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e Essential task in QCD: revealing hadron's properties
in terms of quark and gluon (non-perturbative)

* Experiment: High-Energy scattering (DIS, D-Y, DVCS...)
measure distribution functions

* Theory: QCD model, AdS/CFT, lattice simulation (first
principal calculation), Large Momentum Effective

field Theory (LaMET)

X. Ji, PRL. 110 (2013) 262002,
Sci.China Phys.Mech.Astron. 57
(2014) 7, 1407-1412



High-Energy Scattering &
Lattice Calculation Approach

* High-Energy scattering:

f probe correlation at equal
light-cone time (real-time
ey N dependence)
wg) \
¢ —
(—iT £ 2)

* Lattice can not directly simulate ¢ = NG with real 7,
calculate Mellin moments instead. High moments needs
fine lattice while computational cost ~ « " [CP-PACS, JLQCD]



LaMET Approach

e Construct a quasi quantity () that can be directly
calculated on lattice (Euclidean)

e (P|O|P) depends on the momentum P of the
external state (large but finite)

* Extract light-cone(IMF) quantity (P, |O |P.) by
matching condition (fractorization formula)

(PO P)(P) = Z (1, P))® (Pw |O |P) (1) HO (P")

UV controlled, mass correction, higher-
perturbatively calculable twist correction



Scattering Experiments vs.
LaMET Approach

High-Energy LaMET
Scattering
“observables” Cross section Quasi-quantities
Scale Large momentum | Hadron
transfer (Q). momentum (P).

Factorization ‘ r z
o =0y (2,Q%) @ f (2,Q%) | F(p)=z <%> ® f (1)

O Lo (P )
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E.g. PDF in LaMET Approach

Definition
q(z) =

Q(:l:)— dz z:cpz<PS|¢
pure spat/a/ correlation

cé&_;e—ixp%‘ <pg ‘&(%)7+£[ —
L[5 —51(=3)

directly calculated on laftice, no prob. int..

Lattlce calculatlon
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Matching Condition

Lattice “cross section” factorization
fll OSI|Z< ) (v)
Perturbative expansion
§(z) = M (2) + 6275 (1 2) q(z) = ¢V () + 026 (1 — =)

Matching factor TS
o) 20(e ) =su-g, =5 [T
p ooty |

z

O(O‘s) : Z(l) <£3 1;) =q" (gapz) _ q(l)(€7M)+ EZF(pZ)_CSZF(H) 0 (1_5)

X. Xiong, X. Ji, J.-H. Zhang, Y. Zhao, Phys. Rev. D
90, 014051 (2014) ,
J.-W. Qiu, M.-Y. Qing, arXiv:1412.2688 [hep-ph]



PDF Matching @ One loop

gauge choice: n-A=0— Pet/dznd =

IMF:n-A=A", n>=0 ,Quasi:n-A=A%* n’=—1

—Z MnV_.i_n“V 14
D (q) = — (g~ 1 L
q n-q n-q

momentum: P* = (P° 0+, P?)

qguark mass: m regularize collinear divergence
massless gluon

transverse cut-off: | dk, regularize UV divergence
(mimic lattice, breaks Lorentz symmetry,

)



Feynman Diagram (»- A = o)
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Quasi, IMF PDF @ One Loop

Unpol. (helicity, transversity also completed)

lim QW (2, P 1) = gV
M QP (, P5 ) = 47 (2, 1)

2
1+x 1

— 14+ & r <0,

. z2 T T T
—— 11+J;21n(1;2) +11+x1n4m_14_x+1+ﬁ, 0<xr <1,

1+x 1n—+1+ (1}2_33)2132 3 x>1,
- In 1+Wma y<0,
OéS Ia 22 2
+(z —1) oIt /dy 11+Zf»cln(];2) +11+i/ln 4yy_4yu+1+ﬁﬁ’ O<y<t,
(1) (1) 11+y In %= Jr1+(1 MR v=1b
Jim Q (z, P*,p) = ¢ ()
_OzSCF 0. r>1lorax<0,
27 11+_fln%22_11+_a;21n(1_35)2_12—_$x7 O<z<l1,
asCrp 0, y>lory<0,
5z —1 d
Folr =)= /y{ I 4 T I (1 - y)? + 2L 0<y <1,
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e Matching factor (unpolarized PDF)

1+¢2
P e
' o i) 5 et )
lf_g)ln5 —1+(1§)2PL, £<0.
Cras [, | ENE LT
+6(1 = &) Sy /dy 1l+”y o Hy ln[4y(1—y)]+4yk;y2y+1—ﬁ O<y<1
Tri,lnqutl—ﬁW y <0

no In (m), quasi/LC have same IR, match UV.
* Vector current conservation

/d:(: g(l)(x) 4 /dy 521?(9) =0 » gauge symmetry preserved

PZ
/df ZW (f, —) — (0 m) Forms a plus-distribution
v

X. Xiong, X. Ji, J.-H. Zhang, Y. Zhao, Phys. Rev. D
90, 014051 (2014)
J.-W. Qiu, M.-Y. Qing arXiv:1404.6860 [hep-ph}:



Lattice Quasi PDF Result

Jansen, F. Steffens, and C. Wiese, PRD 92, 0145 (2015)
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C. Alexandrou, K. Cichy, V. Drach, E. Garcia-Ramos, K. Hadjiyiannakou, Karl

Lattice Quasi PDF Result
+ O (a,) matching

Jansen, F. Steffens, and C. Wiese, PRD 92, 014502 (2015)
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Lattice quasi PDF Results
+ O (as) matching+mass corrections

C. Alexandrou, K. Cichy, V. Drach, E. Garcia-Ramos, K. Hadjiyiannakou, Karl
Jansen, F. Steffens, and C. Wiese, PRD 92, 014502 (2015)

P? = 0.98GeV P* =1.47GeV
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C. Alexandrou, K. Cichy, V. Drach, E. Garcia-Ramos, K. Hadjiyiannakou, Karl

Lattice quasi PDF Results
+ mixed momentum setup

Jansen, F. Steffens, and C. Wiese, PRD 92, 014502 (2015)

2

0

q® KXZEE
CJ12 -
| ABMI11 ————-

2

1.5

¢ BT “
MSTW o ; ,

CJ12 oo | W
T ABMI1 e ‘ :

P? =1.96GeV

P* =0.98,1.47GeV

15



 H.-W. Lin, J.-W. Chen, S. D. Cohen and X. Ji, PRD 90, 014051 (2014),
* H.-W. Lin, Few-Body Systems, Sept. 2015, Vol. 56, Issue 6, 455-460
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Quasi PDF vs LC PDF

Soft div.

Collinear div. &
evolution

Support

Interpretation

LC PDF

O<x <1

IMF, daughter
parton’s momentum
larger than mother
parton is suppressed
By large p+t.
Probability density

Quasi PDF

r € R

FMF, no 1/P*
suppression.
No probability
interpretation




Test of LaMET

* Heavy Meson Distribution Amplitudes (perturbative test)

Definition
ify P ()= [

dz

i P ()= [ e ()7Ll ()

NRQCD refactori

o (a,) = Y (1 |07 o) 3
Sieup) =S| [ovraen ool
@, p1.p7) ;<\ | !ﬁk

i )p+5_<61@( )”V 1Ll T M)(é)l@

0)

zation of heavy meson DAs

(2, 11)]

(:v,u,p:)

Perturbativly calculable
coefficient function
(UV), compare quasi
v.s IMF ® p” needed
to recover IMF DA

NR behavior, same IR between quasi

and IMF (v, ) expansion, n=0,1,.. :

s,p wave DA

18



e s-wave DA @ 1-loop

B Pk Ty e
A oy > = e
I 9 \ [ L=2ZD I \ : "

pfk p

k
* DR(IR) + Cut-off(UV) Hybrid regularization

2.7\ © 2,78\ ¢ A
[ee 2—2¢ K€ 1—2¢
d“ =k, = dk | k
( 47 ) / + ( iy ) /0 5L

e all¢!+1np?are cancelled and (1 —22) ", (1 —-22) % are

regularized to +,++ distributions, no IR pole
=» NRQCD factorize IR into long range matrix element

19



 Numerical Results of DA @ 1-loop
charmonium: J/", J/¥" n. ’s s-wave o (z, 1, p*) , ¢ (x, j1)

e.g8. 07, m.=14GeV, A = 3GeV
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i dw (1 - 20)" (3 0)

* Degree of Resemblance A, (p7) = :
[2dx (1 —2x)" ¢?

e (A P  Ag(A, P7) = 0.05)
J J/wll
s, T/t

12~

10~

P? = 1.66A + 3.86GeV

2 3 4 5 6 7 8
A [GeV]

* Provide some information on setting lattice spacing
parameter and estimating the correction needed

Yu. Jia, X. Xiong, arXiv:1511.04430 [hep-ph]



* 2-D Large N, QCD (nonperturbative test)
a. Theoretical laboratory
b. Exactly solvable (nonperturbatively, numerically)
c. No physical (transverse) gluon in 2-D, simple Fock
state wave function for mesons
Motivation:
a. To test LaMET nonperturbatively.
b. To understand tlje role of perturbative matching

q 1\\
| A W § === | Lattice quasi-PDF result
B MSTW s i Tl MsTWw X .
s e R + O () matching
I 1 | ABMI1 ——mo %‘a 1 R X J
A
0.5 0
(| s e e . NG % 2] (W TG BT e




Meson in 2-D Large N, QCD

> T, q
e Fock State p (—.
< Yy, k

 IMF: 't Hooft Equation light-cone wave

mass function
2 9 spectrum 1
X g2v 1l —2x 0 (gj — y)
4
* Quasi: Bethe—Salpeter Equation
Jctive dispersion Spector
quark relatjon q”;{a/ﬁ
@ ‘ P P) o, (P o 61 @D PL(PE)
meson wave
momentum (5 (q’ /{)[(I)qE (P, k unction




e Calculation Setup
Effective loop expansion in f/m; : coupling constant
in 2-D has mass dimension [f] = [m?]

a. Heavy quark: m; =8.9f > f
first heavy quark limit, then large N, limit:
test perturbative matching

b. Light-quark: m? = 0.065f < f
nonperturbatively matching needed!



Numerical Result

* Light-Cone Wave function & quasi wave
function with boost

Heavy quark case Light quark case
_ 2 _ 2
my = 2.11y/2f, m2 > f my = 0.18y/2f, m2 < f
O+ (x) and @ (= §) 6+(2) and &, (v = )
8 — - P=5\2] 1.0
P =10y/2f |
C P =20y/2f | 08
1.0 {
—— P =50y2f |
\/7. 0.6 _ ~ P =0.88/2f ‘ ~
Light Cone — K ! ~ =
04~ ! P =44y/2f ' N
0.5 - P=88)2f l
0.2
Light Cone
0.0} : | 0.ofF--? - ===
-0.5 0.0 0.5 1.0 1.5 -0.5 0.0 0.5 1.0 1.5




Conclusion (Roadmap)

* Quasi-PDF finite .
1s calculated on lattice
Viorn= [5er oGrecis -3 P>{
M h Lattice renormalization
o
atc Ing ~ 1-loop continuum completed

G(x, P*, 1) ® ZUV (z, P?, u) o Lattice perturbation

~ Non-perturbative

* Nucleon mass & higher-twist corrections

g (z,0))=q(y. P )@ Z2Y (% P",u)

Iti |- My major correction
Ultimate goal: —I—O< N )

direct lattice (PZ)" currently My /P? =~ 1

determination A"
of light-cone + (9( I;QCZ) Higher twist,
. . . z
distributions (P?) Lattice calculable

26



Quasi/LC distribution share the same IR

Analog: quasi-TMD (softer factor subtraction), quasi-GPD
(matching)...

Matching only controlled by UV (perturbative)
Preliminary lattice results provide confidence

Renormalization of quasi distributions
X.D. Ji, J.H. Zhang PRD 92, 034006 (2015)
Future paper by J.W. Qju and Y.Q. Ma
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* Space like correlation function g static, does not
depend on time

MPG)VTLE: FI(F) e a) = BRI

<C] 1

Forward case: no time dependence
Off-forward case: fixed time

Light-cone case:

H =P — P =P )¢t ~1+0(m25+)

P



Mass and Higher-Twist Correction

* Mass correction at o(M?/ (P?)?)
G(z, P*, p) = ;]—7_ P (P37 LIS: =510 (=3)| P)
series expénsion
(PIFOF L0216 ()] P) = 5 3 TP 00) (D7) 0 0)]P)
ignore trace of operator (higher-twist correction)
e.8. (P |y76 (0) (D) (iD,) (1D 0 (0] P) ~ 0 (e

gives

<P M (0> 2 (iDz)n@D (0){ P> _ [P(Mo . PHER) gy (p(uo . pun))} |Mi:Z

Mellin moments of quasi PDF / dxx"q (z)




the trace of matrix element is

tr (p(Mo . pun)) Z QMOZP plu . pri-1 .. plitl .. phn) + O(

taking i, = = givés

tr ( .. ) = _n4 5 (Pz)n—i—l
(P?)
Therefore
. n P 07 (D7) 0 0)]P)

3 (—727)”2% (P?)" [1 + n4(j\£)2] + 0 (/(%f)g’ (?i;)

4(P?)?
Fourier Transform to x space

Glx, P? 1) — NG ()\*1:77)




Matching Condition

e Lattice “cross section” factorization

=[5 52 (‘) 1(v)

* Perturbative expan5|on
i(x) = 3V () + 620 (1= 2)  gala) =V () + 62,5 (1 - )
6255 (1 ) + % ()

:/0 i[y5<y 1> [5223)5(1—y)+q(”(y)] +/01%Z(” <§,ZZ>5(1—3/)

—02p6 (1 —2) + ¢V (z) + ZW (Jg PZ). . .
* Matching factor 2 |
0@ 29(¢ —)—5(1—9, =2 [T

Y

O(as): zW <£, %) =g (&,p*) — g (& p)+ {5ZF(pzj—5ZF(u) 6 (1-8),
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Diquark Model Results of quasi PDF

L. Gamberg, Z. B. Kang, |. Vitev and H. Xing, PLB 743, 112 (2015)
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Gauge Invariance

* Preserved by gauge link.
* n-A=0AndFeynman gauge and gauge

D (q) = — . (Q,WfﬂnnJr:Mﬂ [ ]) Eq_wn-zj:z’e

D?V(C]):—;gu” -|-[|A§ &2 E%QI]‘.[WJ for q(l)(z)
[§ ‘ } ﬁ}'{% l } ?] for 62,76 (1 - x)

36

n-q’




Gauge Invariance

* Start from vector rurrent concanatinn

/®\+ E * §= 0
| Q)
. 1
0000000 |

q(z) = 6Zpd (x — 1) = q(z) — 0 (x — 1)/ dyq(y)

37



k~(LC)/ k°(Quijasi)-integral
Performed by Cauchy residue theorem

quark, gluon propagator (linear in k~,quadratic in &°)

always one k¥ pole on upper/lower plane

2 —m?tie=2k Tk —kT—m*+ie (p— k) +ie=2 (PT—k") (P —k") — k7 +ic
_ (P, —k )% Lie k2 +m?>—ie _
P+ (Q(Ll—.IT)L‘.F)’++ L21:P+ r dk [ . ]
x <0 + + 0
0<x <l + _ £ 0
x> 1 — — 0
K2 —m?tie= (k)" =k —(k*)’=m?+ie (p— k)’ +ie= (P°—k%)" —(P*~k)* — k2 +ie



Calculation Example

I ’u,l/+ oV oV
Feynman Part Dg”(q):_z<guu ¢"n” +n'q +n2qq)

¢V (z) =

Y

n-q n.q2

! d4k U ) 2 z 0 . v
/( wP) (~igstar”) il — (—igstvy")

Pz 27T)4 %_m—FZE %—m{—ze
—Z.g/u/ > .
X Ok —xPYu(P)+---
(P—k)2—|-ie ( Ju(P)
/d2kL g*CpmP?
21 \/k P2 [2P0\/k + 1—:1:) Pz2(1237)Pz2+m2P(;2]

_ QSCFTFPZ
VL + 2P 4 m? {2P0\/ki+952133 +m? +20P2 4 m2 + P2 — Pg}

P~? \/P2—|—m2\/lu 1—$2P2 (1_33)P2;2

N
\/W \/P2 mZ\/ r)?P? — (1 —x) P2 39




e P? 3 o0

2920}77‘(‘
0

(27T)4 O (%)n Otherwise
2
[ En B H 0<z<1
0 Otherwise
:CILC(QZ)
Can be calculated directly Same collinear,

using light-cone coordinates different UV —
o U — OO perturbative matching

non-In (%) terms Otherwise
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E.g.2: GPD

 Definition

z dz —ixp?z A n Z\ A2 z.z z A

_ _ i A
=H(z, &, AU (p+ $)7VU(p—5)+E@,&A)U(p+ 5) S—Ulp - =)
e Convention
z AZ

pM: (pO’OJ—’pz)7 AM: <A07A1707AZ>7 x:p_z’ 5: pzy t:A2

* Tree levelg©(z,¢.t) = §(x — 1), EO(x,¢,t) =0

* Properties of GPD
Forward limit ; H(z,0,0) = f(x)

Polynomiality: Lorentz symmetry



One-loop GPD results

* Finite 7, quasi-GPD & Infinite P*, light-cone GPD
gluon exchange diagram, only leading log terms
« E.g. unpolarized (long. and trans. pol. completed )

ﬁm(:zf, £, 1, ,L,L,pz)\/H(l)(a: b, p7) =

(4 (117) V0
x+€ 28 :
asCr 2§$+25)§512+ -l _\/ln— +o oy
| wan 152)hl \/ln— e
B W V0
20 (4, € 1, /1): EW (z,&,t, 1) =
2 (1+£§)1n< wr) B SE<w <l
asCrm ﬁ Mln(_—t)‘ir“‘ E<r<l1
2 —t 1-¢2 m
0 otherwise,

\

< =&
—f<r<E
E<ar<l1
x> 1,

X. Ji, A. Schafer, X. Xiong, J-H.
Zhang, PRD92 (2015) 014039
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 Forward limit
first take forward limit &,¢t — 0
then m — 0 recover PDF from an finite ¢, m result

¢£.t— 0and m — 0DO NOT commute
e.g.

(1= 4) — (0
~ I (m?)
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* Polynomiality

taking moments of [ s o [ 5 e (43 051155310 p—3)

T
— <= <=
Mg Ty -+ Ty <P+% D (0) 4105 D -5 D e (0) P—%>

NC(t)(n'P)"'(H'P)(H'A)"'(H'A)NZCi(t)ii

In 1-loop GPD, only H, E’'s = (ﬁ—i) In C—i) terms satisfy
polynomiality (transverse cut-off breaks Lorentz

Symmetry, but I (4°)terms are the same as DR)
 Meson DA from GPD

@ (G) vy LE F(F)] @)
crossing symmetry

<C]1 @2‘&(%)72755[ ;5

(NI RN
)
—
rof |
g
~——
-
\/



Polynomiality Results
H'™ (€)= 3 (20) Al (1) + mod (n,2) (2€)" €l (1)

=0
[n/2] ‘ 1
Entl (57 t) - Z (2€>1 BZH,% (t) — mod (TL7 2) (25)71-!- Cg_H ( )
i=0
B (g 1) =% (M) et o™ = 2k
o —t) | srems i & n=2k+1
Cras (/ﬂ) n < n ) - z+1/ it
+ In | — ' B . ;
27 —t ; i (=8)" (1+¢) 0 i
CFas <M2 ) n < n ) . it / Xi—{-l
+ 1n R ) n—i 1 d
2 —t ; i § ( 5) ; X (1 — X)+
Cras (1 / 1 2x
- In{-— dv | (1 —
o 1 (m2> 0 X ( X) + (1 — X)+

(2k+3)(k+1) 2k+3

:;)/Oldx [(1—X)+(137XX>+]

2(4k+3) 2 4 — 9L
EmH (&) :CF@S m In 1 (k+1)(k+1) £i= 15 k+1 n =2k
’ 2r —t m? MZZ:O@Z—F— n=2k+1
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+ ++ Distribution

e +-distribution
/%dx [ 1f<x)] o(z) = / 12 10 [9) ~ 9 (3)]

55—

12 s f of

example: DGLAP evolution kernel

e ++ - distribution

2 f(x) 7 f@) [9) g3 -5 -9 (3
/0 dx [W] ++g(:c) —/0 dx i

2



Plus-Distribution

Plus-distribution (only make sense when
convoluted)

[ [£9] o) [laa L)) 90

1 —=x 1l —=x

1] - -sn o

Plus-distribution regularized pole@z =1
gluon momentum P —k ~1—x =0, soft gluon
emission(IR)



* 't Hooft Equation
<m2—2f+m2—2f

€T 1l —=x

- Mz) o4 (2) =
basis expansion ¢: (z) = Civ; (x) gives
A(m,M)-C =0

nontrivial solution requires det[A (m,M)] =0

* B-S Equation parameters
_/
pcos (0 (p)) —msin ( ][

w (p) = mcos (0 (p) + psin (6 (p +2f

> sin ( — 0 (k))

@_kfamwu»—e%»

él(p,q,k):cose(p)ge(k) COSQ(P—Q);Q(p—k)

52(p,q,k):sin9(p);9(k> SmQ(p—CD;@(p—k)




