌘, C5) corre-
sponding roughly to Collins’s L

F

. Likewise, CSS intro-
duced a mass-scale Qmin

T

⇠ m in Ref. [3] to regulate the
low qT part of the Y -term calculation. The role of Qmin

T

is
analogous to what we will call � in Sec. III. The replace-
ments in Eqs. (1)-(2) are physically motivated in that it
approximates the kinematic corrections on x and z mo-
mentum fractions that begin to be important at larger
qT. See also Sec. 2.6 of Ref. [9] for a review of the kine-
matical rescaling procedure.

In most implementations of the ResBos Monte Carlo,
for both Drell-Yan and SIDIS, the computational algo-
rithm automatically forces a switch between the W -term
(there called the “resummed term”) to a calculation done
using purely fixed order perturbative QCD above some
qT. In fact, this is useful also for improving the e�ciency
of computer calculations since it means that computa-
tionally intensive calculations of theW -term can be short
circuited above some qT without compromising the accu-
racy of the calculation. (See Refs. [15, 16].) For very low
qT, the ResBos Monte Carlo switches o↵ the Y -term for
qT . 0.5� 1.0 GeV [17].

Boer and den Dunnen [12, 18] used a method similar to
BCFG, but implemented the transition to very small bT
by using a modified renormalization group scale (called
µ0

b

). This aspect of the Boer-den Dunnen approach is
very similar to what we will use in this article.

We suggest that, to maintain context, it will be useful
to read the articles listed above concurrently with this
paper.

III. W AND Y TERMS

We start by reviewing the W + Y construction. This
will establish notational conventions to be used through-
out the paper in addition to clarifying the logic of the
W + Y method. We will also introduce one small modi-
fication of the usual construction.

Consider a generic transverse momentum dependent
cross section that depends on a hard scale Q and is dif-
ferential in a transverse momentum q

T

. It may also be
di↵erential in other kinematical variables, but for sim-
plicity we will not show these explicitly. It could be any
cross section for which a TMD factorization theorem ex-
ists. We will use the abbreviated notation

�(qT, Q) =
d �

d2qT dQ · · · . (3)

The ellipsis indicates possible dependence on other kine-
matical variables like z and x, whose exact values are not

relevant to our immediate discussion. Although the logic
in this paper is meant to apply generally, explicit ex-
pressions will be written for semi-inclusive deep inelastic
scattering (SIDIS). CSS-style derivations of TMD factor-
ization are given for SIDIS in Refs. [19, 20] (see also [4,
Sec. 13.15]).
The TMD formalism separates Eq. (3) into a sum of

two terms. One term (W ) describes the small transverse
momentum behavior qT ⌧ Q and an additive correction
term (Y ) accounts for behavior at qT ⇠ Q:

�(qT, Q) = W (qT, Q) + Y (qT, Q) +O

✓
m

Q

◆
c

�(qT, Q) .

(4)
The first term on the right is written in terms of TMD
parton distribution functions (PDFs) and/or TMD frag-
mentation functions (FFs) and is constructed to be an
accurate description in the limit of qT/Q ⌧ 1. The W -
term includes all non-perturbative transverse momentum
dependence, as well as a collinear perturbation theory
(possibly with resummation) tail at qT � m. The Y -
term does not generally separate into TMD functions,
but it is described entirely in terms of collinear factoriza-
tion. The error term is proportional to a positive (c > 0)
power of m/Q, where m is a hadronic mass scale.
The definition of W is as given in, for example, Ref. [4,

13.71] (where it is called L):

W (qT, Q) ⌘ TTMD�(qT, Q) . (5)

The TTMD “approximator” is an instruction to replace
the object to its right by an approximation that is de-
signed to be good in the qT ⌧ Q limit. That is, it re-
places the exact �(qT, Q) by the approximate W (qT, Q):

TTMD�(qT, Q) = �(qT, Q) +O

✓
qT
Q

◆
a

�(qT, Q)

+O

✓
m

Q

◆
a

0

�(qT, Q)

+ · · · , (6)

where a, a0 > 0 and the ellipsis represents possible higher
powers in qT/Q and/or m/Q. The approximator nota-
tion is very useful for organizing nested approximations.
Another approximator, Tcoll, handles the large qT ⇠ Q

region. It replaces �(qT, Q) with an approximation that
is good when qT ⇠ Q. That is,

Tcoll�(qT, Q) = �(qT, Q) +O

✓
m

qT

◆
b

�(qT, Q)

+ · · · , (7)

where b > 0, and the ellipsis represents possible higher
powers in m/qT. Since Tcoll is to be applied to the qT ⇠
Q region, one only needs collinear factorization at a fixed
order and with a hard scale µ ⇠ Q.
If qT ⌧ Q and qT ⇠ Q were the only regions of in-

terest, then the TTMD and Tcoll approximators would be

21

�(qT, Q) = Approx. 1
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�(qT, Q) = W (qT, Q) + Y (qT, Q) +O
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W (qT, Q) =

Z
d2bT
(2⇡)2

eiqT

·b
T W̃ (bT, Q) . (341)

W (qT, Q) =

Z
d2bT
(2⇡)2

eiqT

·b
T W̃ (bT, Q) . (342)

W (qT, Q) =

Z
d2bT
(2⇡)2

eiqT

·b
T W̃ (bT, Q) . (343)

W (qT, Q) =

Z
d2bT
(2⇡)2

eiqT

·b
T W̃ (bT, Q) . (344)

The relevant renormalization group scales are

µb ⌘ C1/bT , µb⇤ ⌘ C1/b⇤ , µQ ⌘ C2Q , (345)

where C1 and C2 are constants that are chosen to optimize perturbative convergence. After solving the evolution
equations, the W -term for SIDIS (neutral-current and neglecting heavy flavors) can be written as

W̃ (bT, Q) = H(µQ, Q)F̃j/A

�
xA, bT;Q

2
0, µQ

0

�
D̃B/j

�
zB , bT;Q

2
0, µQ

0

�

⇥ exp

(Z µQ

µQ
0

dµ0

µ0


2�(↵s(µ

0); 1)� ln
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(µ0)2
�K(↵s(µ
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�)

⇥ exp

("
�gK(bT; bmax) + K̃(b⇤;µb⇤)�

Z µQ
0

µb⇤

dµ0

µ0 �K(↵s(µ
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#
ln

✓
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◆)
(346)

bc(bT) =
q

b2T + C2
1/µ

2
max (347)

WNew(qT, Q; ⌘, C5) = ⌅

✓
qT
Q

, ⌘

◆Z
d2bT
(2⇡)2

eiqT

·b
TW̃ (bc(bT), Q) (348)

WNew(qT, Q; ⌘, C5) = ⌅

✓
qT
Q

, ⌘

◆Z
d2bT
(2⇡)2

eiqT

·b
TW̃OPE(b⇤(bc(bT)), Q)W̃NP(bc(bT), Q) (349)

b⇤(bc(bT)) �!

8
><

>:

bmin bT ⌧ bmin

bT bmin ⌧ bT ⌧ bmax

bmax bT � bmax

(350)

bmin ⌘ b⇤(bc(0)) =
C1

µmax

s
1

1 + C2
1/(µ

2
maxb

2
max)

. (351)

b⇤(bc(bT)) =

s
b2T + C2

1/µ
2
max

1 + b2T/b
2
max + C2

1/(µ
2
maxb

2
max)

(352)

bmin ⌘ b⇤(bc(0)) =
C1

µmax

s
1

1 + C2
1/(µ

2
maxb

2
max)

⇡ C1

µmax
⇠ 1

Q
(353)

7

This corresponds to the presentation of solution in Eq. (24) of Ref. [24]. F̃
j/A

�
x
A

, bT;Q2
0, µQ

0

�
and

D̃
B/j

�
z
B

, bT;Q2
0, µQ

0

�
are, respectively, the TMD PDF and TMD FF evaluated at a reference scale Q0. The operator

definitions are given in Eqs. (13.42,13.106) of Ref. [4]. The exponential factors on the second and third lines imple-
ment the evolution from Q to Q0. The K̃(b

⇤

;µ
b⇤) is the Collins-Soper (CS) evolution kernel (see [24, Eq. (6,11,25)]),

while �
K

(↵
s

(µ)) and �(↵
s

(µ0); 1) are anomalous dimensions for the CS kernel and a TMD PDF respectively (see [24,
Eq. (7,8,9,10,12)]). See also Refs. [23, 25] and references therein for detailed discussions of the evolution equations
and their origins.

We define the normalization of the bT-space W -term through the Fourier-Bessel transform:

W (qT, Q) =

Z
d2bT
(2⇡)2

eiqT

·b
T W̃ (bT, Q) . (21)

To economize notation, we will assume there is only one flavor of parton so that we may drop the sum over j and the
j subscript. In detailed calculations, the sum needs to be restored.5

In the limit bT ⌧ 1/m, each TMD correlation function can be expanded in an OPE and expressed in terms of
collinear correlation functions. Then the transverse coordinate dependence is itself perturbatively generated. Let
us define a notation to describe this limit. First, substitute bT ! b

⇤

in Eq. (20) to regulate the bT & 1/m region.
Second, expand the result in an OPE and drop order O(bTm) corrections. We call the result W̃OPE(b

⇤

(bT), Q):

W̃OPE(b
⇤

(bT), Q) ⌘ H(µ
Q

, Q)
X

j

0
i

0

Z 1

xA

dx̂

x̂
C̃PDF

j/j

0 (x
A

/x̂, b
⇤

(bT);µ
2
b⇤ , µb⇤ ,↵s

(µ
b⇤))fj0/A(x̂;µb⇤)⇥

⇥
Z 1

zB

dẑ

ẑ3
C̃FF

i

0
/j

(z
B

/ẑ, b
⇤

(bT);µ
2
b⇤ , µb⇤ ,↵s

(µ
b⇤))dB/i

0(ẑ;µ
b⇤)⇥

⇥ exp

(
ln

Q2

µ2
b⇤

K̃(b
⇤

(bT);µb⇤) +

Z
µQ

µb⇤

dµ0

µ0


2�(↵

s

(µ0); 1)� ln
Q2

µ0

2 �K(↵
s

(µ0))

�)
. (22)

The functions f
j

0
/A

(x;µ) and d
B/j

0(z;µ) are the ordinary collinear PDF and FF. Note that using b
⇤

instead of bT
implies replacing µ

b

by µ
b⇤ (see Eq. (19)). Equation (22) is the standard result for the small bT limit and corresponds

to Eq. (22) of Ref. [24], but without the non-perturbative exponential factors. Thus,

W̃ (bT, Q) = W̃OPE(b
⇤

(bT), Q) +O ((bTm)p) (23)

with p > 0.

B. Separation of Large and Small bT

For Eq. (18), a common functional form is [26]:

b
⇤

(bT) ⌘

s
b2T

1 + b2T/b
2
max

. (24)

The standard steps for separating large and small bT are to first write a ratio,

e�gA(xA,b

T

;b
max

)�gB(zB ,b

T

;b
max

) ⌘ W̃ (bT, Q0)

W̃OPE(b
⇤

(bT), Q0)
. (25)

The ratio on the right side defines the exponential functions on the left according to some reference scale Q0. The
g-functions, therefore, account for all the error terms on the right side (23) (at some Q0).6 Next, one notices that
the CS evolution is identical for the numerator and denominator, apart from the fact that the evolution kernel is
evaluated at bT in the former and b

⇤

(bT) in the latter. Thus, one may re-express the right side of Eq. (25) in terms of

5
Recall, however, that for scattering o↵ a quark, there is no fla-

vor dependence in the hard scattering until order ↵3
s. So flavor

independence is likely a good approximation. See the discussion

at the beginning of section VIA of Ref. [24].

6
It is essentially just convention that the g-functions appear in an

exponent.
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W̃ (bc(bT), Q) = H(µQ, Q)
X

j0i0

Z 1

xA

dx̂

x̂
C̃PDF

j/j0 (xA/x̂, b⇤(bc(bT)); µ̄
2, µ̄,↵s(µ̄))fj0/A(x̂; µ̄)⇥

⇥
Z 1

zB

dẑ
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Generalized W-term 
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T W̃ (bT, Q) . (341)

The relevant renormalization group scales are

µb ⌘ C1/bT , µb⇤ ⌘ C1/b⇤ , µQ ⌘ C2Q , (342)

where C1 and C2 are constants that are chosen to optimize perturbative convergence. After solving the evolution
equations, the W -term for SIDIS (neutral-current and neglecting heavy flavors) can be written as
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(350)
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µmax = C5µQ

/b0 , (45)

where b0 ⌘ 2 exp(��
E

). (The inclusion of b0 is a convention that will be convenient for later calculations). For
µmax � 1/bmax, b⇤(bc(bT)) ⇡ b

⇤

(bT). Instead of µ
b⇤ , we will ultimately use the scale

µ̄ ⌘ C1

b
⇤

(b
c

(bT))
(46)

to implement renormalization group improvement in TMD correlation functions. There is a maximum cuto↵ on the
renormalization scale equal to

µ
c

⌘ lim
b

T

!0
µ̄ = µmax

s

1 +
C2

1

b2maxµ
2
max

⇡ C1

bmin

s

1 +
b2min

b2max

. (47)

The approximation sign corresponds to the limit of small 1/(µmaxbmax). Note that,

bminµc

⇡ C1 for bmin/bmax ! 0 . (48)

We will use these definitions later.

=) Omissions etc were here.

The steps for evolving WNew(qT, Q;µmax) are exactly analogous to the steps that led to (36) in the standard
treatment. Namely, Eq. (33) becomes

WNew(qT, Q; ⌘, C5) = ⌅

✓
qT
Q

, ⌘

◆Z
d2bT
(2⇡)2

eiqT

·b
TW̃NP(bc(bT), Q)W̃ (b

⇤

(b
c

(bT)), Q) . (49)

=) Omitted items.
Now the definition of W̃ (bT, Q) is unchanged, and only the bT ! b

c

(bT) replacement is new. Thus, the steps for
implementing evolution for W̃ are unchanged from the original case. Therefore instead of Eq. (36) we simply need

W̃ (b
c

(bT), Q) = H(µ
Q

, Q)
X

j

0
i

0

Z 1

xA

dx̂

x̂
C̃PDF

j/j

0 (x
A

/x̂, b
⇤

(b
c

(bT)); µ̄
2, µ̄,↵

s

(µ̄))f
j

0
/A

(x̂; µ̄)⇥

⇥
Z 1

zB

dẑ

ẑ3
C̃FF

i

0
/j

(z
B

/ẑ, b
⇤

(b
c

(bT)); µ̄
2, µ̄,↵

s

(µ̄))d
B/i

0(ẑ; µ̄)⇥

⇥ exp

⇢
ln

Q2

µ̄2
K̃(b

⇤

(b
c

(bT)); µ̄) +

Z
µQ

µ̄

dµ0

µ0


2�(↵

s

(µ0); 1)� ln
Q2

µ0

2 �K(↵
s

(µ0))

��

⇥ exp

⇢
�g

A

(x
A

, b
c

(bT); bmax)� g
B

(z
B

, b
c

(bT); bmax)� 2g
K

(b
c

(bT); bmax) ln

✓
Q

Q0

◆�
. (50)

The evolved expression is the same as Eq. (36) except that b
⇤

(b
c

(bT)) and µ̄ = C1/b⇤(bc(bT)) are used instead of the
more common b

⇤

(bT) and µ
b⇤ = C1/b⇤(bT). Note that g

K

(b
c

(bT); bmax) depends on µmax through b
c

, albeit only for
bT . 1/µmax. For bT � 1/µmax, gK(b

c

(bT); bmax) ! g
K

(bT; bmax). Also, g
K

(b
c

(bT); bmax) does not vanish exactly as
bT ! 0 but instead approaches a power of 1/µmax.

Up to this point, we have introduced two new parameters, ⌘ and C5, in the treatment of the W -term.
=) I don’t understand the following:
If ⌘ and C5 are large, then they only a↵ect the qT & Q region. As a definition, WNew(qT, Q; ⌘, C5) is therefore as
valid as the standard one. Indeed, the standard definition is just the special case of W (qT, Q) with C5, ⌘ = 1, so we
have simply written down a two-parameter family of equally valid definitions for the W -term, with the standard CSS
version being a particular limiting case. However, will need non-arbitrary criteria for fixing the values of ⌘ and C5.
We will return to this in Sec VII. First, we need to complete the construction of the full cross section by formulating
a new Y -term in terms of the new W -term.

VI. MODIFIED Y -TERM

Now we can construct a Y -term from nearly identical steps to those of Sec. III. Recall that the TMD approximator,
TTMD, replaces the cross section by an approximation that is good in the qT/Q ⌧ 1 limit – see Eq. (7). The TTMD

Use in OPE 

See	  also	  Boer,	  
den	  Dunnen	  	  
(2014)	  
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W (q
T

, Q) =

Z
d2b

T

(2⇡)2
eiqT

·b
T W̃ (b

T

, Q) . (341)

The relevant renormalization group scales are

µb ⌘ C
1

/b
T

, µb⇤ ⌘ C
1

/b⇤ , µQ ⌘ C
2

Q , (342)

where C
1

and C
2

are constants that are chosen to optimize perturbative convergence. After solving the evolution
equations, the W -term for SIDIS (neutral-current and neglecting heavy flavors) can be written as

W̃ (b
T

, Q) = H(µQ, Q)F̃j/A

�
xA, bT;Q

2

0

, µQ
0

�
D̃B/j

�
zB , bT;Q

2

0

, µQ
0

�

⇥ exp

(Z µQ

µQ
0

dµ0

µ0


2�(↵s(µ

0); 1)� ln
Q2

(µ0)2
�K(↵s(µ

0))

�)

⇥ exp

("
�gK(b

T

; b
max

) + K̃(b⇤;µb⇤)�
Z µQ

0

µb⇤

dµ0

µ0 �K(↵s(µ
0))

#
ln

✓
Q2

Q2

0

◆)
(343)
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W (qT, Q) =

Z
d2bT
(2⇡)2

eiqT

·b
T W̃ (bT, Q) . (341)

W (qT, Q) =

Z
d2bT
(2⇡)2

eiqT

·b
T W̃ (bT, Q) . (342)

W (qT, Q) =

Z
d2bT
(2⇡)2

eiqT

·b
T W̃ (bT, Q) . (343)

W (qT, Q) =

Z
d2bT
(2⇡)2

eiqT

·b
T W̃ (bT, Q) . (344)

The relevant renormalization group scales are

µb ⌘ C1/bT , µb⇤ ⌘ C1/b⇤ , µQ ⌘ C2Q , (345)

where C1 and C2 are constants that are chosen to optimize perturbative convergence. After solving the evolution
equations, the W -term for SIDIS (neutral-current and neglecting heavy flavors) can be written as

W̃ (bT, Q) = H(µQ, Q)F̃j/A

�
xA, bT;Q

2
0, µQ

0

�
D̃B/j

�
zB , bT;Q

2
0, µQ

0

�

⇥ exp

(Z µQ

µQ
0

dµ0

µ0


2�(↵s(µ

0); 1)� ln
Q2

(µ0)2
�K(↵s(µ

0))

�)

⇥ exp

("
�gK(bT; bmax) + K̃(b⇤;µb⇤)�

Z µQ
0

µb⇤

dµ0

µ0 �K(↵s(µ
0))

#
ln

✓
Q2

Q2
0

◆)
(346)

bc(bT) =
q

b2T + C2
1/µ

2
max (347)

WNew(qT, Q; ⌘, C5) = ⌅

✓
qT
Q

, ⌘

◆Z
d2bT
(2⇡)2

eiqT

·b
TW̃ (bc(bT), Q) (348)

WNew(qT, Q; ⌘, C5) = ⌅

✓
qT
Q

, ⌘

◆Z
d2bT
(2⇡)2

eiqT

·b
TW̃OPE(b⇤(bc(bT)), Q)W̃NP(bc(bT), Q) (349)

W (qT, Q) =

Z
d2bT
(2⇡)2

eiqT

·b
TW̃OPE(b⇤(bT), Q)W̃NP(bT, Q) (350)

b⇤(bc(bT)) �!

8
><

>:

bmin bT ⌧ bmin

bT bmin ⌧ bT ⌧ bmax

bmax bT � bmax

(351)

bmin ⌘ b⇤(bc(0)) =
C1

µmax

s
1

1 + C2
1/(µ

2
maxb

2
max)

. (352)

b⇤(bc(bT)) =

s
b2T + C2

1/µ
2
max

1 + b2T/b
2
max + C2

1/(µ
2
maxb

2
max)

(353)

7

This corresponds to the presentation of solution in Eq. (24) of Ref. [24]. F̃
j/A

�
x
A

, bT;Q2
0, µQ

0

�
and

D̃
B/j

�
z
B

, bT;Q2
0, µQ

0

�
are, respectively, the TMD PDF and TMD FF evaluated at a reference scale Q0. The operator

definitions are given in Eqs. (13.42,13.106) of Ref. [4]. The exponential factors on the second and third lines imple-
ment the evolution from Q to Q0. The K̃(b

⇤

;µ
b⇤) is the Collins-Soper (CS) evolution kernel (see [24, Eq. (6,11,25)]),

while �
K

(↵
s

(µ)) and �(↵
s

(µ0); 1) are anomalous dimensions for the CS kernel and a TMD PDF respectively (see [24,
Eq. (7,8,9,10,12)]). See also Refs. [23, 25] and references therein for detailed discussions of the evolution equations
and their origins.

We define the normalization of the bT-space W -term through the Fourier-Bessel transform:

W (qT, Q) =

Z
d2bT
(2⇡)2

eiqT

·b
T W̃ (bT, Q) . (21)

To economize notation, we will assume there is only one flavor of parton so that we may drop the sum over j and the
j subscript. In detailed calculations, the sum needs to be restored.5

In the limit bT ⌧ 1/m, each TMD correlation function can be expanded in an OPE and expressed in terms of
collinear correlation functions. Then the transverse coordinate dependence is itself perturbatively generated. Let
us define a notation to describe this limit. First, substitute bT ! b

⇤

in Eq. (20) to regulate the bT & 1/m region.
Second, expand the result in an OPE and drop order O(bTm) corrections. We call the result W̃OPE(b

⇤

(bT), Q):

W̃OPE(b
⇤

(bT), Q) ⌘ H(µ
Q

, Q)
X

j

0
i

0

Z 1

xA

dx̂

x̂
C̃PDF

j/j

0 (x
A

/x̂, b
⇤

(bT);µ
2
b⇤ , µb⇤ ,↵s

(µ
b⇤))fj0/A(x̂;µb⇤)⇥

⇥
Z 1

zB

dẑ

ẑ3
C̃FF

i

0
/j

(z
B

/ẑ, b
⇤

(bT);µ
2
b⇤ , µb⇤ ,↵s

(µ
b⇤))dB/i

0(ẑ;µ
b⇤)⇥

⇥ exp

(
ln

Q2

µ2
b⇤

K̃(b
⇤

(bT);µb⇤) +

Z
µQ

µb⇤

dµ0

µ0


2�(↵

s

(µ0); 1)� ln
Q2

µ0

2 �K(↵
s

(µ0))

�)
. (22)

The functions f
j

0
/A

(x;µ) and d
B/j

0(z;µ) are the ordinary collinear PDF and FF. Note that using b
⇤

instead of bT
implies replacing µ

b

by µ
b⇤ (see Eq. (19)). Equation (22) is the standard result for the small bT limit and corresponds

to Eq. (22) of Ref. [24], but without the non-perturbative exponential factors. Thus,

W̃ (bT, Q) = W̃OPE(b
⇤

(bT), Q) +O ((bTm)p) (23)

with p > 0.

B. Separation of Large and Small bT

For Eq. (18), a common functional form is [26]:

b
⇤

(bT) ⌘

s
b2T

1 + b2T/b
2
max

. (24)

The standard steps for separating large and small bT are to first write a ratio,

e�gA(xA,b

T

;b
max

)�gB(zB ,b

T

;b
max

) ⌘ W̃ (bT, Q0)

W̃OPE(b
⇤

(bT), Q0)
. (25)

The ratio on the right side defines the exponential functions on the left according to some reference scale Q0. The
g-functions, therefore, account for all the error terms on the right side (23) (at some Q0).6 Next, one notices that
the CS evolution is identical for the numerator and denominator, apart from the fact that the evolution kernel is
evaluated at bT in the former and b

⇤

(bT) in the latter. Thus, one may re-express the right side of Eq. (25) in terms of

5
Recall, however, that for scattering o↵ a quark, there is no fla-

vor dependence in the hard scattering until order ↵3
s. So flavor

independence is likely a good approximation. See the discussion

at the beginning of section VIA of Ref. [24].

6
It is essentially just convention that the g-functions appear in an

exponent.
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W (qT, Q) = H

Z
d2kT F

�
x, qT � kT

�
D
�
zA,kT

�
(341)

W (qT, Q) =


H

Z
d2kT F

�
x, qT � kT

�
D
�
zA,kT

��

NP

(342)

W (qT, Q) =


H

Z
d2kT F

�
x, qT � kT

�
D
�
zA,kT

��

OPE

(343)

W (qT, Q) =


H

Z
d2kT F

�
x, qT � kT

�
D
�
zA,kT

��

NP

(344)

W (qT, Q) =


H

Z
d2kT F

�
x, qT � kT

�
D
�
zA,kT

��

OPE

(345)

W (qT, Q) =


H

Z
d2kT F

�
x, qT � kT

�
D
�
zA,kT

��

NP

(346)

W (qT, Q) =


H

Z
d2kT F

�
x, qT � kT

�
D
�
zA,kT

��

OPE

(347)

Z
d2qT W (qT, Q) = Hf(x)d(z) (348)

Z
d2qT W (qT, Q) = 0 (349)

W (qT, Q) =

Z
d2bT
(2⇡)2

eiqT

·b
T W̃ (bT, Q) . (350)

W (qT, Q) =

Z
d2bT
(2⇡)2

eiqT

·b
T W̃ (bT, Q) . (351)

W (qT, Q) =

Z
d2bT
(2⇡)2

eiqT

·b
T W̃ (bT, Q) . (352)

W (qT, Q) =

Z
d2bT
(2⇡)2

eiqT

·b
T W̃ (bT, Q) . (353)

The relevant renormalization group scales are

µb ⌘ C1/bT , µb⇤ ⌘ C1/b⇤ , µQ ⌘ C2Q , (354)

where C1 and C2 are constants that are chosen to optimize perturbative convergence. After solving the evolution
equations, the W -term for SIDIS (neutral-current and neglecting heavy flavors) can be written as

W̃ (bT, Q) = H(µQ, Q)F̃j/A

�
xA, bT;Q

2
0, µQ

0

�
D̃B/j

�
zB , bT;Q

2
0, µQ

0

�

⇥ exp

(Z µQ

µQ
0

dµ0

µ0


2�(↵s(µ

0); 1)� ln
Q2

(µ0)2
�K(↵s(µ

0))

�)

⇥ exp

("
�gK(bT; bmax) + K̃(b⇤;µb⇤)�

Z µQ
0

µb⇤

dµ0

µ0 �K(↵s(µ
0))

#
ln

✓
Q2

Q2
0

◆)
(355)
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bc(bT) =
q
b2T + C2

1/µ
2
max (356)

WNew(qT, Q; ⌘, C5) = ⌅

✓
qT
Q

, ⌘

◆Z
d2bT
(2⇡)2

eiqT

·b
TW̃ (bc(bT), Q) (357)

WNew(qT, Q; ⌘, C5) = ⌅

✓
qT
Q

, ⌘

◆Z
d2bT
(2⇡)2

eiqT

·b
TW̃OPE(b⇤(bc(bT)), Q)W̃NP(bc(bT), Q) (358)

W (qT, Q) =

Z
d2bT
(2⇡)2

eiqT

·b
TW̃OPE(b⇤(bT), Q)W̃NP(bT, Q) (359)

Z
d2bT
(2⇡)2

eiqT

·b
TW̃OPE(b⇤(bc(bT)), Q)W̃NP(bc(bT), Q) (360)

b⇤(bc(bT)) �!

8
><

>:

bmin bT ⌧ bmin

bT bmin ⌧ bT ⌧ bmax

bmax bT � bmax

(361)

bmin ⌘ b⇤(bc(0)) =
C1

µmax

s
1

1 + C2
1/(µ

2
maxb

2
max)

. (362)

b⇤(bc(bT)) =

s
b2T + C2

1/µ
2
max

1 + b2T/b
2
max + C2

1/(µ
2
maxb

2
max)

(363)

bmin ⌘ b⇤(bc(0)) =
C1

µmax

s
1

1 + C2
1/(µ

2
maxb

2
max)

⇡ C1

µmax
⇠ 1

Q
(364)

W (qT, Q) ⌘ TTMD�(qT, Q) . (365)

The TTMD “approximator” is an instruction to replace the object to its right by an approximation that is designed
to be good in the qT ⌧ Q limit. That is, it replaces the exact �(qT, Q) by the approximate W (qT, Q):

Approx. 1


�(qT, Q)

�
= �(qT, Q) +O

✓
qT
Q

◆a

�(qT, Q) +O

✓
m

Q

◆a0

�(qT, Q) + · · · (366)

�(qT, Q)�Approx. 1


�(qT, Q)

�
= O

✓
qT
Q

◆a

�(qT, Q) +O

✓
m

Q

◆a0

�(qT, Q) + · · · (367)

�(qT, Q) = Approx. 1


�(qT, Q)

�
+

✓
�(qT, Q)�Approx. 1


�(qT, Q)

�◆
(368)

Approx. 2


�(qT, Q)

�
= �(qT, Q) +O

✓
m

qT

◆b

�(qT, Q) + · · · (369)
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W̃OPE(b⇤(bT), Q) ⌘ H(µQ, Q)
X

j0i0

Z 1
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dx̂

x̂
C̃PDF

j/j0 (xA/x̂, b⇤(bT);µ
2
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. (401)

W̃OPE(b⇤(bT), Q) ⌘ H(µQ, Q)
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. (402)

W̃OPE(b⇤(bT), Q) ⌘ H(µQ, Q)
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C̃PDF
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. (403)

W̃OPE(b⇤(bT), Q) ⌘ H(µQ, Q)
X
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C̃PDF
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⇥ exp
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Thus,

W̃ (bT, Q) = W̃OPE(b⇤(bT), Q) +O ((bTm)p) (405)

W̃ (bc(bT), Q) = W̃OPE(b⇤(bc(bT)), Q) +O ((bc(bT)m)p) (406)

with p > 0.

e�gA(xA,b
T

;b
max

)�gB(zB ,b
T

;b
max

)�2gK(b
T

;b
max

) ln(Q/Q
0

) ⌘ W̃ (bT, Q)

W̃OPE(b⇤(bT), Q)
. (407)

qT . O(m) O(m) ⌧ qT ⌧ O(Q) qT & O(Q) (408)

Q � O(m) (409)
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V. MODIFIED b

⇤

-PRESCRIPTION

Next, we generalize the standard b
⇤

-prescription slightly. Note that using µ
b⇤ as a renormalization scale is only useful

if there is a significantly broad region in bT where bTm and 1/(bTQ) are simultaneously reasonable small parameters.
If Q is small enough that no such region exists, then changing the renormalization scale away from µ = Q does little
to improve the accuracy of a calculation. Moreover, the bT > 1/Q region could contribute a significant fraction of the
bT-integral at smaller Q, and thus could introduce non-negligible errors. To avoid this, we need a cuto↵ on small bT.
We therefore define

b
c

(bT) =
q
b2T + C2

1/µ
2
max . (33)

Then,

b
⇤

(b
c

(bT)) =

s
b2T + C2

1/µ
2
max

1 + b2T/b
2
max + C2

1/(µ
2
maxb

2
max)

. (34)

This modified b
⇤

-prescription will be used in later sections in a modified W̃ (bT, Q).
Also define

bmin ⌘ b
⇤

(b
c

(0)) =
C1

µmax

s
1

1 + C2
1/(µ

2
maxb

2
max)

. (35)

Then, for large enough µmax and bmax

bmin ⇡ C1

µmax
. (36)

Since µmax is intended to provide a cuto↵ on bT . 1/Q, it will ultimately chosen to be of order Q. Thus, bmin decreases
like 1/Q, in contrast to bmax which remains fixed. Note also that

b
⇤

(b
c

(bT))�!

8
><

>:

bmin bT ⌧ bmin

bT bmin ⌧ bT ⌧ bmax

bmax bT � bmax .

(37)

µmax = C5µQ

/b0 , (38)

where b0 ⌘ 2 exp(��
E

). (The inclusion of b0 is a convention that will be convenient for later calculations). For
µmax � 1/bmax, b⇤(bc(bT)) ⇡ b

⇤

(bT). Instead of µ
b⇤ , we will ultimately use the scale

µ̄ ⌘ C1

b
⇤

(b
c

(bT))
(39)

to implement renormalization group improvement in TMD correlation functions. There is a maximum cuto↵ on the
renormalization scale equal to

µ
c

⌘ lim
b

T

!0
µ̄ = µmax

s

1 +
C2

1

b2maxµ
2
max

⇡ C1

bmin

s

1 +
b2min

b2max

. (40)

The approximation sign corresponds to the limit of small 1/(µmaxbmax). Note that,

bminµc

⇡ C1 for bmin/bmax ! 0 . (41)

We will use these definitions later.
We might reasonably have used b

c

(b
⇤

(bT)) instead of b
⇤

(b
c

(bT)) to define bmin and µ
c

. Then, bmin would exactly
equal C1/µmax and µ

c

would exactly equal µmax. However, we will see in Sec. VI that there are reasons to prefer
b
⇤

(b
c

(bT)).
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(377)
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Z
d2qT W (0)

New(qT, Q) = H0f(xA;µc)d(zB ;µc) +O
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◆p◆
(380)

(381)
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◆p◆
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W̃ (bT, Q) = H(µQ, Q)
X

j0i0

Z 1

xA

dx̂

x̂
C̃PDF

j/j0 (xA/x̂, b⇤(bT);µ
2
b⇤ , µb⇤ ,↵s(µb⇤))fj0/A(x̂;µb⇤)⇥

⇥
Z 1

zB

dẑ

ẑ3
C̃FF
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2
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⇥ exp

(
ln

Q2

µ2
b⇤

K̃(b⇤(bT);µb⇤) +

Z µQ

µb⇤

dµ0

µ0


2�(↵s(µ

0); 1)� ln
Q2

µ02 �K(↵s(µ
0))

�)

⇥ exp

⇢
�gA(xA, bT; bmax)� gB(zB , bT; bmax)� 2gK(bT; bmax) ln

✓
Q

Q0

◆�
(383)

d�

d4q d⌦
=

2

s

X

j

d�̂j|̄(Q,µQ,↵s(µQ))

d⌦

Z
d2bT eiqT

·b
T f̃j/A

�
xA, bT;x

2
AQ

2
0, µ0

�
f̃|̄/B

�
xB , bT;x

2
BQ

2
0, µ0

�

⇥
✓

s

Q2
0

◆K̃(b
T

;µ
0

)

exp

⇢Z µQ

µ
0

dµ0

µ0


2�j(↵s(µ

0); 1)� ln
Q2

(µ0)2
�K(↵s(µ

0))

��

+ polarized terms + large qT correction, Y + p.s.c. (384)
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The relevant renormalization group scales are

µb ⌘ C1/bT , µb⇤ ⌘ C1/b⇤ , µQ ⌘ C2Q , (354)

where C1 and C2 are constants that are chosen to optimize perturbative convergence. After solving the evolution
equations, the W -term for SIDIS (neutral-current and neglecting heavy flavors) can be written as

W̃ (bT, Q) = H(µQ, Q)F̃j/A

�
xA, bT;Q

2
0, µQ

0

�
D̃B/j

�
zB , bT;Q

2
0, µQ
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�

⇥ exp

(Z µQ
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0
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0))
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("
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Z µQ
0

µb⇤
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#
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The relevant renormalization group scales are

µb ⌘ C1/bT , µb⇤ ⌘ C1/b⇤ , µQ ⌘ C2Q , (354)

where C1 and C2 are constants that are chosen to optimize perturbative convergence. After solving the evolution
equations, the W -term for SIDIS (neutral-current and neglecting heavy flavors) can be written as
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i0/j(zB/ẑ, b⇤(bc(bT)); µ̄
2, µ̄,↵s(µ̄))dB/i0(ẑ; µ̄)⇥
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Generalized W-term 
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Z
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The relevant renormalization group scales are

µb ⌘ C1/bT , µb⇤ ⌘ C1/b⇤ , µQ ⌘ C2Q , (342)

where C1 and C2 are constants that are chosen to optimize perturbative convergence. After solving the evolution
equations, the W -term for SIDIS (neutral-current and neglecting heavy flavors) can be written as
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µmax = C5µQ

/b0 , (45)

where b0 ⌘ 2 exp(��
E

). (The inclusion of b0 is a convention that will be convenient for later calculations). For
µmax � 1/bmax, b⇤(bc(bT)) ⇡ b

⇤

(bT). Instead of µ
b⇤ , we will ultimately use the scale

µ̄ ⌘ C1

b
⇤

(b
c

(bT))
(46)

to implement renormalization group improvement in TMD correlation functions. There is a maximum cuto↵ on the
renormalization scale equal to

µ
c

⌘ lim
b
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!0
µ̄ = µmax
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1 +
C2

1
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2
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s

1 +
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. (47)

The approximation sign corresponds to the limit of small 1/(µmaxbmax). Note that,

bminµc

⇡ C1 for bmin/bmax ! 0 . (48)

We will use these definitions later.

=) Omissions etc were here.

The steps for evolving WNew(qT, Q;µmax) are exactly analogous to the steps that led to (36) in the standard
treatment. Namely, Eq. (33) becomes
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=) Omitted items.
Now the definition of W̃ (bT, Q) is unchanged, and only the bT ! b

c

(bT) replacement is new. Thus, the steps for
implementing evolution for W̃ are unchanged from the original case. Therefore instead of Eq. (36) we simply need
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The evolved expression is the same as Eq. (36) except that b
⇤

(b
c

(bT)) and µ̄ = C1/b⇤(bc(bT)) are used instead of the
more common b

⇤

(bT) and µ
b⇤ = C1/b⇤(bT). Note that g

K

(b
c

(bT); bmax) depends on µmax through b
c

, albeit only for
bT . 1/µmax. For bT � 1/µmax, gK(b

c

(bT); bmax) ! g
K

(bT; bmax). Also, g
K

(b
c

(bT); bmax) does not vanish exactly as
bT ! 0 but instead approaches a power of 1/µmax.

Up to this point, we have introduced two new parameters, ⌘ and C5, in the treatment of the W -term.
=) I don’t understand the following:
If ⌘ and C5 are large, then they only a↵ect the qT & Q region. As a definition, WNew(qT, Q; ⌘, C5) is therefore as
valid as the standard one. Indeed, the standard definition is just the special case of W (qT, Q) with C5, ⌘ = 1, so we
have simply written down a two-parameter family of equally valid definitions for the W -term, with the standard CSS
version being a particular limiting case. However, will need non-arbitrary criteria for fixing the values of ⌘ and C5.
We will return to this in Sec VII. First, we need to complete the construction of the full cross section by formulating
a new Y -term in terms of the new W -term.

VI. MODIFIED Y -TERM

Now we can construct a Y -term from nearly identical steps to those of Sec. III. Recall that the TMD approximator,
TTMD, replaces the cross section by an approximation that is good in the qT/Q ⌧ 1 limit – see Eq. (7). The TTMD

Use in OPE 



	  
	  
	  
	  
	  
	  	  
	  
	  

Relationship to Inclusive (Integrated) 
Cross Section 

•  Recall:	  

•  Modified:	  	  
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=) Omissions etc were here.
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The evolved expression is the same as Eq. (36) except that b
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bT ! 0 but instead approaches a power of 1/µmax.

Up to this point, we have introduced two new parameters, ⌘ and C5, in the treatment of the W -term.
=) I don’t understand the following:
If ⌘ and C5 are large, then they only a↵ect the qT & Q region. As a definition, WNew(qT, Q; ⌘, C5) is therefore as
valid as the standard one. Indeed, the standard definition is just the special case of W (qT, Q) with C5, ⌘ = 1, so we
have simply written down a two-parameter family of equally valid definitions for the W -term, with the standard CSS
version being a particular limiting case. However, will need non-arbitrary criteria for fixing the values of ⌘ and C5.
We will return to this in Sec VII. First, we need to complete the construction of the full cross section by formulating
a new Y -term in terms of the new W -term.

VI. MODIFIED Y -TERM

Now we can construct a Y -term from nearly identical steps to those of Sec. III. Recall that the TMD approximator,
TTMD, replaces the cross section by an approximation that is good in the qT/Q ⌧ 1 limit – see Eq. (7). The TTMD
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Use	  bT	  è	  bc(bT)	  	  



•  Requirements	  
	  
1)  qT	  <<	  Q	  approxima:on	  shouldn’t	  contribute	  for	  qT	  >	  Q.	  	  

qT>>	  m	  approxima:on	  shouldn’t	  contribute	  for	  qT<	  m.	  
Guzzi,,	  Nadolsky,	  Wang	  (2014)	  	  
	  	  

2)  Integrated	  TMD	  formalism	  should	  match	  collinear	  formalism.	  
“Unitarity”:	  	  Bozzi,	  Catani,	  de	  Florian,	  Grazzini	  (2006)	  
	  

3)  Integrated	  TMD	  parton	  model	  should	  match	  collinear	  parton	  
model.	  
	  

4)  Should	  recover	  standard	  W+Y	  treatment	  for	  Q	  	  è	  ∞	  and	  for	  
m	  <<	  qT	  <<	  Q.	  	  

Generalized W+Y Formalization 
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ẑ3
C̃FF
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If Q2b2T � C2
1/C

2
5 , then we neglect the second term in

the logarithms, and Eq. (63) becomes the much more
familiar form from standard CSS-like treatments
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1. Standard Logarithms

In the CSS and related treatments, with the standard
W + Y construction, the logarithms are of the form of
Eq. (65). In that case, the momentum space expressions
are well-known (see, e.g., Eq. (36) of Ref. [15]). Coordi-
nate space logarithmic terms like Eq. (65) become mo-
mentum space contributions like

1

q2T
,

1

q2T
ln

✓
Q2

q2T

◆
, . . . (66)

where the “. . . ” refers to higher power logarithms.

2. Non-zero C1/C5

A primary motivation for our modified W + Y con-
struction is to accommodate a non-zero bmin in Eq. (57),
and thus a non-zero C1/C5 in Eq. (64). Fortunately, for
the case of non-zero C1/C5, analytic expressions for the
finite parts of the Fourier-Bessel transforms have been
worked out in Appendix B of BCFG, Ref. [14]. In-
deed, the case of of C5 = C1 corresponds exactly to
the lnm(Q2b2T/b

2
0) ! lnm(Q2b2T/b

2
0 + 1) prescription of

PP [13] and used in implementations like [14]. Taking
the limit of QbT � C1/C5 with bT ⇠ 1/Q corresponds
to the CSS approach.

So, in the modified W +Y scheme, calculating the new
asymptotic term amounts to replacing the momentum
space logarithms in Eq. (66) by various Bessel function
expressions. In low orders of perturbation theory, one
can read the substitutions o↵ from results like Ref. [14,
Eqs. (B.10)-(B.13)]. For example,
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Here, K
⌫

(x) is the modified Bessel function of the second
kind and

K(1)
1 (x) ⌘ @

@⌫
K

⌫

(x)

����
⌫=1

. (69)

The left and right sides of Eqs. (67)-(68) are approxi-
mately equal for fixed C5 and qT ⌧ µ

Q

. See also the
discussion around Ref. [14, Eq. (B.25)].
Now one may perform substitutions like Eqs. (67)-(68)

to known results for the asymptotic term like Eq. (36)
of Ref. [15] to obtain the generalized, non-zero C1/C5,
asymptotic term. Reference [14, Appendix B] contains
results for any n, so the modified asymptotic term, and
thus the new Y -term, can be obtained to any order from
previously existing expressions. For completeness, low
order expressions for the asymptotic terms are given in
Appendix B.

X. DEMONSTRATION

To illustrate the steps above, we have performed sam-
ple calculations of the Y -term using analytic approxima-
tions for the collinear PDFs and collinear FFs. For sim-
plicity, we consider only the target up-quark �⇤q ! qg
channel, and for the running ↵

s

(µ) we use the two-loop
�-function solution and keep the number of flavors at
n
f

= 3 since we are mainly interested in the transition
to low Q. Thus we use ⇤QCD = 0.339 GeV [27]. To
further simplify our calculations, we use analytic expres-
sions for the collinear correlation functions, taken from
appendix A1 of Ref. [28] for the up-quark PDF and from
Eq. (A4) of Ref. [29] for the up-quark-to-pion fragmen-
tation function.
Due to these simplifying assumptions, the following

should be regarded as a toy model calculation, meant to
illustrate the basic steps of a Y -term calculation and to
demonstrate plausibility for use in more complete and
detailed calculations.
First, one must establish parameters for our large and

small qT cuto↵ functions. For X(qT/�) we use Eq. (13),
and try a

X

= 4 since this gives a rapid but reason-
ably gentle suppression of small qT. The choice of �
should be such that it has reached unity at values of
qT near the perturbative-nonperturbative transition, say,
qT ⇡ 1.0 GeV. Thus, we choose � = 2/3 GeV. The result
is shown as the blue dashed curves in Figs. 1. To under-
stand the plots, recall that X(qT/�) is used to restrict
to large qT the region where qT-dependence is calculated
with collinear factorization at fixed order fixed in pertur-
bation theory.
For ⌅(qT/Q, ⌘) we use Eq. (43). The value of a⌅ con-

trols how rapidly the qT ⇠ Q contribution from the
W -term gets cuto↵. For large Q, the transition can
be rather smooth since there is a broad region where
AYNew(qT, Q; ⌘, C5) and FO(qT, Q) overlap. In our ex-
ample calculation, we find that a⌅ = 8 works well. The
value of ⌘ should be chosen such that ⌅(qT/Q, ⌘) ! 0
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If Q2b2T � C2
1/C

2
5 , then we neglect the second term in

the logarithms, and Eq. (63) becomes the much more
familiar form from standard CSS-like treatments

↵
s

(µ
Q

)m lnn
 
µ2
Q

b2T
b20

!
. (65)

1. Standard Logarithms

In the CSS and related treatments, with the standard
W + Y construction, the logarithms are of the form of
Eq. (65). In that case, the momentum space expressions
are well-known (see, e.g., Eq. (36) of Ref. [15]). Coordi-
nate space logarithmic terms like Eq. (65) become mo-
mentum space contributions like

1

q2T
,

1

q2T
ln

✓
Q2

q2T

◆
, . . . (66)

where the “. . . ” refers to higher power logarithms.

2. Non-zero C1/C5

A primary motivation for our modified W + Y con-
struction is to accommodate a non-zero bmin in Eq. (57),
and thus a non-zero C1/C5 in Eq. (64). Fortunately, for
the case of non-zero C1/C5, analytic expressions for the
finite parts of the Fourier-Bessel transforms have been
worked out in Appendix B of BCFG, Ref. [14]. In-
deed, the case of of C5 = C1 corresponds exactly to
the lnm(Q2b2T/b

2
0) ! lnm(Q2b2T/b

2
0 + 1) prescription of

PP [13] and used in implementations like [14]. Taking
the limit of QbT � C1/C5 with bT ⇠ 1/Q corresponds
to the CSS approach.

So, in the modified W +Y scheme, calculating the new
asymptotic term amounts to replacing the momentum
space logarithms in Eq. (66) by various Bessel function
expressions. In low orders of perturbation theory, one
can read the substitutions o↵ from results like Ref. [14,
Eqs. (B.10)-(B.13)]. For example,

1

q2T
! C1b0

qTµQ
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K1
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C1qTb0
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◆
(67)
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Here, K
⌫

(x) is the modified Bessel function of the second
kind and

K(1)
1 (x) ⌘ @

@⌫
K

⌫

(x)

����
⌫=1

. (69)

The left and right sides of Eqs. (67)-(68) are approxi-
mately equal for fixed C5 and qT ⌧ µ

Q

. See also the
discussion around Ref. [14, Eq. (B.25)].
Now one may perform substitutions like Eqs. (67)-(68)

to known results for the asymptotic term like Eq. (36)
of Ref. [15] to obtain the generalized, non-zero C1/C5,
asymptotic term. Reference [14, Appendix B] contains
results for any n, so the modified asymptotic term, and
thus the new Y -term, can be obtained to any order from
previously existing expressions. For completeness, low
order expressions for the asymptotic terms are given in
Appendix B.

X. DEMONSTRATION

To illustrate the steps above, we have performed sam-
ple calculations of the Y -term using analytic approxima-
tions for the collinear PDFs and collinear FFs. For sim-
plicity, we consider only the target up-quark �⇤q ! qg
channel, and for the running ↵

s

(µ) we use the two-loop
�-function solution and keep the number of flavors at
n
f

= 3 since we are mainly interested in the transition
to low Q. Thus we use ⇤QCD = 0.339 GeV [27]. To
further simplify our calculations, we use analytic expres-
sions for the collinear correlation functions, taken from
appendix A1 of Ref. [28] for the up-quark PDF and from
Eq. (A4) of Ref. [29] for the up-quark-to-pion fragmen-
tation function.
Due to these simplifying assumptions, the following

should be regarded as a toy model calculation, meant to
illustrate the basic steps of a Y -term calculation and to
demonstrate plausibility for use in more complete and
detailed calculations.
First, one must establish parameters for our large and

small qT cuto↵ functions. For X(qT/�) we use Eq. (13),
and try a

X

= 4 since this gives a rapid but reason-
ably gentle suppression of small qT. The choice of �
should be such that it has reached unity at values of
qT near the perturbative-nonperturbative transition, say,
qT ⇡ 1.0 GeV. Thus, we choose � = 2/3 GeV. The result
is shown as the blue dashed curves in Figs. 1. To under-
stand the plots, recall that X(qT/�) is used to restrict
to large qT the region where qT-dependence is calculated
with collinear factorization at fixed order fixed in pertur-
bation theory.
For ⌅(qT/Q, ⌘) we use Eq. (43). The value of a⌅ con-

trols how rapidly the qT ⇠ Q contribution from the
W -term gets cuto↵. For large Q, the transition can
be rather smooth since there is a broad region where
AYNew(qT, Q; ⌘, C5) and FO(qT, Q) overlap. In our ex-
ample calculation, we find that a⌅ = 8 works well. The
value of ⌘ should be chosen such that ⌅(qT/Q, ⌘) ! 0
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Summary 

•  Control	  over	  Y-‐term	  is	  important	  for	  studies	  of	  intrinsic	  
transverse	  momentum.	  

•  Improvements	  over	  past	  approaches	  possible,	  especially	  
when	  considering	  rela:onship	  between	  differen:al	  and	  
inclusive	  quan::es.	  

•  Outlook	  
–  Improvements	  in	  purely	  collinear	  factoriza:on	  treatment	  
needed?	  

–  Extend	  to	  polariza:on	  observables.	  
–  Phenomenology:	  See	  N.	  Sato	  talk	  Thursday.	  
	  
	  
	  

	  


