
In questo manuale sono illustrate 
le regole base per la corretta 
applicazione del marchio 
Università di Pavia. 
Il logo, i caratteri tipografici e i colori 
scelti sono infatti gli elementi 
che partecipano alla costruzione 
dell’identità visiva di qualsiasi attore 
che voglia presentarsi al mercato, 
sia esso un prodotto mass market, 
un’Istituzione o un ateneo. 
Sono il suo volto commerciale ma 
anche istituzionale, quello che 
permetterà all’Università di Pavia di 
essere riconoscibile nel tempo 
agli occhi del suo pubblico interno, 
ma anche esterno. 
Proprio per il ruolo centrale  
che rivestono, tali elementi devono 
essere rappresentati e utilizzati 

secondo regole precise e inderogabili, 
al fine di garantire la coerenza e 
l’efficacia dell’intero sistema di identità 
visiva. Per questo è importante che il 
manuale, nella sua forma cartacea 
o digitale, venga trasmesso a tutti 
coloro che in futuro si occuperanno 
di progettare elementi di 
comunicazione per l’Università di 
Pavia.
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FIG. 1: The up quark TMD PDF for Q =
√
2.4, 5.0 and 91.19 GeV and x = 0.09. The upper plot shows the result of using the

BLNY fit in Eq. (37) with bmax = 0.5 GeV−1 while the lower panel shows the BLNY fit obtained with bmax = 1.5 GeV−1. The
solid maroon, dashed blue, and red dot-dashed curves are for Q =

√

2.4, 5.0 and 91.19 GeV respectively (see online version for
color).
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FIG. 2: Comparing the shape of the TMD PDF within various approximations. The solid red curves are the same as the
Q = 91.19 GeV curves in Fig. 1. The dashed blue curve is the result of setting the A-factor in Eq. (26) equal to f(x, µb), and
the dash-dotted maroon curve is obtained by setting the B-factor in Eq. (26) equal to 1. (See online version for color.)
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Different schemes and parameters lead to 

different TMD evolution
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Matching with fixed-order calculations
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The Y term guarantees that the calculation at high 
PhT agrees with perturbative calculation done with 
collinear factorization

Transverse Momentum Dependent 
Factorization in SIDIS 
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Matching with fixed-order calculations
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The qT resummation formalism
Distinctive features of the formalism [Catani at al (’01)], [Bozzi et al.(’03,’06)]:

Resummed effects exponentiated in a universal of Sudakov form factor,
process-dependence factorized in the hard-virtual factor HF

c (αS).

Resummation performed at partonic cross section level: (collinear) PDF evaluated at

µF ∼ M, fN(b
2
0/b

2) = exp
{
−
∫ µ2

F

b20/b
2

dq2

q2
γN(αS(q

2))
}
fN(µ

2
F ): no PDF extrapolation in

the non perturbative region, study of µR and µF dependence as in fixed-order calculations.

No need for NP models: Landau singularity of αS regularized using a Minimal Prescription

without power-suppressed corrections [Laenen et al.(’00)],[Catani et al.(’96)].

Introduction of resummation scale Q ∼ M: variations give an estimate of the uncertainty
from uncalculated logarithmic corrections.

ln
(
M2b2

)
= ln

(
Q2b2

)
+ ln

(
M2/Q2)

Perturbative unitarity constraint:

ln
(
Q2b2

)
→ L̃ ≡ ln

(
Q2b2 + 1

)
⇒ exp

{
αn
S L̃

k
}∣∣

b=0
= 1 ⇒

∫ ∞

0
dq2T

(
d σ̂

dq2T

)
= σ̂(tot);

avoids unjustified higher-order contributions in the small-b region.
recover exactly the total cross-section (upon integration on qT )

Giancarlo Ferrera – Milan University & INFN ECT* Trento – 13/4/2016
Transverse-momentum resummation 12/25

Matching with fixed-order results

To obtain a uniform accuracy over the range qT ! M up to qT ∼ M, resummed

and fixed-order components have to be consistently matched dσ(res)

dq2
T

+ dσ(fin)

dq2
T

,

[d σ̂(fin.)
ab

dq2T

]

f .o.
=

[d σ̂ab

dq2T

]

f .o.
−

[d σ̂(res.)
ab

dq2T

]

f .o.

Finite NLO component contribution is: ∼< 1% near the peak, ∼ 8% at
qT ∼ 20GeV , ∼ 60% at qT ∼ 50GeV .

Integral of the matched curve reproduce the total cross section to better 1%
(check of the code).

Giancarlo Ferrera – Milan University & INFN ECT* Trento – 13/4/2016
Transverse-momentum resummation 13/25

In these conditions, the matching works.
Almost the full range is dominated by resummation

G. Ferrera’s talk

Y term (x10)Y term (x10)
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In bT space
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What controls the b-space distribution? 

!  Features of  perturbative calculation at small-b: Qiu, Zhang, 2001 

bT F̃f/P (bT , Q)

!  b-space distribution, and its Q and √s dependence: 

p
s = 1.8 TeV

p
s = 1.8 TeV

p
s = 27.4GeV

Z-production Drell-Yan Upsilon 

The cross section is dominated 
by the low-bT region

J. Qiu’s talk
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What controls the b-space distribution? 

!  Features of  perturbative calculation at small-b: Qiu, Zhang, 2001 

bT F̃f/P (bT , Q)

!  b-space distribution, and its Q and √s dependence: 

p
s = 1.8 TeV

p
s = 1.8 TeV

p
s = 27.4GeV

Z-production Drell-Yan Upsilon 

The situation is sharply different 
at lower energies
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Open questions

Formal QCD description of TMD cross sections

� = T
TMD

� + [� � T
TMD

�]

⇡ T
TMD

�| {z }
W

+T
coll

[� � T
TMD

�]| {z }
Y

Issues with the standard recipe:

FO is too small. The NLO calculation
needed. (A. Daleo et al.)

Y = FO � ASY is too big.

Incomplete cancellation between W
and ASY at large qT !new definition
of TNew

TMD

(T. Rogers talk)

25 / 25

0.0 0.5 1.0 1.5 2.0 2.5 3.0
q
T

10�2

10�1

100

101
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103

[d
�
/d

x
dQ

2

dz
dp

2 T

]/
[d

�
/d

x
dQ

2

]

FO

ASY(no �)

ASY

Y(no �)

Y

COMPASS

Q

2 = 1.92GeV2,x = 0.0318,z = 0.375

N. Sato’s talk
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One of the possible ways out
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•  Ordinary$steps$s:ll$apply:$
$
$
$
$
$
$
–  $
$
$
$$

–  $
$
$$
$

–  $$
$

Generalized W-term 

20

W (qT, Q) =

Z
d2bT
(2⇡)2

eiqT

·b
T W̃ (bT, Q) . (341)

The relevant renormalization group scales are

µb ⌘ C1/bT , µb⇤ ⌘ C1/b⇤ , µQ ⌘ C2Q , (342)

where C1 and C2 are constants that are chosen to optimize perturbative convergence. After solving the evolution
equations, the W -term for SIDIS (neutral-current and neglecting heavy flavors) can be written as

W̃ (bT, Q) = H(µQ, Q)F̃j/A

�
xA, bT;Q

2
0, µQ

0

�
D̃B/j

�
zB , bT;Q

2
0, µQ

0

�

⇥ exp

(Z µQ

µQ
0

dµ0

µ0


2�(↵s(µ

0); 1)� ln
Q2

(µ0)2
�K(↵s(µ

0))

�)

⇥ exp

("
�gK(bT; bmax) + K̃(b⇤;µb⇤)�

Z µQ
0

µb⇤

dµ0

µ0 �K(↵s(µ
0))

#
ln

✓
Q2

Q2
0

◆)
(343)

bc(bT) =
q

b2T + C2
1/µ

2
max (344)

WNew(qT, Q; ⌘, C5) = ⌅

✓
qT
Q

, ⌘

◆Z
d2bT
(2⇡)2

eiqT

·b
TW̃ (bc(bT), Q) (345)

WNew(qT, Q; ⌘, C5) = ⌅

✓
qT
Q

, ⌘

◆Z
d2bT
(2⇡)2

eiqT

·b
TW̃OPE(b⇤(bc(bT)), Q)W̃NP(bc(bT), Q) (346)
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µmax = C5µQ

/b0 , (45)

where b0 ⌘ 2 exp(��
E

). (The inclusion of b0 is a convention that will be convenient for later calculations). For
µmax � 1/bmax, b⇤(bc(bT)) ⇡ b

⇤

(bT). Instead of µ
b⇤ , we will ultimately use the scale

µ̄ ⌘ C1

b
⇤

(b
c

(bT))
(46)

to implement renormalization group improvement in TMD correlation functions. There is a maximum cuto↵ on the
renormalization scale equal to

µ
c

⌘ lim
b

T

!0
µ̄ = µmax

s

1 +
C2

1

b2maxµ
2
max

⇡ C1

bmin

s

1 +
b2min

b2max

. (47)

The approximation sign corresponds to the limit of small 1/(µmaxbmax). Note that,

bminµc

⇡ C1 for bmin/bmax ! 0 . (48)

We will use these definitions later.

=) Omissions etc were here.

The steps for evolving WNew(qT, Q;µmax) are exactly analogous to the steps that led to (36) in the standard
treatment. Namely, Eq. (33) becomes
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=) Omitted items.
Now the definition of W̃ (bT, Q) is unchanged, and only the bT ! b
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(bT) replacement is new. Thus, the steps for
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ẑ3
C̃FF

i

0
/j

(z
B
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The evolved expression is the same as Eq. (36) except that b
⇤

(b
c

(bT)) and µ̄ = C1/b⇤(bc(bT)) are used instead of the
more common b

⇤

(bT) and µ
b⇤ = C1/b⇤(bT). Note that g

K

(b
c

(bT); bmax) depends on µmax through b
c

, albeit only for
bT . 1/µmax. For bT � 1/µmax, gK(b
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(bT); bmax) ! g
K

(bT; bmax). Also, g
K

(b
c

(bT); bmax) does not vanish exactly as
bT ! 0 but instead approaches a power of 1/µmax.

Up to this point, we have introduced two new parameters, ⌘ and C5, in the treatment of the W -term.
=) I don’t understand the following:
If ⌘ and C5 are large, then they only a↵ect the qT & Q region. As a definition, WNew(qT, Q; ⌘, C5) is therefore as
valid as the standard one. Indeed, the standard definition is just the special case of W (qT, Q) with C5, ⌘ = 1, so we
have simply written down a two-parameter family of equally valid definitions for the W -term, with the standard CSS
version being a particular limiting case. However, will need non-arbitrary criteria for fixing the values of ⌘ and C5.
We will return to this in Sec VII. First, we need to complete the construction of the full cross section by formulating
a new Y -term in terms of the new W -term.

VI. MODIFIED Y -TERM

Now we can construct a Y -term from nearly identical steps to those of Sec. III. Recall that the TMD approximator,
TTMD, replaces the cross section by an approximation that is good in the qT/Q ⌧ 1 limit – see Eq. (7). The TTMD

Use in OPE 

•  Standard$steps$apply$to$deriving$a$modified$YUterm.$
$
$
$
$
$
$
$$
$
$

Generalized Y-term 
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Different fits – different Q-dependence 

!  Aybat, Prokudin, Rogers, 2012: 

!  Sun, Yuan, 2013: 

Huge Q  
dependence 

Smaller Q  
dependence 

No disagreement on evolution equations! 

Issues:   Extrapolation to non-perturbative large b-region  
         Choice of  the Q-dependent “form factor” 
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4.3. TMDS IN SPECIFIC FEYNMAN DIAGRAMS 85

f⊥
1T h⊥(A)

1T h⊥(B1)
1T h⊥g(B2)

1T

1 1 1 0

−1 1 1 0

−N2
c+1

N2
c−1 1 1 N2

c

N2
c−1

N2
c+1

N2
c−1 1 1 N2

c
N2

c−1

Table 4.14: The gluonic pole prefactors for the nonuniversal quark TMDs for the four Feynman diagrams
involving a single final state particle and at least one incoming (anti)quark in the initial state. The prefactors
for the h⊥

1 are identical to the prefactors of the f⊥
1T function (both are rank 1). Note that the overall color

factors C [diagram] have not been included for the lowest two diagrams in this table. Those two diagrams contain
two separate gauge link contributions and have been normalized. The corresponding normalization factor is
TF (N2

c − 1)/Nc. See Appendix A for a definition of TF .

Starting from the expansion of the quark correlator in Eq. 4.38, using a notation where all terms with
the same gluonic pole factor are grouped together, it is found that
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+ . . . . (4.130)

At this point, the results in Table 4.1 can be used to replace the color factors by their explicit values,
implying

C [ ]
G,1 = C [+]

G,1 = 1, (4.131a)

C [ ]
GG,1 = C [+]

GG,1 = 1, (4.131b)

C [ ]
GG,2 = C [+]

GG,2 = 0. (4.131c)

For Drell-Yan, a similar calculation can be performed, resulting in
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Again using the results in Table 4.1 implies

C [ ]
G,1 = C [−]

G,1 = −1, (4.133a)
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Again using the results in Table 4.1 implies
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G,1 = −1, (4.133a)

•There are in principle three different pretzelosity functions
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At this point, the results in Table 4.1 can be used to replace the color factors by their explicit values,
implying
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G,1 = 1, (4.131a)

C [ ]
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Again using the results in Table 4.1 implies

C [ ]
G,1 = C [−]

G,1 = −1, (4.133a)

•There are in principle three different pretzelosity functions
• In DY and SIDIS only one combination is present
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Table 4.14: The gluonic pole prefactors for the nonuniversal quark TMDs for the four Feynman diagrams
involving a single final state particle and at least one incoming (anti)quark in the initial state. The prefactors
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factors C [diagram] have not been included for the lowest two diagrams in this table. Those two diagrams contain
two separate gauge link contributions and have been normalized. The corresponding normalization factor is
TF (N2

c − 1)/Nc. See Appendix A for a definition of TF .
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Again using the results in Table 4.1 implies
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•There are in principle three different pretzelosity functions
• In DY and SIDIS only one combination is present
• In processes involving colors in the initial and final states, even 
T-even functions become process dependent... 
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•There are in principle three different pretzelosity functions
• In DY and SIDIS only one combination is present
• In processes involving colors in the initial and final states, even 
T-even functions become process dependent... 
             ...but factorization is expected to fail anyway
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FIG. 12: Predictions for the Sivers single spin asymmetry for the Drell-Yan process at COMPASS,
with π− beam of 190GeV, as function of xp. We have chosen the average xπ ≈ 0.55 and integrate

transverse momentum up to 2GeV.
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FIG. 13: Predictions for the Sivers single spin asymmetry for the Drell-Yan process at Fermilab

fixed target experiments, with proton beam of 120GeV, as function of x for the polarized proton:
polarized beam (left) and polarized target (right).

resonance. The latter process shall provide some information on the gluon Sivers function
in the relevant kinematics.

C. Fermilab Fixed Target Experiments

The proposal of the polarized Drell-Yan experiments at the Fermilab contain two possible
options [35]: polarized beam or polarized target. Both cases can be used to measure the
Sivers single spin asymmetries in the Drell-Yan lepton pair production. In the proposed
experiment, the incoming beam has energy of 120GeV.

Different from the Drell-Yan experiments at COMPASS, the Fermilab proposal have
proton-proton scattering. The flavor structure will be very different from that in COMPASS.
This is because in the proposed kinematics, the sea quark contribution to the unpolarized
cross section is not negligible. Therefore, we would expect that the sea quark Sivers functions
will play an important role as well.

In Fig. 13, we plot our predictions for the Sivers single spin asymmetries in the Drell-Yan
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FIG. 11. The Qiu-Sterman function Tq,F (x, x,Q) for u, d, and s flavors at a scale Q2 = 2.4 GeV2, as extracted by our
simultaneous fit of JLab, HERMES, and COMPASS data.

SIDIS and the DY processes

f⊥,q(β)
1T,DY (xa, b;Q) = −f⊥,q(β)

1T,SIDIS(xa, b;Q). (45)

We then use Eq. (23) in Eq. (44) and follow the experimental convention to choose the pair’s transverse momentum
p⊥ along the x-direction, while the spin vector s⊥ is along y-direction [10, 84] and the transversely polarized proton
is moving in the +z-direction. The single transverse spin asymmetry for DY production is given by

AN =
d∆σ

dQ2dyd2p⊥

/

dσ

dQ2dyd2p⊥
. (46)

It is important to realize that the AN defined above is opposite to the so-called weighted asymmetry A
sin(φγ−φs)
N

defined in the literature, see, e.g., Refs. [63, 82].
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FIG. 12. The estimated Sivers asymmetries for DY lepton pair production. Left plot: AN in p↑π− collisions as a function of
xF at COMPASS energy

√
s = 18.9 GeV. Middle plot: AN in p↑p collisions is plotted as a function of xF at Fermilab energy√

s = 15.1 GeV. Right plot: AN in p↑p collisions is plotted as a function of the pair’s rapidity y at RHIC energy
√
s = 510

GeV. We have integrated over the pair’s transverse momentum 0 < p⊥ < 1 GeV in the invariant mass range 4 < Q < 9 GeV.

There are several planned experiments to measure the AN for DY lepton pair production. The COMPASS collab-
oration at CERN will use a 190 GeV π− beam to scatter on the polarized proton target [21], which corresponds to
a CM energy

√
s = 18.9 GeV. At Fermilab, one can use the 120 GeV proton beam in the main injector. There are

two proposals corresponding to either a polarized proton beam [22] or a polarized proton target [23]. In both cases,
the CM energy is

√
s = 15.1 GeV. Finally, a DY measurement is also planned at RHIC [4, 24]. In the following, we

will present an estimate of the Sivers asymmetry based on our evolution approach. For better comparison, we will
always present the asymmetry in the center-of-mass frame of the colliding particles. We further choose the trans-
versely polarized proton to move in the +z direction, while the other unpolarized particle (π− for COMPASS and the
unpolarized proton for Fermilab and RHIC) moves in the −z direction. We define

xF = xa − xb, (47)

  PoS(EPS-HEP 2013)088
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Figure 1: Statistical accuracy of the asymmetries in two years of data-taking, compared to several theory
predictions [4] for the Drell-Yan COMPASS case in the dimuons high mass region.

torial background was measured by studying µ+µ+ and µ�µ� invariant mass distributions. The
combinatorial background in the µ+µ� invariant mass spectrum was calculated according to the
formula NBC = 2

p
Nµ�µ�Nµ+µ+ . The contribution of the combinatorial background is suppressed

by a factor of about 10 with respect to the µ+µ� invariant mass spectrum at Mµµ = 2 GeV/c2,
so that even in the intermediate mass region 2 GeV/c2 < Mµµ < 2.5 GeV/c2 there is a good
probability to have a rather clean DY signal. Open-charm decays, i.e. D0 and D̄0 decays into
muons, could also give a contribution, which cannot be avoided or suppressed by using the hadron
absorber. The open-charm processes were simulated using PYTHIA and the generated dimuon
events were propagated through a GEANT 3 simulation of the experimental apparatus. These MC
events were then reconstructed and the obtained distributions were compared with the correspond-
ing ones for the DY process. The contamination of open-charm dimuon events was seen to be
negligible in both the high-mass region 4 GeV/c2 < Mµµ < 9 GeV/c2 and the intermediate-mass
region 2 GeV/c2 < Mµµ < 2.5 GeV/c2. The separation of open-charm and DY events is likely to
be improved by proper muon angular cuts.

To conclude, one should stress that the expected statistical accuracy will allow to check the
universality of transverse momentum dependent (TMD) factorisation approach for the description
of single spin asymmetries, i.e. sign changing in Sivers and Boer-Mulders when measured in SIDIS
and in DY processes. Not only these two PDFs, but also the transversity and the pretzelosity will
be studied as a function of x and dimuon pT . COMPASS has the potential to become the first effort
to access these TMD PDFs of the nucleon in a polarised DY experiment.
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Figure 7. (Color online) Left panel: the ratio of Fourier transforms g̃1L/f̃1 and the Bessel
weighted asymmetry AJ0(bTPh⊥)

LL plotted versus bT . The solid curve (blue) is the Fourier transform
of the input to the Monte Carlo given by eq. (2.10), the red points are generated Monte Carlo
events using eq. (2.11), and triangles down (black) represent results of Monte Carlo events after
experimental smearing and acceptance at 〈x〉 = 0.22, and 〈z〉 = 0.51. The triangles up with dashed
curve (green) are results of the Monte Carlo without inclusion of fragmentation functions (see text
for discussion of errors). Right panel: ratios that represent the accuracy of our results.
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Figure 8. (Color online) The same as in figure 7 but here from the power-law tail distribution
function based on the Monte Carlo (see text for discussion of errors).
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be presented as simple products of Fourier transforms of distribution and fragmentation

functions, allowing the application of standard flavor decomposition procedures. Here we

will apply this technique to the double longitudinal spin asymmetry. From eq. (2.4) one

can project out the unpolarized and double longitudinally polarized structure functions

FLL, and FUU,T , by integrating with the zeroth order Bessel function J0(|bT ||Ph⊥|) over

the transverse momentum of the produced hadron Ph⊥. We arrive at an expression for the

longitudinally polarized cross section σ̃±(bT ) in bT -space

σ̃±(bT ) = 2π

∫
dσ±

dΦ
J0(|bT ||Ph⊥|)Ph⊥ dPh⊥, (2.9)

where dΦ ≡ dx dy dψ dz dPh⊥Ph⊥ represents shorthand notation for the phase space differ-

ential and |bT | ≡ bT , and |Ph⊥| ≡ Ph⊥, dσ±/dΦ is the differential cross section where ±
labels the double longitudinal spin combinations S||λe = ±1. Note that in our definition

bT is the Fourier conjugate variable to Ph⊥ [39].

Now we form the double longitudinal spin asymmetry

AJ0(bTPh⊥)
LL (bT ) =

σ̃+(bT )− σ̃−(bT )

σ̃+(bT ) + σ̃−(bT )
≡ σ̃LL(bT )

σ̃UU (bT )
=
√
1− ε2

∑
a e

2
ag̃

a
1L(x, z

2b2T )D̃
a
1(z, b

2
T )∑

a e
2
af̃

a
1 (x, z

2b2T )D̃
a
1(z, b

2
T )

.

(2.10)

The experimental procedure to study the structure functions in bT -space amounts to dis-

cretizing the momentum phase space in eq. (2.9) and constructing the sums and differ-

ences of these discretized cross sections. The technical details of this procedure given in

appendix A and B. Using these results, the double longitudinal spin asymmetry, eq. (2.10)

results in an expression of sums and differences of Bessel functions for a given set of exper-

imental events. The resulting expression for the spin asymmetry is

AJ0(bTPh⊥)
LL (bT ) =

N+∑

j

J0(bTP
[+]
h⊥j)−

N−∑

j

J0(bTP
[−]
h⊥j)

N+∑

j

J0(bTP
[+]
h⊥j) +

N−∑

j

J0(bTP
[−]
h⊥j)

, (2.11)

where j indicates a sum on ±-helicity events,1 and where N± is the number of events with

positive/negative products of lepton and nucleon helicities.

The cross sections σ̃±(bT ) can be extracted for any given bT using sums over the same

set of data. These cross sections contain the same information as the cross sections, dσ/dΦ

in eq. (2.9) differential with respect to the outgoing hadron momentum. The momentum

dependent and the bT -dependent representations of the cross section are related by a 2-D

Fourier-transform in cylinder coordinates. eq. (2.11) and its generalization to other spin

and azimuthal asymmetries provides another lever arm to study the partonic content of

hadrons through the Bessel weighing procedure in Fourier bT space (see also [57, 58]).

1Note, the + helicity and − helicity events are in two different, independent data sets of transverse

momenta.
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FIG. 14. Transverse momentum distributions of flavor–singlet
unpolarized valence and sea quarks at x = 0.1. Panel (a)

shows fu+d−ū−d̄
1 and f ū+d̄

1 as functions of p2T on a logarithmic

scale; panel (b) shows the radial distribution 2πpT f
u+d−ū−d̄
1

and 2πpT f
ū+d̄
1 on a linear scale, such that the area un-

der the curves corresponds to the integral over pT . Dashed
lines: Valence quark distribution fu+d−ū−d̄

1 (see Fig. 6). Solid

lines: Sea quark distribution f ū+d̄
1 (PV regularization). [Self–

consistent soliton profile Eq. (A4) with M = 0.35GeV,MN =
3.26M .]

I. Sea vs. valence quark distribution

Using the numerical approximation of Sec. VH we now
want to compare our results for the sea quark transverse
momentum distribution with those of the valence quarks
calculated in Sec. IV. Figure 14 summarizes the numer-
ical results for the valence distribution fu+d−ū−d̄

1 (x, pT )

and the sea quark distribution f ū+d̄
1 (x, pT ) at a represen-

tative value of x = 0.1. Panel (a) shows the distributions

themselves on a logarithmic scale; panel (b) the radial
distributions on a linear scale, such that the area un-
der the curves corresponds directly to their integral over
pT . Similar results are obtained at other values of x:
the shape of the individual pT distribution changes little
with x (cf. Fig. 4 for the valence distribution); only their
normalization changes in proportion to the total valence
and sea quark density.

The numerical estimates clearly show very different
shapes of the valence and sea quark transverse momen-
tum distributions, especially at large values of pT , as
first observed in the calculation of Ref. [40]. Based on
our theoretical analysis we can now explain this strik-
ing behavior as the effect of dynamical chiral symmetry
breaking in the QCD vacuum on the intrinsic transverse
momentum distribution of the sea quarks. Even with the
strong modification of the would–be 1/p2T tail by the UV
cutoff, the sea quark transverse momentum distribution
in the chiral quark–soliton model is qualitatively differ-
ent from that of the valence quarks. While the precise
numerical values depend on the model implementation
(see e.g. Fig. 11), the fact as such is rooted in the basic
structure of the effective dynamics chiral and should be
model–independent.

When interpreting the results of Figure 14 one should
keep in mind that the accuracy of the approximation
Eq. (5.66) used in our numerical estimate of f ū+d̄

1 (x, pT )
is not sufficient to predict the values at p2T <∼ 2M2

with meaningful relative accuracy (cf. the discussion in
Sec. VH). In this sense the plot of the radial distribu-
tion, in which the low–pT region is suppressed, conveys a
more realistic picture. This uncertainty, however, in no
way influences our conclusions regarding the qualitatively
different behavior of valence and sea quark distributions
at large pT .

The qualitative difference between the pT distribution
of valence and sea quarks is the most important practical
result of our study. Its numerous implications for deep–
inelastic processes are explored in Sec. VIII.

J. Polarized sea quark distribution

To complete our study of the sea quark transverse
momentum distribution we want to investigate also the
flavor–nonsinglet polarized sea quark distribution. The
gradient expansion of this distribution can be carried out
in complete analogy to the flavor–singlet unpolarized case
starting from Eq. (3.38), cf. Secs. VA and VB; we do not
present the intermediate steps here. The result can again
be represented as a convolution integral over the momen-
tum of the classical chiral field, analogous to Eq. (5.16),

gū−d̄
1,grad(x, pT ) =

∫
dy

y

∫
d2kT gcl(y,kT )

× gqq̄(x, y;pT ,kT ). (5.67)

Schweitzer, Strikman, Weiss, JHEP 1301 (13)
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I. Sea vs. valence quark distribution

Using the numerical approximation of Sec. VH we now
want to compare our results for the sea quark transverse
momentum distribution with those of the valence quarks
calculated in Sec. IV. Figure 14 summarizes the numer-
ical results for the valence distribution fu+d−ū−d̄

1 (x, pT )

and the sea quark distribution f ū+d̄
1 (x, pT ) at a represen-

tative value of x = 0.1. Panel (a) shows the distributions

themselves on a logarithmic scale; panel (b) the radial
distributions on a linear scale, such that the area un-
der the curves corresponds directly to their integral over
pT . Similar results are obtained at other values of x:
the shape of the individual pT distribution changes little
with x (cf. Fig. 4 for the valence distribution); only their
normalization changes in proportion to the total valence
and sea quark density.

The numerical estimates clearly show very different
shapes of the valence and sea quark transverse momen-
tum distributions, especially at large values of pT , as
first observed in the calculation of Ref. [40]. Based on
our theoretical analysis we can now explain this strik-
ing behavior as the effect of dynamical chiral symmetry
breaking in the QCD vacuum on the intrinsic transverse
momentum distribution of the sea quarks. Even with the
strong modification of the would–be 1/p2T tail by the UV
cutoff, the sea quark transverse momentum distribution
in the chiral quark–soliton model is qualitatively differ-
ent from that of the valence quarks. While the precise
numerical values depend on the model implementation
(see e.g. Fig. 11), the fact as such is rooted in the basic
structure of the effective dynamics chiral and should be
model–independent.

When interpreting the results of Figure 14 one should
keep in mind that the accuracy of the approximation
Eq. (5.66) used in our numerical estimate of f ū+d̄

1 (x, pT )
is not sufficient to predict the values at p2T <∼ 2M2

with meaningful relative accuracy (cf. the discussion in
Sec. VH). In this sense the plot of the radial distribu-
tion, in which the low–pT region is suppressed, conveys a
more realistic picture. This uncertainty, however, in no
way influences our conclusions regarding the qualitatively
different behavior of valence and sea quark distributions
at large pT .

The qualitative difference between the pT distribution
of valence and sea quarks is the most important practical
result of our study. Its numerous implications for deep–
inelastic processes are explored in Sec. VIII.

J. Polarized sea quark distribution

To complete our study of the sea quark transverse
momentum distribution we want to investigate also the
flavor–nonsinglet polarized sea quark distribution. The
gradient expansion of this distribution can be carried out
in complete analogy to the flavor–singlet unpolarized case
starting from Eq. (3.38), cf. Secs. VA and VB; we do not
present the intermediate steps here. The result can again
be represented as a convolution integral over the momen-
tum of the classical chiral field, analogous to Eq. (5.16),

gū−d̄
1,grad(x, pT ) =

∫
dy

y

∫
d2kT gcl(y,kT )

× gqq̄(x, y;pT ,kT ). (5.67)

Schweitzer, Strikman, Weiss, JHEP 1301 (13)
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1 as functions of p2T on a logarithmic
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1 on a linear scale, such that the area un-

der the curves corresponds to the integral over pT . Dashed
lines: Valence quark distribution fu+d−ū−d̄

1 (see Fig. 6). Solid

lines: Sea quark distribution f ū+d̄
1 (PV regularization). [Self–

consistent soliton profile Eq. (A4) with M = 0.35GeV,MN =
3.26M .]

I. Sea vs. valence quark distribution

Using the numerical approximation of Sec. VH we now
want to compare our results for the sea quark transverse
momentum distribution with those of the valence quarks
calculated in Sec. IV. Figure 14 summarizes the numer-
ical results for the valence distribution fu+d−ū−d̄

1 (x, pT )

and the sea quark distribution f ū+d̄
1 (x, pT ) at a represen-

tative value of x = 0.1. Panel (a) shows the distributions

themselves on a logarithmic scale; panel (b) the radial
distributions on a linear scale, such that the area un-
der the curves corresponds directly to their integral over
pT . Similar results are obtained at other values of x:
the shape of the individual pT distribution changes little
with x (cf. Fig. 4 for the valence distribution); only their
normalization changes in proportion to the total valence
and sea quark density.

The numerical estimates clearly show very different
shapes of the valence and sea quark transverse momen-
tum distributions, especially at large values of pT , as
first observed in the calculation of Ref. [40]. Based on
our theoretical analysis we can now explain this strik-
ing behavior as the effect of dynamical chiral symmetry
breaking in the QCD vacuum on the intrinsic transverse
momentum distribution of the sea quarks. Even with the
strong modification of the would–be 1/p2T tail by the UV
cutoff, the sea quark transverse momentum distribution
in the chiral quark–soliton model is qualitatively differ-
ent from that of the valence quarks. While the precise
numerical values depend on the model implementation
(see e.g. Fig. 11), the fact as such is rooted in the basic
structure of the effective dynamics chiral and should be
model–independent.

When interpreting the results of Figure 14 one should
keep in mind that the accuracy of the approximation
Eq. (5.66) used in our numerical estimate of f ū+d̄

1 (x, pT )
is not sufficient to predict the values at p2T <∼ 2M2

with meaningful relative accuracy (cf. the discussion in
Sec. VH). In this sense the plot of the radial distribu-
tion, in which the low–pT region is suppressed, conveys a
more realistic picture. This uncertainty, however, in no
way influences our conclusions regarding the qualitatively
different behavior of valence and sea quark distributions
at large pT .

The qualitative difference between the pT distribution
of valence and sea quarks is the most important practical
result of our study. Its numerous implications for deep–
inelastic processes are explored in Sec. VIII.

J. Polarized sea quark distribution

To complete our study of the sea quark transverse
momentum distribution we want to investigate also the
flavor–nonsinglet polarized sea quark distribution. The
gradient expansion of this distribution can be carried out
in complete analogy to the flavor–singlet unpolarized case
starting from Eq. (3.38), cf. Secs. VA and VB; we do not
present the intermediate steps here. The result can again
be represented as a convolution integral over the momen-
tum of the classical chiral field, analogous to Eq. (5.16),

gū−d̄
1,grad(x, pT ) =

∫
dy

y

∫
d2kT gcl(y,kT )

× gqq̄(x, y;pT ,kT ). (5.67)

Schweitzer, Strikman, Weiss, JHEP 1301 (13)
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. . . because of chiral symmetry breaking!
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Results

0.01

0.1

1
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0 0.5  

 

x = 0.1
µ ∼ ρ-1

f1
a(x,pT)  [GeV-2]

p2
T [GeV2]

sea

valence

• valence quarks ≡ (u+ d)− (ū+ d̄)

〈p2
T 〉val∼ 0.15GeV2 ∼ 1/R2

hadron (“bound state”)

no Gauss, but also no extreme disagreement

• sea quarks ≡ q̄ ≡ (ū+ d̄) !
pT ∼ 1/ρ power-like behavior

quasi model-independent:

fq̄
1 (x, pT ) ≈ fq̄

1 (x)
C1 M2

M2 + p2
T

C1 =
2Nc

(2π)3F 2
π

← chiral dynamics!

• valence vs sea: qualitatively different!!
numerically 〈p2

T 〉sea ∼ 3 〈p2
T 〉val !!!

• gval
1 (x, pT ) vs. gsea

1 (x, pT ) similar behavior !!!
here: val≡ (u−d)− (ū− d̄), sea≡ (ū− d̄)

remarkable: gq̄
1(x, pT ) ≈ gq̄

1(x)
C1 M2

M2 + p2
T

same coefficient C1 ← chiral dynamics!!
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Predicted TMD quark distributions

New statistical PDF, TMD and all that... – p. 29/37

J. Soffer’s talk

Down slightly narrower than up, 
magenta (what x value?) larger than red
(different qualitative behavior for helicity TMD)
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Non perturbative intrinsic kT effects

CMS data for the Z qT spectrum.

Up to now result in a complete perturbative
framework (plus PDFs).

Non perturbative intrinsic kT effects can be
parametrized by a NP form factor
SNP = exp{−gNPb

2}:

Sc(αS , L̃) → Sc(αS , L̃) SNP

gNP # 0.8GeV 2
[Kulesza et al.(’02)]

With NP effects the qT spectrum is harder.
Quantitative impact of intrinsic kT effects
is comparable with perturbative
uncertainties and with non perturbative
effects from PDFs.

Giancarlo Ferrera – Milan University & INFN REF 2014 – Antwerp – 10/12/2014
Overview on qT resummation 20/24

Z transverse momentum

G. Ferrera, talk at REF 2014, Antwerp, https://indico.cern.ch/event/330428/

Intrinsic transverse 
momentum effects

Friday, 15 April 16
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CMS data for the Z qT spectrum.

Up to now result in a complete perturbative
framework (plus PDFs).

Non perturbative intrinsic kT effects can be
parametrized by a NP form factor
SNP = exp{−gNPb

2}:

Sc(αS , L̃) → Sc(αS , L̃) SNP

gNP # 0.8GeV 2
[Kulesza et al.(’02)]

With NP effects the qT spectrum is harder.
Quantitative impact of intrinsic kT effects
is comparable with perturbative
uncertainties and with non perturbative
effects from PDFs.

Giancarlo Ferrera – Milan University & INFN REF 2014 – Antwerp – 10/12/2014
Overview on qT resummation 20/24

Z transverse momentum
Non perturbative intrinsic kT effects

Uncertainties in the normalized qT
spectrum of the Higgs boson at the
LHC. NNLL+NLO uncertainty bands
(solid) compared to an estimate of NP
effects with smearing parameter
gNP = 1.67− 5.64GeV 2 (dashed).

The qT spectrum has a strong
sensitivity from collinear PDFs
(especially from the gluon density).

Giancarlo Ferrera – Milan University & INFN REF 2014 – Antwerp – 10/12/2014
Overview on qT resummation 22/24

Higgs transverse momentum

G. Ferrera, talk at REF 2014, Antwerp, https://indico.cern.ch/event/330428/

Intrinsic transverse 
momentum effects
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Z transverse momentum
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FIG. 11. Left panel: Impact of the scale dependence on our predictions for CMS, including the non-perturbative part of the
TMDs, at NNLL (blue band) and NLL (cyan band). Right panel: Scale dependence of our predictions for CMS at NNLL with
the non-perturbative part of the TMDs (blue band) and of the pure perturbative calculation with resummations (cyan band).
Data are from Ref. [33]. For the collinear PDFs we use the MSTW08 set [31].

IV. COMPARISON WITH PREVIOUS WORKS

One of the goals of this paper is to provide a framework for the analysis of transverse momentum distributions in
which all ingredients coming from perturbation theory are under control and used to their maximum extent. Only in
such a case the parametrization of the non-perturbative inputs can be reliably treated. Although such an attempt
is not included in most of the studies available in the literature, di↵erent intermediate steps have been discussed in
several works. In the following we focus on the most relevant ones from our point of view.

A detailed phenomenological analysis of low- and moderate-energy DY data, aimed at extracting the transverse
momentum dependence of TMDs at leading-order accuracy, appeared in Ref. [34]. The relevance of this study was
the attempt to describe within a unified, even if simplified, picture the role of TMDPDFs and TMDFFs in di↵erent
hadronic processes.

In Ref. [3] the authors present an analysis of transverse momentum distributions of vector boson production at
NNLL. The needed Fourier transforms to momentum space are done deforming the integration contour in b-space and
calculating moments. They consider only very high dilepton invariant mass and explicitly avoid a complete treatment
of non-perturbative e↵ects. In this respect, within the TMD formalism that we have developed, one can achieve a
direct comparison of the non-perturbative inputs with low-energy data. The evolution of TMDs allows in this way a
complete fixing of this non-perturbative part, and so of the precision of the theoretical prediction.

The authors of Ref. [4] perform also an analysis of Z-boson production. Although in their formalism they do not
consider the theory for TMDs, the expression for the cross section agrees with ours when looking at the DY case or
Z-boson production at high transverse momentum (of course they do not claim any universal structure which could
eventually be used in SIDIS). The resummations provided in our work are di↵erent from the ones in Ref. [4] in the
sense that in their “collinear anomaly” part they perform a sum of logarithms which is valid up to values of the strong
coupling and impact parameter such that ↵

s

L2

T

⇠ 1. Notice that one can re-obtain the “collinear anomaly” factor
re-expanding DR, hR

�,�

in ↵
s

and counting ↵
s

L2

T

⇠ 1. Given that this is not the highest possible resummation that
one can perform, the Landau pole does not appear explicitly in their resummed expression (although the perturbative
series has intrinsically a Landau pole problem). The authors in any case realize that some non-perturbative input is
necessary and they suggest some Gaussian non-perturbative (Q-independent) part in impact parameter space, without
performing any fit of Z-boson production data. A non-perturbative correction to the “collinear anomaly” factor is
suggested in [35].

In the present work we perform a complete resummation of the logs with the counting ↵
s

L
T

⇠ 1, which is more
relevant when low-energy data are included, and we check that an exponential non-perturbative (Q-independent)
correction in impact parameter space works better than the Gaussian one for the Z-production data. A more thorough
analysis is then done here to describe also the low-energy DY data. We nevertheless agree with the authors of Ref. [4]

D’Alesio, Echevarria, Melis, Scimemi, JHEP 1411 (14)
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In Ref. [3] the authors present an analysis of transverse momentum distributions of vector boson production at
NNLL. The needed Fourier transforms to momentum space are done deforming the integration contour in b-space and
calculating moments. They consider only very high dilepton invariant mass and explicitly avoid a complete treatment
of non-perturbative e↵ects. In this respect, within the TMD formalism that we have developed, one can achieve a
direct comparison of the non-perturbative inputs with low-energy data. The evolution of TMDs allows in this way a
complete fixing of this non-perturbative part, and so of the precision of the theoretical prediction.

The authors of Ref. [4] perform also an analysis of Z-boson production. Although in their formalism they do not
consider the theory for TMDs, the expression for the cross section agrees with ours when looking at the DY case or
Z-boson production at high transverse momentum (of course they do not claim any universal structure which could
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necessary and they suggest some Gaussian non-perturbative (Q-independent) part in impact parameter space, without
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Extraction of h? g
1 at a future EIC

Heavy quark pair production in DIS

Ideal process: e(`)+ p(P) ! e(`0)+Q(K1)+ Q̄(K2)+X

I the QQ̄ pair is almost back to back in the plane ? to q and P

I q ⌘ `� `0: four-momentum of the exchanged virtual photon �⇤

 
 

� �

P�

K1

K2

�

K1?

K2?

�1
�2

��

qT ⌘ K1? + K2?

K? ⌘ (K1? � K2?)/2

�
Tq

�` = �`0 = 0

=) Correlation limit: |qT | ⌧ |K?|, |K?| ⇡ |K1?| ⇡ |K2?|
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Heavy quark pair production in DIS
Angular structure of the cross section

±1

±1

⌥1

±1

h? g
1

fg
1

±1 ⌥1

±1 ⌥1

h? g
1

y1 (y2) rapidities of Q (Q̄) in the �⇤p cms; xB , y : DIS variables

qT ⌘ K1? + K2? = |qT |(cos�T , sin�T )
K? ⌘ (K1? � K2?)/2 = |K?|(cos�?, sin�?)

d�

dy1 dy2 dy dxB d

2qT d

2K?
/

⇢

A0 + A1 cos�? + A2 cos 2�?

�

f
g
1

+
q2
T

M2
p

h
? g
1

⇢

B0cos 2(�?��T ) + B1 cos(�?� 2�T ) + B0
1cos(3�?�2�T ) + B2 cos 2�T + B0

2 cos 2(2�?��T )

�

|qT | ⌧ |K?|

Upper bounds on the asymmetries R ⌘ |hcos 2(�? � �T )i| and R 0 ⌘ |hcos 2�T i|
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Radici et al & Kang et al. 2015 
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Q2=112 GeV2

FIG. 6: Our best fit results for the valence u and d quark transversity distributions at Q

2 = 2.4 GeV2 (left panel) and for
the lowest p? moment of the favoured and disfavoured Collins functions at Q

2 = 2.4 GeV2 (central panel) and at Q

2 = 112
GeV2 (right panel). The solid lines correspond to the parameters given in Table I, while the shaded areas correspond to the
statistical uncertainty on these parameters, as explained in the text.
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FIG. 7: Comparison of our reference best fit results (red, solid lines) for the valence u and d quark transversity distributions
(left panel) and for the lowest p? moment of the favoured and disfavoured Collins functions (right panel), at Q

2 = 2.4 GeV2,
with those from our previous analysis [11] (blue, dashed lines).

kernel, similarly to what is done for the transversity function, as suggested in Refs. [42, 43]. The results we obtain
show a slight deterioration of the fit quality, with a global �2

d.o.f. increasing from 0.84 to 1.20. Although this is still
an acceptable result, one may wonder whether this is a genuine e↵ect of the chosen evolution model or, rather, a
byproduct of the functional form adopted for the Collins function parameterisation.

We have therefore exploited a di↵erent parameterisation based on a polynomial form. In principle, the polynomial
could be of any order. We have started by using an order zero polynomial, then increased it to order one and,
subsequently, to order two. In doing so, we have seen that the quality of the fit improves remarkably when going from
order zero to order one (i.e. from 2 to 4 free parameters) but it stops improving when further increasing to higher
orders. We therefore choose a first order polynomial form, which has the added advantage of depending on the same
number of free parameters as the standard parameterisation of Eqs. (11) and (12).

We consider generic combinations of fixed order Bernstein polynomials (see, for example, Ref. [44]) as they o↵er a
relatively straightforward way to keep track of the appropriate normalisation:

NC
i (z) = aiP01

(z) + biP11

(z) i = fav, dis (41)

where P
01

(z) = (1� z) and P
11

(z) = z are Bernstein polynomials of order one. Notice that by constraining the four
free parameters in such a way that �1  ai  +1 and �1  bi  +1, the Collins function automatically fulfils its
positivity bounds, as in the standard parameterisation. The Collins function will be globally modelled as shown in
Eqs. (6) and (8), with NC

fav

(z) and NC
dis

(z) as given in Eq. (41).
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FIG. 27. (a) Comparison of extracted transversity (solid lines and shaded region) Q2 = 2.4 GeV2 with Torino-Cagliari-JLab
2013 extraction [17] (dashed lines and shaded region).
(b) Comparison of extracted transversity (solid lines and shaded region) at Q2 = 2.4 GeV2 with Pavia 2015 extraction [18]
(shaded region).
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FIG. 28. Comparison of extracted Collins fragmentation functions (solid lines) at Q2 = 2.4 GeV2 with Torino-Cagliari-JLab
2013 extraction [17] (dashed lines and shaded region).

much better determined by the existing data, as one can see from Fig. 28 that the functions at Q2 = 2.4 GeV2 are
compatible within error bands. The unfavored fragmentation functions are different, however those functions are not
very well determined by existing experimental data.
We also compare the tensor change from our and other extractions in Fig. 29. The contribution to tensor charge

of Ref. [18] is found by extraction using the so-called dihadron fragmentation function that couples to collinear
transversity distribution. The corresponding functions have DGLAP type evolution known at LO and were used in
Ref. [18]. The results plotted in Fig. 29 corresponds to our estimates of the contribution to u-quark and d-quark in
the region of x [0.065, 0.35] at Q2 = 10 GeV2 at 68% C.L. (label 1) and the contribution to u-quark and d-quark in
the same region of x and the same Q2 using the so-called flexible scenario, αs(M2

Z) = 0.125, of Ref. [18]. One can
see that our extraction has an excellent precision for both u-quark and d-quark. The fact that the central values and
errors of extracted tensor charges are in a good agreement in both methods, ours and Ref. [18], is very positive and
allows for future investigations of transversity including all available data in a global fit.
Our results compare well with extractions from Ref. [17]. Even though correct TMD evolution was not used in

Ref. [17] the effects of DGLAP evolution of collinear distributions were taken into account and the resulting fit is of
good quality, χ2/d.o.f. = 0.8 for the so-called standard parametrization of Collins fragmentation functions. In fact
the probability that the model of Ref. [17] correctly describes the data is P (0.8 ∗ 249, 249) = 99%. The tensor charge
was estimated at 95% C.L. using two different parametrizations for Collins fragmentation functions, the so-called
standard parametrization that utilized similar to our parametrization and the polynomial parametrization. In Fig. 30
we compare our results with calculations from Ref. [17] at 95% C.L. at Q2 = 0.8 GeV2 and calculations at 68 % at
Q2 = 1 GeV2 of Ref. [18]. Even though we compare tensor charge at different values of Q2 its evolution is quite slow,
so the good agreement of all three methods is a good sign. We conclude that tensor charge perhaps is very stable with
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FIG. 29. Comparison of tensor charge δq[0.0065,0.35] for u-quark and d-quark from this paper at 68% C.L. (Kang et al 2015)
and result from Ref. [18] (Radici et al 2015) at 68% C.L. Both results are at Q2 = 10 GeV2.
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FIG. 30. Comparison of tensor charge δq[0,1] for u-quark and d-quark in the whole region of x from this paper at 90% C.L.
(Kang et al 2015) at Q2 = 10 GeV2 and result from Ref. [18] (Radici et al 2015) at at 68% C.L. and Q2 = 1 GeV2, and Ref. [17]
at 95% C.L. standard and polynomial fit (Anselmino et al 2013) at Q2 = 0.8 GeV2.

respect to evolution effects that are included in phenomenological extractions. It also means that phenomenological
results of Ref. [17] and other extractions without TMD evolution are valid phenomenologically. One should remember,
of course, that TMD evolution is more complicated if compared to DGLAP evolution (even though formal solutions
are simpler in TMD case). The usage of non perturbative kernels make it very important to actually demonstrate
that the proper evolution is indeed exhibited by the experimental data. Once correct evolution and non perturbative
Sudakov factor are established the results of Ref. [17] should be improved by utilizing the appropriate TMD evolution
that we have formulated in this paper.
In Fig. 31 we compare tensor charge δq[0,1] for u and d-quarks from this paper at 90% C.L. at Q2 = 10 GeV2

and results from various model estimates of Refs. [112–116]. One can see that our results are close to results of
Ref. [113] that actually used the approximate mass degeneracy of the light axial vector mesons (a1(1260), b1(1235)
and h1(1170)) and pole dominance to calculate the tensor charge. DSE calculations of tensor charge of Ref. [112] are
also close to our results.
Finally we present our estimates for the isovector nucleon tensor charge gT = δu − δd:

gT = +0.61+0.26
−0.51 , (155)

at 90% C.L. and

gT = +0.61+0.15
−0.25 , (156)

at 68% C.L.at Q2 = 10 GeV2. This result can be compared to lattice QCD calculations.
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FIG. 32. Comparison of the isovector nucleon tensor charge gT from this paper at 68% C.L. (Kang et al 2015) at Q2 = 10
GeV2 and result from Ref. [18] (Radici et al 2015) at 68% CL and Q2 = 4 GeV2, and Ref. [17] at 95% CL standard and
polynomial fit (Anselmino et al 2013) at Q2 = 0.8 GeV2. Other points are lattice computation at Q2 = 4 GeV2 of Bali et al
Ref. [117], Gupta et al Ref. [118], Green et al Ref. [119], Aoki et al Ref. [127], Bhattacharya et al ref. [120], Gockeler et al
Ref. [121]. Pitschmann et al is DSE calculation at Q2 = 4 GeV2 Ref. [112].

processes. These features have been clearly demonstrated in Figs. 20-21. In particular, the transverse momentum
dependence illustrates the effects coming from the Sudakov resummation form factors where the perturbative part
plays an important role due to large value of the resolution scale Q ! 10.6 (GeV). The associated scale evolution
effects in the Ĥ(3)(z) is another important aspect in the calculations. The evolution kernel is different from that of
the unpolarized fragmentation function, and it changes the functional form dependence of zh1 and zh2. In addition,
there is cancellation between favored and unfavored Collins fragmentation functions, not only the shape but also the
size are modified with the full evolution effects taken into account.
Second, because of relative narrow Q2 range in the current SIDIS data, the evolution effects are not so evident as

compared to that in e+e− annihilation processes. This was shown in Figs. 18 and 19. However, we would like to
emphasize that, in order to precisely constrain the quark transversity distributions, we need to perform the complete
QCD evolution in the theoretical calculations of the asymmetries to compare to the experimental data. This will
become more important with high precision data from future experiments at the Jefferson Lab 12 GeV upgrade [107]
and the planned Electron Ion Collider [4, 108, 109].
Third, the quark transversity distributions from our analysis are comparable to previous determinations, including

the leading order analysis of the same Collins asymmetries in SIDIS and e+e− annihilation processes, and the di-
hadron fragmentation channel in DIS and e+e− processes, see Fig. 27. In particular, the consistency between the
Collins asymmetry analysis and the di-hadron fragmentation analysis is a strong encouragement toward a future global
fit to include all experimental data to constrain the quark transversity distributions.
We observe, however, the Collins fragmentation functions from our analysis are quite different from those determined

from the leading order analysis in Ref. [17], although they are in the same order of magnitude. To further test the
evolution effects, we emphasize the importance of future experiment measurements, in particular, in the energy range
different from B-factories, such as those from the BEPC II at the experiment BESIII. We have made predictions for
these experiments in Figs. 22 and 24. We hope the data will become available soon, and can be included into the
global fit in the near future. We encourage BELLE, BABAR and BESIII Collaborations to perform the analysis of the
data on unpolarized cross-sections as such data are curtail for our understanding of TMD fragmentation functions.
Finally, we summarize the nucleon tensor charge contribution from our analysis,

δu[0.0065,0.35] = +0.30+0.08
−0.12 , (159)

δd[0.0065,0.35] = −0.20+0.28
−0.11 , (160)

at 90% C.L. at Q2 = 10 GeV2, in the kinematic range covered by the current experiments.

δu[0.0065,0.35] = +0.30+0.04
−0.07 , (161)

δd[0.0065,0.35] = −0.20+0.12
−0.07 , (162)

at 68% C.L. at Q2 = 10 GeV2.
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FIG. 32. Comparison of the isovector nucleon tensor charge gT from this paper at 68% C.L. (Kang et al 2015) at Q2 = 10
GeV2 and result from Ref. [18] (Radici et al 2015) at 68% CL and Q2 = 4 GeV2, and Ref. [17] at 95% CL standard and
polynomial fit (Anselmino et al 2013) at Q2 = 0.8 GeV2. Other points are lattice computation at Q2 = 4 GeV2 of Bali et al
Ref. [117], Gupta et al Ref. [118], Green et al Ref. [119], Aoki et al Ref. [127], Bhattacharya et al ref. [120], Gockeler et al
Ref. [121]. Pitschmann et al is DSE calculation at Q2 = 4 GeV2 Ref. [112].

processes. These features have been clearly demonstrated in Figs. 20-21. In particular, the transverse momentum
dependence illustrates the effects coming from the Sudakov resummation form factors where the perturbative part
plays an important role due to large value of the resolution scale Q ! 10.6 (GeV). The associated scale evolution
effects in the Ĥ(3)(z) is another important aspect in the calculations. The evolution kernel is different from that of
the unpolarized fragmentation function, and it changes the functional form dependence of zh1 and zh2. In addition,
there is cancellation between favored and unfavored Collins fragmentation functions, not only the shape but also the
size are modified with the full evolution effects taken into account.
Second, because of relative narrow Q2 range in the current SIDIS data, the evolution effects are not so evident as

compared to that in e+e− annihilation processes. This was shown in Figs. 18 and 19. However, we would like to
emphasize that, in order to precisely constrain the quark transversity distributions, we need to perform the complete
QCD evolution in the theoretical calculations of the asymmetries to compare to the experimental data. This will
become more important with high precision data from future experiments at the Jefferson Lab 12 GeV upgrade [107]
and the planned Electron Ion Collider [4, 108, 109].
Third, the quark transversity distributions from our analysis are comparable to previous determinations, including

the leading order analysis of the same Collins asymmetries in SIDIS and e+e− annihilation processes, and the di-
hadron fragmentation channel in DIS and e+e− processes, see Fig. 27. In particular, the consistency between the
Collins asymmetry analysis and the di-hadron fragmentation analysis is a strong encouragement toward a future global
fit to include all experimental data to constrain the quark transversity distributions.
We observe, however, the Collins fragmentation functions from our analysis are quite different from those determined

from the leading order analysis in Ref. [17], although they are in the same order of magnitude. To further test the
evolution effects, we emphasize the importance of future experiment measurements, in particular, in the energy range
different from B-factories, such as those from the BEPC II at the experiment BESIII. We have made predictions for
these experiments in Figs. 22 and 24. We hope the data will become available soon, and can be included into the
global fit in the near future. We encourage BELLE, BABAR and BESIII Collaborations to perform the analysis of the
data on unpolarized cross-sections as such data are curtail for our understanding of TMD fragmentation functions.
Finally, we summarize the nucleon tensor charge contribution from our analysis,

δu[0.0065,0.35] = +0.30+0.08
−0.12 , (159)

δd[0.0065,0.35] = −0.20+0.28
−0.11 , (160)

at 90% C.L. at Q2 = 10 GeV2, in the kinematic range covered by the current experiments.

δu[0.0065,0.35] = +0.30+0.04
−0.07 , (161)

δd[0.0065,0.35] = −0.20+0.12
−0.07 , (162)

at 68% C.L. at Q2 = 10 GeV2.
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FIG. 32. Comparison of the isovector nucleon tensor charge gT from this paper at 68% C.L. (Kang et al 2015) at Q2 = 10
GeV2 and result from Ref. [18] (Radici et al 2015) at 68% CL and Q2 = 4 GeV2, and Ref. [17] at 95% CL standard and
polynomial fit (Anselmino et al 2013) at Q2 = 0.8 GeV2. Other points are lattice computation at Q2 = 4 GeV2 of Bali et al
Ref. [117], Gupta et al Ref. [118], Green et al Ref. [119], Aoki et al Ref. [127], Bhattacharya et al ref. [120], Gockeler et al
Ref. [121]. Pitschmann et al is DSE calculation at Q2 = 4 GeV2 Ref. [112].

processes. These features have been clearly demonstrated in Figs. 20-21. In particular, the transverse momentum
dependence illustrates the effects coming from the Sudakov resummation form factors where the perturbative part
plays an important role due to large value of the resolution scale Q ! 10.6 (GeV). The associated scale evolution
effects in the Ĥ(3)(z) is another important aspect in the calculations. The evolution kernel is different from that of
the unpolarized fragmentation function, and it changes the functional form dependence of zh1 and zh2. In addition,
there is cancellation between favored and unfavored Collins fragmentation functions, not only the shape but also the
size are modified with the full evolution effects taken into account.
Second, because of relative narrow Q2 range in the current SIDIS data, the evolution effects are not so evident as

compared to that in e+e− annihilation processes. This was shown in Figs. 18 and 19. However, we would like to
emphasize that, in order to precisely constrain the quark transversity distributions, we need to perform the complete
QCD evolution in the theoretical calculations of the asymmetries to compare to the experimental data. This will
become more important with high precision data from future experiments at the Jefferson Lab 12 GeV upgrade [107]
and the planned Electron Ion Collider [4, 108, 109].
Third, the quark transversity distributions from our analysis are comparable to previous determinations, including

the leading order analysis of the same Collins asymmetries in SIDIS and e+e− annihilation processes, and the di-
hadron fragmentation channel in DIS and e+e− processes, see Fig. 27. In particular, the consistency between the
Collins asymmetry analysis and the di-hadron fragmentation analysis is a strong encouragement toward a future global
fit to include all experimental data to constrain the quark transversity distributions.
We observe, however, the Collins fragmentation functions from our analysis are quite different from those determined

from the leading order analysis in Ref. [17], although they are in the same order of magnitude. To further test the
evolution effects, we emphasize the importance of future experiment measurements, in particular, in the energy range
different from B-factories, such as those from the BEPC II at the experiment BESIII. We have made predictions for
these experiments in Figs. 22 and 24. We hope the data will become available soon, and can be included into the
global fit in the near future. We encourage BELLE, BABAR and BESIII Collaborations to perform the analysis of the
data on unpolarized cross-sections as such data are curtail for our understanding of TMD fragmentation functions.
Finally, we summarize the nucleon tensor charge contribution from our analysis,

δu[0.0065,0.35] = +0.30+0.08
−0.12 , (159)

δd[0.0065,0.35] = −0.20+0.28
−0.11 , (160)

at 90% C.L. at Q2 = 10 GeV2, in the kinematic range covered by the current experiments.

δu[0.0065,0.35] = +0.30+0.04
−0.07 , (161)

δd[0.0065,0.35] = −0.20+0.12
−0.07 , (162)

at 68% C.L. at Q2 = 10 GeV2.
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FIG. 32. Comparison of the isovector nucleon tensor charge gT from this paper at 68% C.L. (Kang et al 2015) at Q2 = 10
GeV2 and result from Ref. [18] (Radici et al 2015) at 68% CL and Q2 = 4 GeV2, and Ref. [17] at 95% CL standard and
polynomial fit (Anselmino et al 2013) at Q2 = 0.8 GeV2. Other points are lattice computation at Q2 = 4 GeV2 of Bali et al
Ref. [117], Gupta et al Ref. [118], Green et al Ref. [119], Aoki et al Ref. [127], Bhattacharya et al ref. [120], Gockeler et al
Ref. [121]. Pitschmann et al is DSE calculation at Q2 = 4 GeV2 Ref. [112].

processes. These features have been clearly demonstrated in Figs. 20-21. In particular, the transverse momentum
dependence illustrates the effects coming from the Sudakov resummation form factors where the perturbative part
plays an important role due to large value of the resolution scale Q ! 10.6 (GeV). The associated scale evolution
effects in the Ĥ(3)(z) is another important aspect in the calculations. The evolution kernel is different from that of
the unpolarized fragmentation function, and it changes the functional form dependence of zh1 and zh2. In addition,
there is cancellation between favored and unfavored Collins fragmentation functions, not only the shape but also the
size are modified with the full evolution effects taken into account.
Second, because of relative narrow Q2 range in the current SIDIS data, the evolution effects are not so evident as

compared to that in e+e− annihilation processes. This was shown in Figs. 18 and 19. However, we would like to
emphasize that, in order to precisely constrain the quark transversity distributions, we need to perform the complete
QCD evolution in the theoretical calculations of the asymmetries to compare to the experimental data. This will
become more important with high precision data from future experiments at the Jefferson Lab 12 GeV upgrade [107]
and the planned Electron Ion Collider [4, 108, 109].
Third, the quark transversity distributions from our analysis are comparable to previous determinations, including

the leading order analysis of the same Collins asymmetries in SIDIS and e+e− annihilation processes, and the di-
hadron fragmentation channel in DIS and e+e− processes, see Fig. 27. In particular, the consistency between the
Collins asymmetry analysis and the di-hadron fragmentation analysis is a strong encouragement toward a future global
fit to include all experimental data to constrain the quark transversity distributions.
We observe, however, the Collins fragmentation functions from our analysis are quite different from those determined

from the leading order analysis in Ref. [17], although they are in the same order of magnitude. To further test the
evolution effects, we emphasize the importance of future experiment measurements, in particular, in the energy range
different from B-factories, such as those from the BEPC II at the experiment BESIII. We have made predictions for
these experiments in Figs. 22 and 24. We hope the data will become available soon, and can be included into the
global fit in the near future. We encourage BELLE, BABAR and BESIII Collaborations to perform the analysis of the
data on unpolarized cross-sections as such data are curtail for our understanding of TMD fragmentation functions.
Finally, we summarize the nucleon tensor charge contribution from our analysis,

δu[0.0065,0.35] = +0.30+0.08
−0.12 , (159)

δd[0.0065,0.35] = −0.20+0.28
−0.11 , (160)

at 90% C.L. at Q2 = 10 GeV2, in the kinematic range covered by the current experiments.
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−0.07 , (161)

δd[0.0065,0.35] = −0.20+0.12
−0.07 , (162)

at 68% C.L. at Q2 = 10 GeV2.
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mass and spin are the only accessible informa-
tion [125, 126, 127]. Therefore, one can never say
any particle is well understood before its charge,
mass and spin are successfully interpreted. The
proton, which is the only stable hadron and di-
rectly involved into all of four fundamental in-
teractions, has been investigated for a century.
However, we still have very poor knowledge on
its structure of charge, mass and spin.

In this paper, we discuss the present status
and upcoming experiments on all these puzzles:
proton charge radius puzzle, proton mass budget
and proton spin puzzle. The PRad experiment
at Jefferson Lab [30], the µp elastic scattering
experiment at PSI [31], the ISR experiment at
Mainz [32], and new hydrogen spectroscopy ex-
periments [33] will provide high precision mea-
surements of proton charge radius from different
aspects in order to resolve the proton radius puz-
zle. The near threshold electroproduction of J/ψ
experiment in SoLID program at Jefferson Lab
will provide a direct measurement on the trace
anomaly part of the proton mass through the
quarkonium-nucleon low-energy scattering [60].
It will lead to a more precise determination of
the proton mass budget. The SIDIS experiment
at Jefferson Lab [100] and the Drell-Yan experi-
ment at COMPASS [109] are aiming to unravel
the spin structure of the proton. In addition,
the precise measurement of the transversity in
these experiments will also improve the accuracy
of the determination of the tensor charge, which
can be utilized to search for new physics together
with the measurement of neutron EDM. There-
fore, the experiments in the upcoming decade
will help to resolve these puzzles and to bring
our knowledge on the proton to a new stage.
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processes. These features have been clearly demonstrated in Figs. 20-21. In particular, the transverse momentum
dependence illustrates the effects coming from the Sudakov resummation form factors where the perturbative part
plays an important role due to large value of the resolution scale Q ! 10.6 (GeV). The associated scale evolution
effects in the Ĥ(3)(z) is another important aspect in the calculations. The evolution kernel is different from that of
the unpolarized fragmentation function, and it changes the functional form dependence of zh1 and zh2. In addition,
there is cancellation between favored and unfavored Collins fragmentation functions, not only the shape but also the
size are modified with the full evolution effects taken into account.
Second, because of relative narrow Q2 range in the current SIDIS data, the evolution effects are not so evident as

compared to that in e+e− annihilation processes. This was shown in Figs. 18 and 19. However, we would like to
emphasize that, in order to precisely constrain the quark transversity distributions, we need to perform the complete
QCD evolution in the theoretical calculations of the asymmetries to compare to the experimental data. This will
become more important with high precision data from future experiments at the Jefferson Lab 12 GeV upgrade [107]
and the planned Electron Ion Collider [4, 108, 109].
Third, the quark transversity distributions from our analysis are comparable to previous determinations, including

the leading order analysis of the same Collins asymmetries in SIDIS and e+e− annihilation processes, and the di-
hadron fragmentation channel in DIS and e+e− processes, see Fig. 27. In particular, the consistency between the
Collins asymmetry analysis and the di-hadron fragmentation analysis is a strong encouragement toward a future global
fit to include all experimental data to constrain the quark transversity distributions.
We observe, however, the Collins fragmentation functions from our analysis are quite different from those determined

from the leading order analysis in Ref. [17], although they are in the same order of magnitude. To further test the
evolution effects, we emphasize the importance of future experiment measurements, in particular, in the energy range
different from B-factories, such as those from the BEPC II at the experiment BESIII. We have made predictions for
these experiments in Figs. 22 and 24. We hope the data will become available soon, and can be included into the
global fit in the near future. We encourage BELLE, BABAR and BESIII Collaborations to perform the analysis of the
data on unpolarized cross-sections as such data are curtail for our understanding of TMD fragmentation functions.
Finally, we summarize the nucleon tensor charge contribution from our analysis,

δu[0.0065,0.35] = +0.30+0.08
−0.12 , (159)

δd[0.0065,0.35] = −0.20+0.28
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Ref. [117], Gupta et al Ref. [118], Green et al Ref. [119], Aoki et al Ref. [127], Bhattacharya et al ref. [120], Gockeler et al
Ref. [121]. Pitschmann et al is DSE calculation at Q2 = 4 GeV2 Ref. [112].

processes. These features have been clearly demonstrated in Figs. 20-21. In particular, the transverse momentum
dependence illustrates the effects coming from the Sudakov resummation form factors where the perturbative part
plays an important role due to large value of the resolution scale Q ! 10.6 (GeV). The associated scale evolution
effects in the Ĥ(3)(z) is another important aspect in the calculations. The evolution kernel is different from that of
the unpolarized fragmentation function, and it changes the functional form dependence of zh1 and zh2. In addition,
there is cancellation between favored and unfavored Collins fragmentation functions, not only the shape but also the
size are modified with the full evolution effects taken into account.
Second, because of relative narrow Q2 range in the current SIDIS data, the evolution effects are not so evident as

compared to that in e+e− annihilation processes. This was shown in Figs. 18 and 19. However, we would like to
emphasize that, in order to precisely constrain the quark transversity distributions, we need to perform the complete
QCD evolution in the theoretical calculations of the asymmetries to compare to the experimental data. This will
become more important with high precision data from future experiments at the Jefferson Lab 12 GeV upgrade [107]
and the planned Electron Ion Collider [4, 108, 109].
Third, the quark transversity distributions from our analysis are comparable to previous determinations, including

the leading order analysis of the same Collins asymmetries in SIDIS and e+e− annihilation processes, and the di-
hadron fragmentation channel in DIS and e+e− processes, see Fig. 27. In particular, the consistency between the
Collins asymmetry analysis and the di-hadron fragmentation analysis is a strong encouragement toward a future global
fit to include all experimental data to constrain the quark transversity distributions.
We observe, however, the Collins fragmentation functions from our analysis are quite different from those determined

from the leading order analysis in Ref. [17], although they are in the same order of magnitude. To further test the
evolution effects, we emphasize the importance of future experiment measurements, in particular, in the energy range
different from B-factories, such as those from the BEPC II at the experiment BESIII. We have made predictions for
these experiments in Figs. 22 and 24. We hope the data will become available soon, and can be included into the
global fit in the near future. We encourage BELLE, BABAR and BESIII Collaborations to perform the analysis of the
data on unpolarized cross-sections as such data are curtail for our understanding of TMD fragmentation functions.
Finally, we summarize the nucleon tensor charge contribution from our analysis,

δu[0.0065,0.35] = +0.30+0.08
−0.12 , (159)

δd[0.0065,0.35] = −0.20+0.28
−0.11 , (160)

at 90% C.L. at Q2 = 10 GeV2, in the kinematic range covered by the current experiments.
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mass and spin are the only accessible informa-
tion [125, 126, 127]. Therefore, one can never say
any particle is well understood before its charge,
mass and spin are successfully interpreted. The
proton, which is the only stable hadron and di-
rectly involved into all of four fundamental in-
teractions, has been investigated for a century.
However, we still have very poor knowledge on
its structure of charge, mass and spin.

In this paper, we discuss the present status
and upcoming experiments on all these puzzles:
proton charge radius puzzle, proton mass budget
and proton spin puzzle. The PRad experiment
at Jefferson Lab [30], the µp elastic scattering
experiment at PSI [31], the ISR experiment at
Mainz [32], and new hydrogen spectroscopy ex-
periments [33] will provide high precision mea-
surements of proton charge radius from different
aspects in order to resolve the proton radius puz-
zle. The near threshold electroproduction of J/ψ
experiment in SoLID program at Jefferson Lab
will provide a direct measurement on the trace
anomaly part of the proton mass through the
quarkonium-nucleon low-energy scattering [60].
It will lead to a more precise determination of
the proton mass budget. The SIDIS experiment
at Jefferson Lab [100] and the Drell-Yan experi-
ment at COMPASS [109] are aiming to unravel
the spin structure of the proton. In addition,
the precise measurement of the transversity in
these experiments will also improve the accuracy
of the determination of the tensor charge, which
can be utilized to search for new physics together
with the measurement of neutron EDM. There-
fore, the experiments in the upcoming decade
will help to resolve these puzzles and to bring
our knowledge on the proton to a new stage.
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processes. These features have been clearly demonstrated in Figs. 20-21. In particular, the transverse momentum
dependence illustrates the effects coming from the Sudakov resummation form factors where the perturbative part
plays an important role due to large value of the resolution scale Q ! 10.6 (GeV). The associated scale evolution
effects in the Ĥ(3)(z) is another important aspect in the calculations. The evolution kernel is different from that of
the unpolarized fragmentation function, and it changes the functional form dependence of zh1 and zh2. In addition,
there is cancellation between favored and unfavored Collins fragmentation functions, not only the shape but also the
size are modified with the full evolution effects taken into account.
Second, because of relative narrow Q2 range in the current SIDIS data, the evolution effects are not so evident as

compared to that in e+e− annihilation processes. This was shown in Figs. 18 and 19. However, we would like to
emphasize that, in order to precisely constrain the quark transversity distributions, we need to perform the complete
QCD evolution in the theoretical calculations of the asymmetries to compare to the experimental data. This will
become more important with high precision data from future experiments at the Jefferson Lab 12 GeV upgrade [107]
and the planned Electron Ion Collider [4, 108, 109].
Third, the quark transversity distributions from our analysis are comparable to previous determinations, including

the leading order analysis of the same Collins asymmetries in SIDIS and e+e− annihilation processes, and the di-
hadron fragmentation channel in DIS and e+e− processes, see Fig. 27. In particular, the consistency between the
Collins asymmetry analysis and the di-hadron fragmentation analysis is a strong encouragement toward a future global
fit to include all experimental data to constrain the quark transversity distributions.
We observe, however, the Collins fragmentation functions from our analysis are quite different from those determined

from the leading order analysis in Ref. [17], although they are in the same order of magnitude. To further test the
evolution effects, we emphasize the importance of future experiment measurements, in particular, in the energy range
different from B-factories, such as those from the BEPC II at the experiment BESIII. We have made predictions for
these experiments in Figs. 22 and 24. We hope the data will become available soon, and can be included into the
global fit in the near future. We encourage BELLE, BABAR and BESIII Collaborations to perform the analysis of the
data on unpolarized cross-sections as such data are curtail for our understanding of TMD fragmentation functions.
Finally, we summarize the nucleon tensor charge contribution from our analysis,
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−0.12 , (159)
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processes. These features have been clearly demonstrated in Figs. 20-21. In particular, the transverse momentum
dependence illustrates the effects coming from the Sudakov resummation form factors where the perturbative part
plays an important role due to large value of the resolution scale Q ! 10.6 (GeV). The associated scale evolution
effects in the Ĥ(3)(z) is another important aspect in the calculations. The evolution kernel is different from that of
the unpolarized fragmentation function, and it changes the functional form dependence of zh1 and zh2. In addition,
there is cancellation between favored and unfavored Collins fragmentation functions, not only the shape but also the
size are modified with the full evolution effects taken into account.
Second, because of relative narrow Q2 range in the current SIDIS data, the evolution effects are not so evident as

compared to that in e+e− annihilation processes. This was shown in Figs. 18 and 19. However, we would like to
emphasize that, in order to precisely constrain the quark transversity distributions, we need to perform the complete
QCD evolution in the theoretical calculations of the asymmetries to compare to the experimental data. This will
become more important with high precision data from future experiments at the Jefferson Lab 12 GeV upgrade [107]
and the planned Electron Ion Collider [4, 108, 109].
Third, the quark transversity distributions from our analysis are comparable to previous determinations, including

the leading order analysis of the same Collins asymmetries in SIDIS and e+e− annihilation processes, and the di-
hadron fragmentation channel in DIS and e+e− processes, see Fig. 27. In particular, the consistency between the
Collins asymmetry analysis and the di-hadron fragmentation analysis is a strong encouragement toward a future global
fit to include all experimental data to constrain the quark transversity distributions.
We observe, however, the Collins fragmentation functions from our analysis are quite different from those determined

from the leading order analysis in Ref. [17], although they are in the same order of magnitude. To further test the
evolution effects, we emphasize the importance of future experiment measurements, in particular, in the energy range
different from B-factories, such as those from the BEPC II at the experiment BESIII. We have made predictions for
these experiments in Figs. 22 and 24. We hope the data will become available soon, and can be included into the
global fit in the near future. We encourage BELLE, BABAR and BESIII Collaborations to perform the analysis of the
data on unpolarized cross-sections as such data are curtail for our understanding of TMD fragmentation functions.
Finally, we summarize the nucleon tensor charge contribution from our analysis,

δu[0.0065,0.35] = +0.30+0.08
−0.12 , (159)

δd[0.0065,0.35] = −0.20+0.28
−0.11 , (160)

at 90% C.L. at Q2 = 10 GeV2, in the kinematic range covered by the current experiments.

δu[0.0065,0.35] = +0.30+0.04
−0.07 , (161)

δd[0.0065,0.35] = −0.20+0.12
−0.07 , (162)

at 68% C.L. at Q2 = 10 GeV2.
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mass and spin are the only accessible informa-
tion [125, 126, 127]. Therefore, one can never say
any particle is well understood before its charge,
mass and spin are successfully interpreted. The
proton, which is the only stable hadron and di-
rectly involved into all of four fundamental in-
teractions, has been investigated for a century.
However, we still have very poor knowledge on
its structure of charge, mass and spin.

In this paper, we discuss the present status
and upcoming experiments on all these puzzles:
proton charge radius puzzle, proton mass budget
and proton spin puzzle. The PRad experiment
at Jefferson Lab [30], the µp elastic scattering
experiment at PSI [31], the ISR experiment at
Mainz [32], and new hydrogen spectroscopy ex-
periments [33] will provide high precision mea-
surements of proton charge radius from different
aspects in order to resolve the proton radius puz-
zle. The near threshold electroproduction of J/ψ
experiment in SoLID program at Jefferson Lab
will provide a direct measurement on the trace
anomaly part of the proton mass through the
quarkonium-nucleon low-energy scattering [60].
It will lead to a more precise determination of
the proton mass budget. The SIDIS experiment
at Jefferson Lab [100] and the Drell-Yan experi-
ment at COMPASS [109] are aiming to unravel
the spin structure of the proton. In addition,
the precise measurement of the transversity in
these experiments will also improve the accuracy
of the determination of the tensor charge, which
can be utilized to search for new physics together
with the measurement of neutron EDM. There-
fore, the experiments in the upcoming decade
will help to resolve these puzzles and to bring
our knowledge on the proton to a new stage.
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FIG. 32. Comparison of the isovector nucleon tensor charge gT from this paper at 68% C.L. (Kang et al 2015) at Q2 = 10
GeV2 and result from Ref. [18] (Radici et al 2015) at 68% CL and Q2 = 4 GeV2, and Ref. [17] at 95% CL standard and
polynomial fit (Anselmino et al 2013) at Q2 = 0.8 GeV2. Other points are lattice computation at Q2 = 4 GeV2 of Bali et al
Ref. [117], Gupta et al Ref. [118], Green et al Ref. [119], Aoki et al Ref. [127], Bhattacharya et al ref. [120], Gockeler et al
Ref. [121]. Pitschmann et al is DSE calculation at Q2 = 4 GeV2 Ref. [112].

processes. These features have been clearly demonstrated in Figs. 20-21. In particular, the transverse momentum
dependence illustrates the effects coming from the Sudakov resummation form factors where the perturbative part
plays an important role due to large value of the resolution scale Q ! 10.6 (GeV). The associated scale evolution
effects in the Ĥ(3)(z) is another important aspect in the calculations. The evolution kernel is different from that of
the unpolarized fragmentation function, and it changes the functional form dependence of zh1 and zh2. In addition,
there is cancellation between favored and unfavored Collins fragmentation functions, not only the shape but also the
size are modified with the full evolution effects taken into account.
Second, because of relative narrow Q2 range in the current SIDIS data, the evolution effects are not so evident as

compared to that in e+e− annihilation processes. This was shown in Figs. 18 and 19. However, we would like to
emphasize that, in order to precisely constrain the quark transversity distributions, we need to perform the complete
QCD evolution in the theoretical calculations of the asymmetries to compare to the experimental data. This will
become more important with high precision data from future experiments at the Jefferson Lab 12 GeV upgrade [107]
and the planned Electron Ion Collider [4, 108, 109].
Third, the quark transversity distributions from our analysis are comparable to previous determinations, including

the leading order analysis of the same Collins asymmetries in SIDIS and e+e− annihilation processes, and the di-
hadron fragmentation channel in DIS and e+e− processes, see Fig. 27. In particular, the consistency between the
Collins asymmetry analysis and the di-hadron fragmentation analysis is a strong encouragement toward a future global
fit to include all experimental data to constrain the quark transversity distributions.
We observe, however, the Collins fragmentation functions from our analysis are quite different from those determined

from the leading order analysis in Ref. [17], although they are in the same order of magnitude. To further test the
evolution effects, we emphasize the importance of future experiment measurements, in particular, in the energy range
different from B-factories, such as those from the BEPC II at the experiment BESIII. We have made predictions for
these experiments in Figs. 22 and 24. We hope the data will become available soon, and can be included into the
global fit in the near future. We encourage BELLE, BABAR and BESIII Collaborations to perform the analysis of the
data on unpolarized cross-sections as such data are curtail for our understanding of TMD fragmentation functions.
Finally, we summarize the nucleon tensor charge contribution from our analysis,

δu[0.0065,0.35] = +0.30+0.08
−0.12 , (159)

δd[0.0065,0.35] = −0.20+0.28
−0.11 , (160)

at 90% C.L. at Q2 = 10 GeV2, in the kinematic range covered by the current experiments.

δu[0.0065,0.35] = +0.30+0.04
−0.07 , (161)

δd[0.0065,0.35] = −0.20+0.12
−0.07 , (162)

at 68% C.L. at Q2 = 10 GeV2.
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Ref. [117], Gupta et al Ref. [118], Green et al Ref. [119], Aoki et al Ref. [127], Bhattacharya et al ref. [120], Gockeler et al
Ref. [121]. Pitschmann et al is DSE calculation at Q2 = 4 GeV2 Ref. [112].

processes. These features have been clearly demonstrated in Figs. 20-21. In particular, the transverse momentum
dependence illustrates the effects coming from the Sudakov resummation form factors where the perturbative part
plays an important role due to large value of the resolution scale Q ! 10.6 (GeV). The associated scale evolution
effects in the Ĥ(3)(z) is another important aspect in the calculations. The evolution kernel is different from that of
the unpolarized fragmentation function, and it changes the functional form dependence of zh1 and zh2. In addition,
there is cancellation between favored and unfavored Collins fragmentation functions, not only the shape but also the
size are modified with the full evolution effects taken into account.
Second, because of relative narrow Q2 range in the current SIDIS data, the evolution effects are not so evident as

compared to that in e+e− annihilation processes. This was shown in Figs. 18 and 19. However, we would like to
emphasize that, in order to precisely constrain the quark transversity distributions, we need to perform the complete
QCD evolution in the theoretical calculations of the asymmetries to compare to the experimental data. This will
become more important with high precision data from future experiments at the Jefferson Lab 12 GeV upgrade [107]
and the planned Electron Ion Collider [4, 108, 109].
Third, the quark transversity distributions from our analysis are comparable to previous determinations, including

the leading order analysis of the same Collins asymmetries in SIDIS and e+e− annihilation processes, and the di-
hadron fragmentation channel in DIS and e+e− processes, see Fig. 27. In particular, the consistency between the
Collins asymmetry analysis and the di-hadron fragmentation analysis is a strong encouragement toward a future global
fit to include all experimental data to constrain the quark transversity distributions.
We observe, however, the Collins fragmentation functions from our analysis are quite different from those determined

from the leading order analysis in Ref. [17], although they are in the same order of magnitude. To further test the
evolution effects, we emphasize the importance of future experiment measurements, in particular, in the energy range
different from B-factories, such as those from the BEPC II at the experiment BESIII. We have made predictions for
these experiments in Figs. 22 and 24. We hope the data will become available soon, and can be included into the
global fit in the near future. We encourage BELLE, BABAR and BESIII Collaborations to perform the analysis of the
data on unpolarized cross-sections as such data are curtail for our understanding of TMD fragmentation functions.
Finally, we summarize the nucleon tensor charge contribution from our analysis,

δu[0.0065,0.35] = +0.30+0.08
−0.12 , (159)

δd[0.0065,0.35] = −0.20+0.28
−0.11 , (160)

at 90% C.L. at Q2 = 10 GeV2, in the kinematic range covered by the current experiments.
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Figure 30: The projected statistical and systematical errors for data on a neutron target (48

days with 11 GeV at SoLID) for the target asymmetry Asin(φR+φS)
UT in (x, zπ+π− , Mπ+π− ). The

band represent the spread in predictions using the TMD extraction (2009) and the collinear
extraction for h1(x). The DiFFs and PDFs are evolved to the corresponding value of Q2
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Combining%integrals%over%kT%of%these%rela:ons,%one%arrives%at%the%Lorentz%Invariance%
Rela:on%(LIR)%

d

dx

Z
d2kT

k2T
M2

F14 = eE2T +H + E

(we%have%kept%to%a%straight%gauge%link)%

twist%3%GPD%kT%moment%of%a%GTMD%

Twist 3 is a lot of fun!

S. Liuti’s talk
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Sum%rules%rela:ng%GTMD%and%twist%3%GPD%descrip:ons%

Equa:ons%of%Mo:on%%(EoM)%rela:on%%

Lorentz%Invariant%Rela:on%(LIR) A.%Rajan,%A.%Courtoy,%M.%Engelhardt,%S.%L.%
%

In%Ji’s%picture%F14%and%Ē2T%give%us%similar%informa:on%on%OAM!%

F
(1)
14 = �

Z 1

x

dy (Ẽ2T +H + E) ) �L
q

=

Z 1

0
dxF

(1)
14 =

Z 1

0
dxxG2

x( eE2T +H + E) = x

2

4(H + E)�
1Z

x

dy

y
(H + E)� 1

x
eH +

1Z

x

dy

y2
eH

3

5+G(3) = x( eE2T +H + E)WW +G(3)

-S L J 
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More twist-3 stuff
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Example: Single-Inclusive Hadron Production
in e-p collisions [e(l) + N(P) → h(Ph) + X]

theoretically simple, measured at HERMES, JLab 6

Transverse single spin asymmetry AUT (LO):

Partonic Coefficients differ in various frames (!?) 

A
UT

⇠
h⇣

1� x d
dx

⌘
F
FT

(x, x)⌦D1(z)⌦ �̂1

i

+h1(x)⌦
h
H

?(1)
1 (z)⌦ �̂2 +

⇣
z d
dz

⌘
H

?(1)
1 (z)⌦ �̂3 +H(z)⌦ �̂4 + =[Ĥ

FU

]⌦ �̂5

i

M. Schlegel’s talk
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Constraints on angular momenta
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Ji’s%Sum%Rule:%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%!%three%independently%measured%quan::es%

•  O.%Gonzalez%Hernandez%et%al.,%Phys.%Rev.%C88;%arXiv:1206.1876%
•  M.%Diehl%and%P.%Kroll,%Eur.%Phys.%J.%C73;%arXiv:1302.4604%%

Simonetta Liuti 

Mazous%et%al.%PRL%(2007)%
DVCS%+%VGG%

GPD%model%
Using%flavor%separated%nucleon%
form%factors%from%Jlab%

Jq = Lq +
1

2
�⌃q

A.%Rajan%et%al,%arXiv:1601.06117%%

M.%Engelhardt%

S. Liuti’s talk
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Constraints on angular momenta
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Mazous%et%al.%PRL%(2007)%
DVCS%+%VGG%

GPD%model%
Using%flavor%separated%nucleon%
form%factors%from%Jlab%

Jq = Lq +
1

2
�⌃q

A.%Rajan%et%al,%arXiv:1601.06117%%

M.%Engelhardt%

S. Liuti’s talk

Radici, Bacchetta, PRL 107 (11)

∼0.23±0.02

Friday, 15 April 16



g2 measurements

43

d2 matrix element

16 / 25

d
2

(Q2) ⌘
R

1

0

dxx2

⇥
2gT3

1

(x, Q2) + 3gT3

2

(x, Q2)
⇤

d
2

is related to “color polarizability” or the “transverse color
force” acting on quarks.

Existing measurements of d
2

are in the resonance region
(contains TMC T4 and beyond.)

Agreement with data indicates quark-hadron duality
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Impact of JLab data
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Two claims to observe GMTDs
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4/14/16 37 

#  To%measure%F14%one%has%to%be%in%a%frame%where%the%reac:on%cannot%be%viewed%as%a%
twoCbody%quarkCproton%scaKering%%

#  In%the%CoM%the%amplitudes%are%imaginary%!UL%connec:on%goes%to%0%
%
#  The%way%to%accomplish%this%is%to%define%two%planes%
%

Off forward SIDIS 

φk 

φΔ 

k’ 

k 
q 

x 

z 

y 

θe 

photon-proton plane  

two hadrons plane   

q’ 

p’ 

h2 

h1 

Δ eiϕΔ kT e
iϕk Δ1 − iΔ2( ) k1 − ik2( )→ ikT × ΔT
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J. Qiu during discussion
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π

π
High invariant mass
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Two claims to observe GMTDs

45

J. Qiu during discussion

P P’

π

π

I am personally skeptical, but let’s wait for a publication

High invariant mass
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Can QED be helpful?
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L. Mantovani’s talkUnpol. electron in long. pol. dressed electron  
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Can QED be helpful?
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L. Mantovani’s talk

Wigner distribution and GTMDs can be computed in 
QED, but can we define a way to measure them?

Unpol. electron in long. pol. dressed electron  
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Conclusions
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Theory is in good shape, we are waiting for more data to challenge it
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