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Figure: Burkert, Elouadrhiri & Girod, Nature (2018)

W Pressure in the proton has become a hot topic.

¥ Detailed theoretical studies:
@ Polyakov, Phys Lett B (2003)
@ Polyakov & Schweitzer, Int ] Mod Phys A (2018)
@ Lorcé, Moutarde & Trawinski, Eur Phys J C (2019)

¥ Empirical extractions happening at JLab!
@ Burkert, Elouadrhiri & Girod, Nature (2018)
@ Duran &al., Nature (2023)
@ Chatagnon ¢t al., Phys Rev C (2026)

* Popular science articles

@ Science Daily (2018)
# Quanta magazine (2024)


https://inspirehep.net/literature/599384
https://inspirehep.net/literature/1673717
https://inspirehep.net/literature/1699964
https://inspirehep.net/literature/1673606
https://inspirehep.net/literature/2110821
https://inspirehep.net/literature/3123578
https://www.sciencedaily.com/releases/2018/05/180516131201.htm
https://quantamagazine.org/swirling-forces-crushing-pressures-measured-in-the-proton-20240324/
https://inspirehep.net/literature/1673606

1 The Energy-Momentum Tensor

What is the EMT?
What is the hadronic stress tensor?

2 EMT Form Factors

How do we formally describe hadronic stresses?

3 Spatial Stress Distributions

How do EMT-FFs entail stress distributions?
How do we interpret these distributions?






% The energy-momentum tensor describes density and flow of energy & momentum.

¥ Also known as the stress-energy tensor.

Energy density

Momentum densities

|

TOO (x) TOl (x) T02 (x) TOS (x)
TlO (x) Tll(x) T12 (x) T13 (x)
T20 (x) T21 (x) T22 (x) T23 (x)
e Tl T2 T3

|

Energy fluxes

TH(x) =

Stress tensor



* 1 9 85 RN s B M i %
Naethet’s theqrems and $paceftirhie distortiofs.y

¥ Conserved current from Jocal spacetime translations (Noether’s second theorem):

X—x—¢(x)

Noether’s theorems: symmetries imply conservation laws
Local translation: move spacetime differently everywhere

W The energy-momentum tensor (EMT) is the associated conserved quantity

5ESQCD = —fd4x ngD(x)chfv(x) =)
e
Zq{ . é(x)}/“B"q(x)}—2Tr[G“’1G"'A |+3 8" Tx[G1 Gy, |
Felsager, Geometry, Particles, and Fields
Montesinos & Flores, Rev Mex Fis 52 (2006) 29
AF, Phys Rev D 113 (2026) 016011


https://link.springer.com/book/10.1007/978-1-4612-0631-6
https://inspirehep.net/literature/710900
https://inspirehep.net/literature/2929752

RN L ENGNES
The-stréss tensor -

¥ 3 x 3 sub-matrix of the energy-momentum tensor.

TOO(x) TOl(x) T02(x)
Tlo(x) Tll(x) le(x)
T(x) HCICIN
Flt) S TSZT(x)

Stress tensor

¥ Work needed to deform a system:

W(x—x—&x)] =—fd3

T03 (x)
Laeid) s O
—x—&(x)
T23 ) x—x—&(x
T33 (x)
stress tensor strilirl toriion
% Ty (0 (106 (0 + 0,61 (0)) + (9:¢ (0 - 0,6 ()

Stress: internal forces resisting spatial deformation

Deformations are a virtual pressure gauge

Lorcé, Metz, Pasquini & Rodini, JHEP 11 (2021) 121

AF, Phys Rev D 113 (2026) 016011


https://inspirehep.net/literature/1927693
https://inspirehep.net/literature/2929752

Stigss & momentum flfixdensity .

¥ Continuity equation (integral form):
d ; e T uv e
—[f s A= el ) el s
dt Ly 3 oV
Momentu:; in region Flux out of region

¥ Stresses are momentum flux densities

Include particle fluxes & forces

Particle flux
¥ Kinetic pressure is pressure
It’s the microscopic origin of gas & fluid pressure

Photon flux is the origin of radiation pressure

Sisyphus image: Miikka Holkeri (website)



https://holkeri.fi/2021/04/23/the-myth-of-sisyphus.html
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Rositive'or negative stifss?
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oS % A e i o "
. oo
Hanging monkeys p
Negative stress / negative “pressure”
g g p

e ¥ Tension / pulling / stretching da
. . “
* Highest monkey under most tension o
Compression . s
ij = _ sl — £l
viTl] —_pgzj _fgrav °
Image: MikeRun (Wikimedia), very modified ( '
Monkey image by Angie Freese (Instagram) o
4
Stacked Turtles =)
¥ Positive stress / positive “pressure” h'
% Compression / pushing / squishing 5 \[ v
¥ More compression at bottom of pile R (5 B

Vi T = _pgzj = fg]rav

Turtle image by FoxKids1302 (DeviantArt)



https://upload.wikimedia.org/wikipedia/commons/2/2a/Different-types-of-mechanical-stress_EN.svg
https://www.instagram.com/wolical
https://www.deviantart.com/foxkids1302/art/Turtle-stacking-602959976

Gagchy momentum e
=+3Mg .

Fop =

F down =

—-2Mg

c uatlon Uy,

* Cauchy momentum equatlon for an open, static system

fnjet(x’ )= (x,1) > - ViTij(x, =0

external

alance between external forces & internal forces
Can infer external forces from stress tensor!

% Works for

pectation values in quantum systems!

RO B )

external

Schrédinger, Ann. Phys. 387 (1927) 265
Nielsen & Martin, PRB 32 (1985) 3780
Polyakov & Son, JHEP 09 (2018) 156

¥ Stress tensor in atom returns Coulomb force law!

AF, Phys Rev D 111 (2025) 034047
Could map out strong nuclear forces via stress tensor!

Monkey image by Angie Freese (Instagram)


https://doi.org/10.1002/andp.19273870211
https://inspirehep.net/literature/224009
https://inspirehep.net/literature/1684634
https://inspirehep.net/literature/2859392
https://www.instagram.com/wolical




EMT form facrors: spih-zero, ¥
¥ Energy-momentum tensor parametrized using EMT form factors (EMT-FFs)

. AEAY — ghV A2
(P 1TE )y = 2PFPY A gD + ———8 =

¥ Dy g(A%) +2m? g ¢, 4(4%)

Also known as gravitational form factors
EMT is source of gravitation, but we’re not doing gravitational physics

¥ General form from Lorentz covariance
¥ EMT-FFs encode hadron structure

i %(p s
A= (p'-pH*

Kobzarev & Okun, Sov Phys JETP 16 (1963) 1343
H. Pagels, Phys Rev 144 (1966) 1250
X.Ji, PRL78 (1997) 610


https://inspirehep.net/literature/42872
https://inspirehep.net/literature/50537
https://inspirehep.net/literature/416559

EMT form facrors: spih-zero, “¥
* Energy-momentum tensor parametrized using EMT form factors

barycentric motion & dispersion
R o, e Tigue e
(P'| T (0)|p) = 2PFPY Ay o (A%) + —qu,g(Az) +2m? g e, 6(A%)

v

o
internal pressure & forces

¥ General form from Lorentz covariance
¥ EMT-FFs encode hadron structure

Lo,
5(p+p)

At =(p' - p#

ir —

Kobzarev & Okun, Sov Phys JETP 16 (1963) 1343
H. Pagels, Phys Rev 144 (1966) 1250
X.Ji, PRL78 (1997) 610


https://inspirehep.net/literature/42872
https://inspirehep.net/literature/50537
https://inspirehep.net/literature/416559

EMT form factors: spih-half, %

* Spin-half has additional EMT form factors related to angular momentum

motion & dispersion pressure & forces
: : prpY ARAY — ghtv A2 ¢ T
W, 1T O)p, s) = u(p',s’){ — Agg(4%)+ o E ;) SR R D)

ZP{,UUV}A 5 lP[ﬂO‘V]A 2
s )= S0 futp.9
angular i Eanon spin

New symmetric part related to total angular momentum
Antisymmetric part related to elementary fermion spin

PH= %(n +p')H
A = (p' - p)t

Leader & Lorcé, Phys Rept 541 (2014) 163


https://inspirehep.net/literature/1254431

EMT form facrors —gurmn rulés "

% Momentum sum rule:

2 A0 =1
9,8
¥ Angular momentum sum rule (Ji sum rule):

1
Zk@zi
9,8

¥ Tocal momentum conservation:

> BELAIO
9,8
Violated for open sub-systems

Non-zero ¢,(A?) quantifies forces—Cauchy momentum equation!

3

(fL b))y = —mV; f A eI

Called non-conserved form factor — quantifies local conservation violation

X. Ji, Phys Rev Lett 78 (1997) 610
Polyakov & Son, JHEP 09 (2018) 156


https://inspirehep.net/literature/416559
https://inspirehep.net/literature/1684634




¥ Momentum transfer — densities via Fourier transforms:

EMT form factors appear here

A

N d3A . == < i
GRS Zf ngf G Lo B D¢P 1T O)lp, )Y (R, e 40
§,8" Y *

2iP—V
¥ This depends on the proton’s wave packet W4 (R, t

M\
> wﬂ\m \\

Ua

“ W{\,\M,, X

¥ Need a bit more effort to distill out izternal densities

Li et al., Phys Lett B 838 (2023) 137676
AF & Miller, Phys Rev D 108 (2023) 034008


https://inspirehep.net/literature/2101770
https://inspirehep.net/literature/2163186

AR RA T SN . Aol i s,
Dypamic and internal$tress Y-

dynamic pressures barycentric flux
i j = 3 ’V’ 4 (Rt)V‘P(Rt)
(PITH (%, 0Py =) | PR{-V5L (R, ) ——— V(R Dags(x—R) (x R)
— 2M
internal mass density internal momentum density

barycentric flux

barycentric probability

l‘P (RI)VJ‘I’(RI) e e Ve
(e —R) + W5 (R, 0Ws(R, r)ts,’s(x—R)}

2M

internal mass flux internal stresses

¥ Internal densities smeared out by barycentric distributions
* Dynamic pressures due to barycentric motion & wave packet dispersion

¥ Internal stress due to internal motions zzd forces

Smeared by barycentric probability

* Strictly non-relativistic breakdown

Image: dynamic pressure from wind Afforded by Galilei symmetry (absoluteness of simultaneity)

AF, Phys Rev D 112 (2025) 034037
Cosyn, AF & Sosa, Phys Rev C 113 (2026) 055208


https://inspirehep.net/literature/2919771
https://inspirehep.net/literature/3122080

* Momentum-space wave packet contains boosted versions of composite system
Boosts mix up planes of simultaneity
Internal constituents get boosted to different times

|
Mim M,H”M e
vl = o~
|

H il

¥ Cannot decompose structure to overall wave packet ® internal structure at fixed ¢

* Light front coordinates fix this by defining a new, boost-invariant time variable!

A. Einstein, Annalen Phys 17 (1905) 891


https://inspirehep.net/literature/4181

sght front coppdinated &~ Y. 7 Tlgegee &t s e ¥ 1531

* Light front coordinates are a different foliation of spacetime.
Involves redefining equal-time surfaces.

xi=\/LE(tJ_rz) Nl Cin) X
t

o AT T Light front coordinates

P.A.M. Dirac, Rev Mod Phys 21 (1949) 392
Brodsky, Pauli & Pinsky, Phys Rept 301 (1998) 299
AF, A friendly introduction to the light front (lecture series)


https://inspirehep.net/literature/26316
https://inspirehep.net/literature/443682
https://www.youtube.com/playlist?list=PLWB50RFxjvdsRY_1GOaiLNdxcZz6s-3yx

NETUENT oy JeANSUET =
Synehronization vs. sefiny

ke % (t+2) ¥ Fixed ¢ surfaces require coordination
Distant clocks must be synchronized
Must wait for light to arrive
Reconstruct after the fact

§ 7= utls Ruined by boosts

W Fixed x* surfaces require looking

Look in the +z direction
That’s a fixed x* surface
Invariant under boosts!
Z Allow relativistic densities

A. Einstein, Annalen Phys 17 (1905) 891
Brodsky, Pauli & Pinsky, Phys Rept 301 (1998) 299
AF & Miller, Phys Rev D 107 (2023) 074036


https://inspirehep.net/literature/4181
https://inspirehep.net/literature/443682
https://inspirehep.net/literature/2634715

Transverse boosts-an rell fofations

¥ Lorentz-boosted objects appear rotated.

Terrell rotation
Optical effect: contraction + delay

* Light front transverse boost
undoes Terrell rotation:

Bl £ % (Kx+Jy)

Standard boost + counter-rotation

Leaves x* (time) invariant
Part of the Galilei subgroup

Dice images by Ute Kraus,
https://www.spacetimetravel.org/

J. Terrell, Phys Rev 116 (1959) 1041
M. Burkardt, Int ] Mod Phys A 18 (2003) 173


https://www.spacetimetravel.org/
https://inspirehep.net/literature/46640
https://inspirehep.net/literature/589769

Galilel subgrou D S :
*]%mmmgmmh%a@+DDGﬂ&mﬂgqu

x* is time and x is space under this subgroup.
g . ‘

P™ = Ep + p; is the central charge.

x" and P are invariant under this subgroup!

* Light front time gives fully relativistic 2D picture that looks a lot like non-relativistic physics.

dPJ_ +de
S dx+2
2
H:Hrest"'ﬁ
UJ_—F

G. Pinski, ] Math Phys 9 (1986) 1927
M. Burkardt, Int ] Mod Phys A 18 (2003) 173


https://pubs.aip.org/aip/jmp/article/9/11/1927/1031140/Galilean-Tensor-Calculus
https://inspirehep.net/literature/589769

S P S R S T | PSR L
Galilei'subgroup and dersities™?

Y(Pt R)) v(x,ry)

il
i

( X

w,ﬂ

\J

Uu ‘

Works thanks to the Galilei subgroup
* Apparently stuck with 2D spatial densities

Momentum fraction x gives third dimension
x dependence visible in impact parameter parton distributions—beyond scope of this talk

Brodsky, Pauli & Pinsky, Phys Rept 301 (1998) 299
M. Burkardt, Int ] Mod Phys A 18 (2003) 173
Vary, Honkanen, Li, Maris & Brodsky, Phys Rev C 81 (2010) 035205


https://inspirehep.net/literature/443682
https://inspirehep.net/literature/589769
https://inspirehep.net/literature/819886

sight front stigss tensgr %~ Y. 7 TMpges S e« e ¥ 20731

dynamic pressures barycentric flux
e T o TR
e , ViV i,
[ ar cntiicomn =%, [ @R N g s RS S )
R = s a i e e
internal P* density internal momentum density
barycentric flux
g A barycentric probability

Z\P:, VvV ']\ys i r—:‘ﬁ ij
e Ry SRR S n)
internal P* flux internal stresses

¥ Echoes non-relativistic breakdown—light front Galilei symmetry!
% EMT-FFs Dq(A ) and cq(A ) in stress tensor.

—iA,-b,

d AL(A’ At A2,

2 e S 2
o Dq(8) - 8 e

Imagc dvnamlc pressure from wmd

Lorcé, Moutarde & Trawinski, Eur Phys J C 79 (2019) 89
AF & Miller, Phys Rev D 103 (2021) 094023


https://inspirehep.net/literature/1699964
https://inspirehep.net/literature/1844411

Simple pressute model

¥ Start with a closed system (sum quarks & gluons—no ¢):

d3A, AIAT - 517 A —ViV;+6,;V2  d?A,

tl] b — D AZ e_iAJ_‘bJ_ = D A2 e*l‘AJ_'bJ_
= | Gz apr - 4P+ @z
. : ) -2(r)
W Slmp le trip ole model: Polyakov pressure potential
50 DoA*b?

D(A%) = D(b,) = TJTLKZ(Ab 1)
——

(IS AT

Tripole from perturbative QCD; Dy & A from experiment or lattice

Combined tripole form

Do=Dy" + D = -3.46
A=1.12GeV

modified Bessel function

Polyakov & Schweitzer, Int ] Mod Phys A (2018) o )
Lorcé, Moutarde & Trawinski, Eur Phys ] C (2019) Burkert, Elouadrhiri & Girod, Nature (2018)
AF & Miller, Phys Rev D 103 (2021) 094023 Duran &al., Nature (2023) )



https://inspirehep.net/literature/1673717
https://inspirehep.net/literature/1699964
https://inspirehep.net/literature/1844411
https://inspirehep.net/literature/1673606
https://inspirehep.net/literature/2110821

SRR B S
Isagropic pressure

isotropic pressure shear stresses

. DyASh g i
thb1) = Z—={(AbL Ko(AbL) - 2K (Ab1)) 67 20D, Ko(Ab1) (b - 3577 )}

1287 P*

— 04
iz
~
=
[}
D
5
0.0
Xw)
: \/
[@N]
—0.2
0 1 2
bL (fm)

Combined tripole form

5

_ DyAby
p(r) = o (AbLKo(AbL) ~2K1 (ADy))

Do=D\" + D = -3.46
A=1.12GeV

Burkert, Elouadrhiri & Girod, Nature (2018)
Duran &al., Nature (2023)

W Isotropic pressure: average stress over all directions

Often just called “pressure” in the literature


https://inspirehep.net/literature/1673606
https://inspirehep.net/literature/2110821

” DoA°b

ij o L

brbL) = o0 e
=l
E 00
~
= 0.75
<
0.5
=
£ 0.25
(&N

0.00
0 1 2
bl (fm)

¥ Shear stress: anisotropy in stress tensor

isotropic pressure shear stresses

=

{(AbLKo(AbL) B (Abl)) B 2AbLKo(Abl)(EilA7f o %5”’)}

Combined tripole form

(r) oAby (Aby)
s(r)=—————=
gagp+ 0L
Do=D\" + D = -3.46
A=1.12GeV

Burkert, Elouadrhiri & Girod, Nature (2018)
Duran &al., Nature (2023)

Describes how material elements are sheared by the stresses


https://inspirehep.net/literature/1673606
https://inspirehep.net/literature/2110821

Prigcipal stresses on th lig

shear stress

normal stresses (pressures)

¢ = D ]
U

shear strain A local rotation

W Normal stresses push (compression) or pull (tension) on material element
¥ Shear stresses cause medium to shear
W Shear stresses eliminated by diagonalization—get principal stresses

C.S. Jog, Continunm Mechanics
Polyakov & Schweitzer, Int ] Mod Phys A (2018)


https://www.google.com/books/edition/Continuum_Mechanics_Volume_1/lN1wCgAAQBAJ
https://inspirehep.net/literature/1673717

radial pressure

tangential stresses

e

y DoA® Ny ¥ e
t7(by) = Ei(z)LTij{ — Ky(AbDD BT + (Ab1 Ko(Ab1) - Ky (AbD)) (67 - ' )|
Combined tripole form
0.6
( )——DOASbiK (Aby)
prir)= 647D+ 1 1

Do=D\" + D = -3.46
A=1.12GeV

Burkert, Elouadrhiri & Girod, Nature (2018)

Duran &al., Nature (2023) 0.0

¥ Radial pressure is strictly positive in the proton—but not in all systems

1
bL (fm)



https://inspirehep.net/literature/1673606
https://inspirehep.net/literature/2110821

pressure and tensioht Y

Jangential

radial pressure

tangential stresses

tﬁ:(lu) = M{ -Ki (Abl)ffo_;ﬁ+ (AblKo(AbL) = (Abu)(éii 3 l;ijgj)}

647 Pt
Combined tripole form
— 0.25
s £
DyA’b E
pi(r) = W(AbLKO(AbL) - K (AbL)) % 0.00
-
Do=D" +DE = -3.46 =-025
A=112GeV 3
& —0.50
Burkert, Elouadrhiri & Girod, Nature (2018)
Duran &al., Nature (2023)

¥ Diffuse tangential tension
¥ Proton is like a liquid drop with a very tuzzy, diftuse boundary

bJ_ (fm)



https://inspirehep.net/literature/1673606
https://inspirehep.net/literature/2110821

S

Radial pressure Tangential stress

1.0 1.0
0.5 0.5
£ 00 £ 0.0 .
8 =
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AL T 0.0 0.5 1.0 e 0.0 0.5
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¥ Proton is like a liquid drop with a very fuzzy, diffuse boundary
Polyakov, Phys Lett B (2003)

1.0


https://inspirehep.net/literature/599384

qi.1. 82" TS =2 R . b A
Stability conditions: vdnTaueedndition "o

von Laue condition

— 04
E
= [ @bepwi=o
[
O 0.2
~ ¥ Satisfied for every hadron
% ¥ Can be shown from:
= 0.0
=) ..
. \/ PITIO)py =0
—0.2 <
0 1 9 von Laue, Annalen Phys 340 (1911) 524

b, (fm) Polyakov & Schweitzer, Int ] Mod Phys A 33 (2018) 1830025

v



https://inspirehep.net/literature/1703313
https://inspirehep.net/literature/1673717
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Polyakov’s conjecture

D(0) :P+fd2blbip(bl) <0

¥ Seems to be true for hadrons
¥ Seems intuitive:

Compression against collapse
Tension against disintegration

¥ Is false for some systems!

Perevalova, Polyakov & Schweitzer, PRD 94 (2016) 054024
Polyakov & Schweitzer, Int ] Mod Phys A 33 (2018) 1830025
v



https://inspirehep.net/literature/1477829
https://inspirehep.net/literature/1673717

% Sign of D-term correlated with spin
of force-mediating field

Potential & wave function
underdetermine D-term!

¥ Spin-odd: postive
Includes electromagnetic systems
Hydrogen atom has D(0) >0

¥ Spin-even: negative

¥ Hadrons break this pattern—why?

Gluons are spin one...
Something to learn about QCD!

AF, 2609.33151

01 e
o /
3_104 /I
/
S
Il
—901 // ---- Spin-zero
___/// —-—:  Spin-one
1075 waet 100 10! 10°
A? (GeV?)



https://inspirehep.net/literature/3208575




¥ Stresses are momentum flux densities

How a system responds to deformations
Positive/negative stress related to compression/ tension

W Divergence of stress tensor gives forces between sub-components.

This makes ¢4 (A?%) the most exciting form factor.
Can map out color force distributions!

* Light front densities give relativistically exact 2D stress distributions

3D Breit frame densities are a non-relativistic approximation

% We don’t really understand why the D-term is negative for hadrons

Something interesting to learn about QCD here?

Thank you for your time!
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