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q Introduction to QCD factorization
q Parton distribution functions and global analysis
q From inclusive to exclusive processes
q Generalized parton distributions and global analysis



From DIS to Drell-Yan
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e+ p → e+X

Ø DIS factorization: factorize collinear pinches.
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+
µ
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Ø DIS factorization: factorize collinear pinches.

Ø Goal of Drell-Yan factorization:

• Collinear sectors from two hadrons are separated from each other

• They are also factorized from the hard part

• Connected to the PDF in DIS



Drell-Yan factorization
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Ø Key: inclusiveness  ⟹  unitarity cancels soft gluons

Ø PDFs from Drell-Yan factorization are the same as in DIS

Ø Hard part involves subtraction for collinear pinches
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Global analysis of PDFs

Ø Parametrize PDFs at a given scale 𝝁𝟎
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E.g., JAM20-SIDIS
<latexit sha1_base64="+7iYRu9RKaJgVn2yg2rMGpTZ0FY="></latexit>

fi(x;µ0) = Ti(x;ai) = Mi x
ωi(1→ x)εi

(
1 + ωi

↑
x+ εi x

)
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i = g, u, d, s, c, ū, d̄, s̄, c̄

9 independent flavors. Typically, 𝜇! is just above 𝑚"

JAM, PRD 104, 016015 (2021)
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Ø Solve DGLAP evolution to obtain PDFs at scale 𝑸

E.g., JAM20-SIDIS
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i = g, u, d, s, c, ū, d̄, s̄, c̄

9 independent flavors. Typically, 𝜇! is just above 𝑚"
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Ø Solve DGLAP evolution to obtain PDFs at scale 𝑸

E.g., JAM20-SIDIS
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i = g, u, d, s, c, ū, d̄, s̄, c̄

9 independent flavors. Typically, 𝜇! is just above 𝑚"

Ø Use factorization to make prediction for observables at scale 𝑸
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E.g., DIS structure function
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Ø Solve DGLAP evolution to obtain PDFs at scale 𝑸

E.g., JAM20-SIDIS
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i = g, u, d, s, c, ū, d̄, s̄, c̄

9 independent flavors. Typically, 𝜇! is just above 𝑚"

Ø Use factorization to make prediction for observables at scale 𝑸

Ø Compare with experimental measurements
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• Design loss function,  e.g., 𝜒#(𝑎⃗),  and minimize it to find the best fit • Quantify uncertainties

E.g., DIS structure function
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DGLAP equation
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Recall: DGLAP arises from UV renormalization of bare PDFs

Flavor mixing occurs.

<latexit sha1_base64="RSzWDSmKGrsPeoh2LUEc4l2+/k0="></latexit>

fi/H(x, µ) =
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j

ˆ 1

x

dz

z
Zij(x/z, 1/ω;µ) f

bare
j/H

(z, 1/ω)

• 𝑍$% collects all UV poles. Scheme dependent. Typically, MS scheme.

• UV property of operator. Does not depend on target state or parton mass. 

• Perturbatively calculated, order by order.



Symmetry of DGLAP kernel
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Replace 𝐻 by a parton state.
<latexit sha1_base64="gCfbOQH6ZsroPeIsOuR6SmuVXoM="></latexit>

fi/k(x, µ) =
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dz
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bare
j/k (z, 1/ω)
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i, j, k = q, q̄, g

v Charge conjugation symmetry
<latexit sha1_base64="pCUt+BhIcYf4AAYr3W/TMjHvsb0="></latexit>

fbare
i/k = fbare

ī/k̄
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UV
[
fbare
i/k

]
= UV

[
fbare
ī/k̄

]
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Zij = Zīj̄
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fi/k = fī/k̄
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Pij = Pīj̄
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<latexit sha1_base64="BRTy8U1S23T012ExVCM8wdaogv8="></latexit>

d

d lnµ2
fi(x, µ) =

∑

j

ˆ 1

x

dz

z
Pij(x/z) fj(z, µ)

<latexit sha1_base64="pMeMVMKDsrD5EJ4uuT1T+lrdyPU="></latexit>

Pij = Pīj̄

v Together with 𝐒𝐔(𝒏𝒇) flavor symmetry
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Pud̄ = Pūd = Pus̄ = Pūs = . . .
<latexit sha1_base64="OekZxIQiMULHXisGuqtK4kSaLvM="></latexit>
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Seven independent DGLAP kernels
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Pqiqj = Pq̄iq̄j =P v
qq ωij + P s

qq =

{
P v
qq + P s

qq if i = j

P s
qq if i →= j

Pqiq̄j = Pq̄iqj =P v
qq̄ ωij + P s

qq̄ =

{
P v
qq̄ + P s

qq̄ if i = j

P s
qq̄ if i →= j

Pqig = Pq̄ig =Pqg,

Pgqi = Pgq̄i =Pgq

Pgg



Flavor decomposition of DGLAP equation
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Notation:
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(A→B)(x) ↑
ˆ 1

x

dz

z
A(x/z)B(z)Momentum convolution
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i, j = u, d, s, . . .

ī, j̄ = ū, d̄, s̄, . . .
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gFlavor index &
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qq
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Pqig = Pq̄ig =Pqg

Pgqi = Pgq̄i =Pgq
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d fi
d lnµ2

=
∑

j

Pij → fj +
∑

j̄

Pij̄ → fj̄ + Pig → fg

= P v
qq → fi + P v

qq̄ → fī + P s
qq →

∑

j

fj + P s
qq̄ →

∑

j̄

fj̄ + Pqg → fg,

d fī
d lnµ2

=
∑

j

Pīj → fj +
∑

j̄

Pīj̄ → fj̄ + Pīg → fg

= P v
qq → fī + P v

qq̄ → fi + P s
qq →

∑

j̄

fj̄ + P s
qq̄ →

∑

j

fj + Pqg → fg,

d fg
d lnµ2

=
∑

j

Pgj → fj +
∑

j̄

Pgj̄ → fj̄ + Pgg → fg

= Pgg → fg + Pgq →
∑

j

(
fj + fj̄

)
.
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qq → fī + P v

qq̄ → fi + P s
qq →

∑

j̄

fj̄ + P s
qq̄ →

∑

j

fj + Pqg → fg,

d fg
d lnµ2

=
∑

j

Pgj → fj +
∑

j̄

Pgj̄ → fj̄ + Pgg → fg

= Pgg → fg + Pgq →
∑

j

(
fj + fj̄

)
.

<latexit sha1_base64="KFqijxKSV+OHom2tPTm8VCohb0o="></latexit>

Pqiqj = Pq̄iq̄j =P v
qq ωij + P s

qq

Pqiq̄j = Pq̄iqj =P v
qq̄ ωij + P s

qq̄

Pqig = Pq̄ig =Pqg

Pgqi = Pgq̄i =Pgq

<latexit sha1_base64="RqJ98uDjjJEXnzQ3pfkALF2/kuk="></latexit>

Pgg

How to disentangle flavors?
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𝑓!  and 𝑓 ̅# mix with 𝑓$ in the same way

Charge conjugation symmetry!

Define
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d lnµ2

= P v
qq → fī + P v
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Task (3mins): Work out the evolution equation of  𝑓$
±
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)
.

<latexit sha1_base64="tChQBFECeNAFI15TklsVsDF7A/E="></latexit>

d f+
i

d lnµ2
=
(
P v
qq + P v

qq̄

)
→ f+

i +
(
P s
qq + P s

qq̄

)
→

∑

j

f+
j + 2Pqg → fg,

d f→
i

d lnµ2
=
(
P v
qq ↑ P v

qq̄

)
→ f→

i +
(
P s
qq ↑ P s

qq̄

)
→
∑

j

f→
j ,

d fg
d lnµ2

= Pgg → fg + Pgq →
∑

j

f+
j .

• 𝑓!% and 𝑓!& don’t mix
• 𝑓!% mixes with their flavor sum, and gluon
• 𝑓!& only mixes with their flavor sum
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<latexit sha1_base64="BmSjEuXaVKz251HreiCjgLTeojY="></latexit>

f±
i → fi ± fī

<latexit sha1_base64="yzwmfqi8eKdrv9roR4m6ZKjYK8A="></latexit>

d fi
d lnµ2

= P v
qq → fi + P v

qq̄ → fī + P s
qq →

∑

j

fj + P s
qq̄ →

∑

j̄

fj̄ + Pqg → fg,

d fī
d lnµ2

= P v
qq → fī + P v

qq̄ → fi + P s
qq →

∑

j̄

fj̄ + P s
qq̄ →

∑

j

fj + Pqg → fg,

d fg
d lnµ2

= Pgg → fg + Pgq →
∑

j

(
fj + fj̄

)
.

<latexit sha1_base64="tChQBFECeNAFI15TklsVsDF7A/E="></latexit>

d f+
i

d lnµ2
=
(
P v
qq + P v

qq̄

)
→ f+

i +
(
P s
qq + P s

qq̄

)
→

∑

j

f+
j + 2Pqg → fg,

d f→
i

d lnµ2
=
(
P v
qq ↑ P v

qq̄

)
→ f→

i +
(
P s
qq ↑ P s

qq̄

)
→
∑

j

f→
j ,

d fg
d lnµ2

= Pgg → fg + Pgq →
∑

j

f+
j .

<latexit sha1_base64="X/NooDH/F+jqXYgsZ4PAczne8l4="></latexit>

fs →
∑

j

f+
j

fns →
∑

j

f→
j

Task (2mins): Work out the evolution equation of 𝑓( and 𝑓)( ,
assuming there are 𝑛* active quark flavors.
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<latexit sha1_base64="X/NooDH/F+jqXYgsZ4PAczne8l4="></latexit>

fs →
∑

j

f+
j

fns →
∑

j

f→
j

<latexit sha1_base64="UvMawAwMQUzs2cimLijSLAiI+/A="></latexit>

d fns
d lnµ2

=
[
P v
qq → P v

qq̄ + nf

(
P s
qq → P s

qq̄

)]
↑ fns

d fs
d lnµ2

=
[
P v
qq + P v

qq̄ + nf

(
P s
qq + P s

qq̄

)]
↑ fs + 2nfPqg ↑ fg

d fg
d lnµ2

= Pgg ↑ fg + Pgq ↑ fs
3 equations

<latexit sha1_base64="03FCsdAKRhpnaxj3FyR7yhkImko="></latexit>

d f+
i

d lnµ2
=
(
P v
qq + P v

qq̄

)
→ f+

i +
(
P s
qq + P s

qq̄

)
→ fs + 2Pqg → fg,

d f→
i

d lnµ2
=
(
P v
qq ↑ P v

qq̄

)
→ f→

i +
(
P s
qq ↑ P s

qq̄

)
→ fns,

d fg
d lnµ2

= Pgg → fg + Pgq → fs.

Coupled together

Evolves by itself
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<latexit sha1_base64="X/NooDH/F+jqXYgsZ4PAczne8l4="></latexit>

fs →
∑

j

f+
j

fns →
∑

j

f→
j

<latexit sha1_base64="UvMawAwMQUzs2cimLijSLAiI+/A="></latexit>

d fns
d lnµ2

=
[
P v
qq → P v

qq̄ + nf

(
P s
qq → P s

qq̄

)]
↑ fns

d fs
d lnµ2

=
[
P v
qq + P v

qq̄ + nf

(
P s
qq + P s

qq̄

)]
↑ fs + 2nfPqg ↑ fg

d fg
d lnµ2

= Pgg ↑ fg + Pgq ↑ fs
3 equations

<latexit sha1_base64="03FCsdAKRhpnaxj3FyR7yhkImko="></latexit>

d f+
i

d lnµ2
=
(
P v
qq + P v

qq̄

)
→ f+

i +
(
P s
qq + P s

qq̄

)
→ fs + 2Pqg → fg,

d f→
i

d lnµ2
=
(
P v
qq ↑ P v

qq̄

)
→ f→

i +
(
P s
qq ↑ P s

qq̄

)
→ fns,

d fg
d lnµ2

= Pgg → fg + Pgq → fs.

Coupled together

Evolves by itself

Remaining 𝟐(𝒏𝒇 − 𝟏) equations are for relative differences among 𝒇𝒊, and 𝒇𝒊- 
<latexit sha1_base64="watX9GIW3HeNDwC3tUNbyUnj9OM="></latexit>

f±
ij → f±

i ↑ f±
jE.g., evolve by themselves

<latexit sha1_base64="C7H/IzaJuHnvYMa3DVjXKk6ay5Q="></latexit>

d f±
ij

d lnµ2
=
(
P v
qq ± P v

qq̄

)
→ f±

ij
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<latexit sha1_base64="UvMawAwMQUzs2cimLijSLAiI+/A="></latexit>

d fns
d lnµ2

=
[
P v
qq → P v

qq̄ + nf

(
P s
qq → P s

qq̄

)]
↑ fns

d fs
d lnµ2

=
[
P v
qq + P v

qq̄ + nf

(
P s
qq + P s

qq̄

)]
↑ fs + 2nfPqg ↑ fg

d fg
d lnµ2

= Pgg ↑ fg + Pgq ↑ fs
3 equations

<latexit sha1_base64="03FCsdAKRhpnaxj3FyR7yhkImko="></latexit>

d f+
i

d lnµ2
=
(
P v
qq + P v

qq̄

)
→ f+

i +
(
P s
qq + P s

qq̄

)
→ fs + 2Pqg → fg,

d f→
i

d lnµ2
=
(
P v
qq ↑ P v

qq̄

)
→ f→

i +
(
P s
qq ↑ P s

qq̄

)
→ fns,

d fg
d lnµ2

= Pgg → fg + Pgq → fs.

Coupled together

Evolves by itself

Remaining 𝟐(𝒏𝒇 − 𝟏) equations are for relative differences among 𝒇𝒊, and 𝒇𝒊- 

Or, evolve by themselves, too, by the same kernels

<latexit sha1_base64="NoFpDuVeHHUNqgG52Lyjnwc4eWQ="></latexit>

!f+
i = fs → nff

+
i

!f→
i = fns → nff

→
i

<latexit sha1_base64="X/NooDH/F+jqXYgsZ4PAczne8l4="></latexit>

fs →
∑

j

f+
j

fns →
∑

j

f→
j

<latexit sha1_base64="D5ynSFdEps6byVn0DxlkT7/BRes="></latexit>

d!f±
i

d lnµ2
=
(
P v
qq ± P v

qq̄

)
→!f±

i
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<latexit sha1_base64="NoFpDuVeHHUNqgG52Lyjnwc4eWQ="></latexit>

!f+
i = fs → nff

+
i

!f→
i = fns → nff

→
i

<latexit sha1_base64="X/NooDH/F+jqXYgsZ4PAczne8l4="></latexit>

fs →
∑

j

f+
j

fns →
∑

j

f→
j

<latexit sha1_base64="gvz1DmdCjUizebmig9UF4lS0lw8="></latexit>

fg

<latexit sha1_base64="duNsDhY0ERcMPgB3syYJiyj9DsE="></latexit>

f+
i =

1

nf

(
fs →!f+

i

)

f→
i =

1

nf

(
fns →!f→

i

) Proper matching at quark thresholds is needed as 𝜇 goes up. 

<latexit sha1_base64="UvMawAwMQUzs2cimLijSLAiI+/A="></latexit>

d fns
d lnµ2

=
[
P v
qq → P v

qq̄ + nf

(
P s
qq → P s

qq̄

)]
↑ fns

d fs
d lnµ2

=
[
P v
qq + P v

qq̄ + nf

(
P s
qq + P s

qq̄

)]
↑ fs + 2nfPqg ↑ fg

d fg
d lnµ2

= Pgg ↑ fg + Pgq ↑ fs

2(𝑛* − 1) independent equations

3 equations

<latexit sha1_base64="D5ynSFdEps6byVn0DxlkT7/BRes="></latexit>

d!f±
i

d lnµ2
=
(
P v
qq ± P v

qq̄

)
→!f±

i
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Question (1min): Which kernels are nonzero at LO?

<latexit sha1_base64="KFqijxKSV+OHom2tPTm8VCohb0o="></latexit>

Pqiqj = Pq̄iq̄j =P v
qq ωij + P s

qq

Pqiq̄j = Pq̄iqj =P v
qq̄ ωij + P s

qq̄

Pqig = Pq̄ig =Pqg

Pgqi = Pgq̄i =Pgq

<latexit sha1_base64="RqJ98uDjjJEXnzQ3pfkALF2/kuk="></latexit>

Pgg

<latexit sha1_base64="wYcqYxTCNqMcw3mrq+k7/EiHYeg="></latexit>

O(ωs)
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Question (1min): Which kernels are nonzero at LO?

p

l

p− l

k k
l − p

p− k
p

k

k k

p− k

p

k

k k

<latexit sha1_base64="mIuy9+6W42kDiQXtBZDel+PGykU="></latexit>

P v
qq

k

j j

p

p− k

p− k

k

j j

p

p− k
l

j j

p

p− l

l − p

<latexit sha1_base64="ZQYczhNgfPvJPrKiUbLOFYkvVRc="></latexit>

Pgg

p

k

k − p

<latexit sha1_base64="y5gssBwK0VY/X3mkni6wFKG8ZAU="></latexit>

Pqg

p

k

p− k

j j

<latexit sha1_base64="BDUs2tcQG0O9IySeBv8oDz7MrDw="></latexit>

Pgq

<latexit sha1_base64="yqa2hqS8c68EnvWBDHOSQe8kXHI="></latexit>

P v
qq̄ = P s

qq = P s
qq̄ = 0But at LO

<latexit sha1_base64="wYcqYxTCNqMcw3mrq+k7/EiHYeg="></latexit>

O(ωs)

<latexit sha1_base64="RqJ98uDjjJEXnzQ3pfkALF2/kuk="></latexit>

Pgg

<latexit sha1_base64="cFN7bTCPm3i9KY9Ea20e2+naoLw="></latexit>

Pqiqj = Pq̄iq̄j =P v
qq ωij + P s

qq

Pqiq̄j = Pq̄iqj =P v
qq̄ ωij + P s

qq̄

Pqig = Pq̄ig =Pqg

Pgqi = Pgq̄i =Pgq
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<latexit sha1_base64="RqJ98uDjjJEXnzQ3pfkALF2/kuk="></latexit>

Pgg

Question (3mins): Any new kernels occur at NLO?
<latexit sha1_base64="Jevto5bjD/1ZOWBX52ykMJZQTr8="></latexit>

O
(
ω2
s

)
<latexit sha1_base64="cFN7bTCPm3i9KY9Ea20e2+naoLw="></latexit>

Pqiqj = Pq̄iq̄j =P v
qq ωij + P s

qq

Pqiq̄j = Pq̄iqj =P v
qq̄ ωij + P s

qq̄

Pqig = Pq̄ig =Pqg

Pgqi = Pgq̄i =Pgq
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<latexit sha1_base64="KFqijxKSV+OHom2tPTm8VCohb0o="></latexit>

Pqiqj = Pq̄iq̄j =P v
qq ωij + P s

qq

Pqiq̄j = Pq̄iqj =P v
qq̄ ωij + P s

qq̄

Pqig = Pq̄ig =Pqg

Pgqi = Pgq̄i =Pgq

<latexit sha1_base64="RqJ98uDjjJEXnzQ3pfkALF2/kuk="></latexit>

Pgg

Question (3mins): Any new kernels occur at NLO?
<latexit sha1_base64="Jevto5bjD/1ZOWBX52ykMJZQTr8="></latexit>

O
(
ω2
s

)

<latexit sha1_base64="ZF+AsD1pLratbIMVRGciXzMXRjE="></latexit>

P v
qq

<latexit sha1_base64="CSG6UGyecz0nXyVIUJV+1+8Tx74="></latexit>

P s
qq = P s

qq̄

<latexit sha1_base64="J7UCPSdSBxKWzSytmfVMVHMmLRY="></latexit>

P v
qq̄

• All the seven kernels are nonzero.

• But there is a degeneracy.
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<latexit sha1_base64="KFqijxKSV+OHom2tPTm8VCohb0o="></latexit>

Pqiqj = Pq̄iq̄j =P v
qq ωij + P s

qq

Pqiq̄j = Pq̄iqj =P v
qq̄ ωij + P s

qq̄

Pqig = Pq̄ig =Pqg

Pgqi = Pgq̄i =Pgq

<latexit sha1_base64="RqJ98uDjjJEXnzQ3pfkALF2/kuk="></latexit>

Pgg

Question (3mins): Does the degeneracy retain at NNLO?
<latexit sha1_base64="YLnHkvVv4nT4WjPmU0TIxAtERMw="></latexit>

O
(
ω3
s

)
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Question (3mins): Does the degeneracy retain at NNLO?
<latexit sha1_base64="YLnHkvVv4nT4WjPmU0TIxAtERMw="></latexit>

O
(
ω3
s

)

<latexit sha1_base64="RqJ98uDjjJEXnzQ3pfkALF2/kuk="></latexit>

Pgg

<latexit sha1_base64="50yVRMJQJg037zNKU3SgT0pOJ30="></latexit>

Pqiqj = Pq̄iq̄j =P v
qq ωij + P s

qq

Pqiq̄j = Pq̄iqj =P v
qq̄ ωij + P s

qq̄

Pqig = Pq̄ig =Pqg

Pgqi = Pgq̄i =Pgq

<latexit sha1_base64="3DvAY/lGbP2VY0jEXYGia/UyNxs="></latexit>

P s
qq

<latexit sha1_base64="wZcI+8HPijwIWR6xVUEJZTelGik="></latexit>

P s
qq̄
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<latexit sha1_base64="RqJ98uDjjJEXnzQ3pfkALF2/kuk="></latexit>

Pgg

Question (3mins): Does the degeneracy retain at NNLO?
<latexit sha1_base64="YLnHkvVv4nT4WjPmU0TIxAtERMw="></latexit>

O
(
ω3
s

)
<latexit sha1_base64="50yVRMJQJg037zNKU3SgT0pOJ30="></latexit>

Pqiqj = Pq̄iq̄j =P v
qq ωij + P s

qq

Pqiq̄j = Pq̄iqj =P v
qq̄ ωij + P s

qq̄

Pqig = Pq̄ig =Pqg

Pgqi = Pgq̄i =Pgq

<latexit sha1_base64="3DvAY/lGbP2VY0jEXYGia/UyNxs="></latexit>

P s
qq

<latexit sha1_base64="wZcI+8HPijwIWR6xVUEJZTelGik="></latexit>

P s
qq̄

<latexit sha1_base64="k5DckOHO61JD+fHUXziUydtT5rw="></latexit>

a
<latexit sha1_base64="NGUkHcwYlnAipAk9OmPlaAR7cQw="></latexit>

b <latexit sha1_base64="UYiax4wONhA+PfF18vk2goELOTU="></latexit>

c

<latexit sha1_base64="UYiax4wONhA+PfF18vk2goELOTU="></latexit>

c

<latexit sha1_base64="UYiax4wONhA+PfF18vk2goELOTU="></latexit>

c

<latexit sha1_base64="UYiax4wONhA+PfF18vk2goELOTU="></latexit>

c
<latexit sha1_base64="NGUkHcwYlnAipAk9OmPlaAR7cQw="></latexit>

b

<latexit sha1_base64="NGUkHcwYlnAipAk9OmPlaAR7cQw="></latexit>

b

<latexit sha1_base64="NGUkHcwYlnAipAk9OmPlaAR7cQw="></latexit>

b

<latexit sha1_base64="k5DckOHO61JD+fHUXziUydtT5rw="></latexit>

a
<latexit sha1_base64="k5DckOHO61JD+fHUXziUydtT5rw="></latexit>

a<latexit sha1_base64="k5DckOHO61JD+fHUXziUydtT5rw="></latexit>

a

<latexit sha1_base64="vLblCZ1I+/s17voMIW0o7R2CLdM="></latexit>

→ 1

Nc
tr
{
tatbtc

}
tr
{
tctbta

}

=
→1

16Nc

(
d2abc + f2

abc

)

<latexit sha1_base64="XKHpWmY9CpDvlM5cdfLu34T5bXY="></latexit>

1

Nc
tr
{
tatbtc

}
tr
{
tatbtc

}

=
1

16Nc

(
d2abc → f2

abc

)

<latexit sha1_base64="JatVXc4+4ZAlc1aNNqB/mnNJXfU="></latexit>

→d2abc
8Nc

starting at NNLO, due to Abelian quantum interference effect! 
<latexit sha1_base64="d+vL1H9aXCU7lPrKBh5qxvh0yJk="></latexit>

P s
qq →= P s

qq̄
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At LO:

Property of the convolution:
<latexit sha1_base64="AWl95xK7+ubv+DKNj29wlYjhFdk="></latexit>

(P → f)(x) ↑
ˆ 1

x

dz

z
P (x/z) f(z) =

ˆ 1

0
dz1

ˆ 1

0
dz2 ω(x↓ z1z2)P (z1)f(z2),

Change in 𝑓 𝑥  is determined by the product 𝑃 𝑧' 	𝑓(𝑧() with 𝑧', 𝑧( ∈ [𝑥, 1]

<latexit sha1_base64="R+tGY4VfE2tDMdmBDcPvNtm1Sj0="></latexit>

Pqg(z) =
ωs

2ε
TF

[
z2 + (1→ z)2

]
> 0

Pgq(z) =
ωs

2ε
CF

[
1 + (1→ z)2

z

]
> 0

Pgg(z) =
ωs

2ε

[
2CA

(
z

(1→ z)+
+ z(1→ z) +

1→ z

z

)
+

(
11

6
CA → 2

3
nfTF

)
ϑ(1→ z)

]

P v
qq(z) =

ωs

2ε
CF

[
2

(1→ z)+
→ 1→ z +

3

2
ϑ(1→ z)

]

<latexit sha1_base64="Ey8dHMZntc6RkaZWF9JWicJzyVU="></latexit>

d fi
d lnµ2

= P v
qq → fi + Pqg → fg,

d fī
d lnµ2

= P v
qq → fī + Pqg → fg,

d fg
d lnµ2

= Pgg → fg + Pgq → fs.

Ø At large 𝒙: evolution is dominated by singular pieces in 𝑃../  and 𝑃00, which are negative.

Ø At small 𝒙: evolution is dominated by 1/𝑧 pieces from gluon evolution, which are positive.

Evolution generally brings PDFs from large 𝒙 down to small 𝒙.
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At LO:

Evolution generally brings PDFs from large 𝒙 down to small 𝒙.

x*
f(

x,
Q

)

x

CT18 at 100 GeV
s
g/5
u
d
–d
–u
c
b

0.0

0.5

1.0

1.5

2.0

10-6 10-4 10-3 10-2 10-1 0.2 0.5 0.9

x
*

f(
x

,Q
)

x

CT18 at 2 GeV
s
g/5
u
d
–
d
–
u
c

0.0

0.5

1.0

1.5

2.0

10
-6

10
-4

10
-3

10
-2

10
-1 0.2 0.5 0.9

Ref: CT18 (arXiv:1912.10053) 
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At LO:

Evolution generally brings PDFs from large 𝒙 down to small 𝒙.

x*
f(

x,
Q

)

x

CT18 at 100 GeV
s
g/5
u
d
–d
–u
c
b

0.0

0.5

1.0

1.5

2.0

10-6 10-4 10-3 10-2 10-1 0.2 0.5 0.9

x
*

f(
x

,Q
)

x

CT18 at 2 GeV
s
g/5
u
d
–
d
–
u
c

0.0

0.5

1.0

1.5

2.0

10
-6

10
-4

10
-3

10
-2

10
-1 0.2 0.5 0.9

Ref: CT18 (arXiv:1912.10053) 

This overall property should NOT be altered by high-order corrections.
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At NLO:  3 new kernels

<latexit sha1_base64="vyPuaFzE320KJruScedGbxqck6U="></latexit>

P v
qq̄ → 1

Nc
tr
{
tatbtatb

}
= C2

F ↑ 1

2
CFCA = ↑2

9
< 0

<latexit sha1_base64="cx7hjb2cO0H0tX4BEpkQzbBevmo="></latexit>

P s
qq = P s

qq̄ > 0

𝑢 has equal probability to split into 𝑑/𝑑̅, 𝑠/𝑠̅, 𝑐/ ̅𝑐, etc.

𝑢 → B𝑢 is suppressed as compared to 𝑢 → 𝑑̅, 𝑠̅,  etc.

negative due to color factor

Flavor difference between antiquarks.



<latexit sha1_base64="+VfWR842+YjyNjvRwuuKvFtUeJ4="></latexit>

d

d lnµ2
(u→ d) = P v

qq ↑(u→ d) + P v
qq̄ ↑

(
ū→ d̄

)
,

d

d lnµ2

(
ū→ d̄

)
= P v

qq ↑
(
ū→ d̄

)
+ P v

qq̄ ↑(u→ d)

What shall we expect?
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At NLO:  Antiquark flavor asymmetry

/𝒅 tends to > /𝒖 at large 𝒙.
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Ref: CT18 (arXiv:1912.10053) 
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At NNLO:  Sea quark-antiquark asymmetry 

<latexit sha1_base64="EE5dxUu3wqwwJiVs01p1+H6m9pI="></latexit>

P s
qq →= P s

qq̄, but

ˆ 1

0
dz

[
P s
qq(z)↑ P s

qq̄(z)
]
= 0

Equal splitting between 𝑢 → 𝑠	 and  𝑢 → 𝑠̅  is broken

<latexit sha1_base64="Ka+waaC+IqDp8U4Og8LDslc+dNE="></latexit>

d

d lnµ2
(s→ s̄) =

(
P v
qq → P v

qq̄

)
↑ (s→ s̄) +

(
P s
qq → P s

qq̄

)
↑ fns

𝑠 𝑥 ≠ 𝑠̅(𝑥)	 generally, although  ∫!
1𝑑𝑥 𝑠 − 𝑠̅ 𝑥 = 0

Similarly, 𝑐 𝑥 ≠ ̅𝑐(𝑥) and 𝑏 𝑥 ≠ B𝑏(𝑥) S. Catani, et al., PRL 93, 152003 (2004)



So, all “naïve flavor symmetries” of PDFs are broken
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Since they are broken perturbatively, no reason they are reserved at their initial scale 𝝁𝟎. 



So, all “naïve flavor symmetries” of PDFs are broken
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But in an actual fit, one needs data to constrain and separate different flavors! 

Since they are broken perturbatively, no reason they are reserved at their initial scale 𝝁𝟎. 

Ø How to separate 𝒖 from 𝒅? [1min] 
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But in an actual fit, one needs data to constrain and separate different flavors! 

Since they are broken perturbatively, no reason they are reserved at their initial scale 𝝁𝟎. 

Ø How to separate 𝒖 from 𝒅? 

DIS 𝐹',( structure functions
<latexit sha1_base64="PPkoQ+gUhCwVcAyvFBmtoEnRzXY="></latexit>

→ e2u (u+ ū) + e2d
(
d+ d̄

)
+ · · · (in proton target by default)

With a neutron target (from deuteron) 
<latexit sha1_base64="8z8BWap/ZvwtcUfdR3xDZDzrCu4="></latexit>

→ e2u
(
d+ d̄

)
+ e2d (u+ ū) + · · · (isospin symmetry)
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But in an actual fit, one needs data to constrain and separate different flavors! 

Since they are broken perturbatively, no reason they are reserved at their initial scale 𝝁𝟎. 

Ø How to separate 𝒖 from 𝒅? 

DIS 𝐹',( structure functions
<latexit sha1_base64="PPkoQ+gUhCwVcAyvFBmtoEnRzXY="></latexit>

→ e2u (u+ ū) + e2d
(
d+ d̄

)
+ · · · (in proton target by default)

With a neutron target (from deuteron) 
<latexit sha1_base64="8z8BWap/ZvwtcUfdR3xDZDzrCu4="></latexit>

→ e2u
(
d+ d̄

)
+ e2d (u+ ū) + · · · (isospin symmetry)

Ø How to separate %𝒒 from 𝒒? [1min]



So, all “naïve flavor symmetries” of PDFs are broken
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But in an actual fit, one needs data to constrain and separate different flavors! 

Since they are broken perturbatively, no reason they are reserved at their initial scale 𝝁𝟎. 

Ø How to separate 𝒖 from 𝒅? 

DIS 𝐹',( structure functions
<latexit sha1_base64="PPkoQ+gUhCwVcAyvFBmtoEnRzXY="></latexit>

→ e2u (u+ ū) + e2d
(
d+ d̄

)
+ · · · (in proton target by default)

With a neutron target (from deuteron) 
<latexit sha1_base64="8z8BWap/ZvwtcUfdR3xDZDzrCu4="></latexit>

→ e2u
(
d+ d̄

)
+ e2d (u+ ū) + · · · (isospin symmetry)

Ø How to separate %𝒒 from 𝒒? 

Drell-Yan production cross section, charge asymmetry, 𝐴*+, etc.
<latexit sha1_base64="GIxQ6in9W3XiPclzjaJMFAnlqJk="></latexit>

q(x1) q̄
→(x2)± q̄→(x1) q(x2)

DIS 𝐹, structure function 
<latexit sha1_base64="uK1dogLmXex9hSLGv5+7j/e1bPU="></latexit>

→ e2u (u↑ ū) + e2d (d↑ d̄) + · · ·
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But in an actual fit, one needs data to constrain and separate different flavors! 

Since they are broken perturbatively, no reason they are reserved at their initial scale 𝝁𝟎. 

Ø How to separate 𝒖 from 𝒅? 

DIS 𝐹',( structure functions
<latexit sha1_base64="PPkoQ+gUhCwVcAyvFBmtoEnRzXY="></latexit>

→ e2u (u+ ū) + e2d
(
d+ d̄

)
+ · · · (in proton target by default)

With a neutron target (from deuteron) 
<latexit sha1_base64="8z8BWap/ZvwtcUfdR3xDZDzrCu4="></latexit>

→ e2u
(
d+ d̄

)
+ e2d (u+ ū) + · · · (isospin symmetry)

Ø How to separate %𝒒 from 𝒒? 

Drell-Yan production cross section, charge asymmetry, 𝐴*+, etc.
<latexit sha1_base64="GIxQ6in9W3XiPclzjaJMFAnlqJk="></latexit>

q(x1) q̄
→(x2)± q̄→(x1) q(x2)

DIS 𝐹, structure function 
<latexit sha1_base64="uK1dogLmXex9hSLGv5+7j/e1bPU="></latexit>

→ e2u (u↑ ū) + e2d (d↑ d̄) + · · ·

Ø How to constrain gluon? [1min]



So, all “naïve flavor symmetries” of PDFs are broken
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But in an actual fit, one needs data to constrain and separate different flavors! 

Since they are broken perturbatively, no reason they are reserved at their initial scale 𝝁𝟎. 

Ø How to separate 𝒖 from 𝒅? 

DIS 𝐹',( structure functions
<latexit sha1_base64="PPkoQ+gUhCwVcAyvFBmtoEnRzXY="></latexit>

→ e2u (u+ ū) + e2d
(
d+ d̄

)
+ · · · (in proton target by default)

With a neutron target (from deuteron) 
<latexit sha1_base64="8z8BWap/ZvwtcUfdR3xDZDzrCu4="></latexit>

→ e2u
(
d+ d̄

)
+ e2d (u+ ū) + · · · (isospin symmetry)

Ø How to separate %𝒒 from 𝒒? 

Drell-Yan production cross section, charge asymmetry, 𝐴*+, etc.
<latexit sha1_base64="GIxQ6in9W3XiPclzjaJMFAnlqJk="></latexit>

q(x1) q̄
→(x2)± q̄→(x1) q(x2)

DIS 𝐹, structure function 
<latexit sha1_base64="uK1dogLmXex9hSLGv5+7j/e1bPU="></latexit>

→ e2u (u↑ ū) + e2d (d↑ d̄) + · · ·

Ø How to constrain gluon?

Jet production at hadron colliders
<latexit sha1_base64="JPQ5vCht6HDkHGHt2cP3REDS6q0="></latexit>

q + g → q + g, . . .

<latexit sha1_base64="4lTEXXYm0CUh5zIH6E3A87+hdTI="></latexit>

u, d, ū, d̄, g



So, all “naïve flavor symmetries” of PDFs are broken
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But in an actual fit, one needs data to constrain and separate different flavors! 

Since they are broken perturbatively, no reason they are reserved at their initial scale 𝝁𝟎. 

Ø How to probe strange quark? (2mins)
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But in an actual fit, one needs data to constrain and separate different flavors! 

Since they are broken perturbatively, no reason they are reserved at their initial scale 𝝁𝟎. 

Ø How to probe strange quark?

• It’s all about precision …

• By flavor tagging, e.g., dimuon data from CCFR NuTeV SIDIS

• 𝑊 + 𝑐 production with charm jet tagging at hadron collider

• Simultaneous fit of PDF and fragmentation function, by tagging kaon production JAM, PRD 101, 074020 (2020)

• Lattice QCD constraint …

<latexit sha1_base64="AouOf4OuVQjCS42MPWNMbQNrC7g="></latexit>

s+ g → W→ + c, s̄+ g → W+ + c̄

CCFR, PRD 64 (2001), 112006

<latexit sha1_base64="Ax8VMdhkL6it7uh/1HfNpQ59Rrg="></latexit>

ωµ + s → µ→ + c (→ µ+ + ωµ) +X

ω̄µ + s̄ → µ+ + c̄ (→ µ→ + ω̄µ) +X
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Ø DGLAP kernels and flavor decomposition
<latexit sha1_base64="UvMawAwMQUzs2cimLijSLAiI+/A="> 2nyst0XiEvOUO90urBRa9j9Dv9H4etY7O47bQNbUd7q+1phvZZO9ZOtFPtXMONfgM2SMNp7jS/Nk+a3wtpY21e81pbGs2zf1S8ouM=</latexit>

d fns
d lnµ2

=
[
P v
qq → P v

qq̄ + nf

(
P s
qq → P s

qq̄

)]
↑ fns

d fs
d lnµ2

=
[
P v
qq + P v

qq̄ + nf

(
P s
qq + P s

qq̄

)]
↑ fs + 2nfPqg ↑ fg

d fg
d lnµ2

= Pgg ↑ fg + Pgq ↑ fs

<latexit sha1_base64="D5ynSFdEps6byVn0DxlkT7/BRes="></latexit>

d!f±
i

d lnµ2
=
(
P v
qq ± P v

qq̄

)
→!f±

i

<latexit sha1_base64="RqJ98uDjjJEXnzQ3pfkALF2/kuk="></latexit>

Pgg

<latexit sha1_base64="50yVRMJQJg037zNKU3SgT0pOJ30="></latexit>

Pqiqj = Pq̄iq̄j =P v
qq ωij + P s

qq

Pqiq̄j = Pq̄iqj =P v
qq̄ ωij + P s

qq̄

Pqig = Pq̄ig =Pqg

Pgqi = Pgq̄i =Pgq

Ø This is a great example of 
• How high-order corrections bring qualitative impacts;

• How perturbation theory guides nonperturbative “intuition” or modeling.  

Further high order corrections only give quantitative changes. 

Ø How this plays a role in actual global analysis 


