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Introduction
Objectives

• Compute the structure of Hadrons from first principles


• Quantum ChromoDynamics (QCD)— Theory of strong interactions


• Hadrons of interest: Proton, Neutron, pion, etc. (… resonances …)


• Theory and Computation go hand in hand


• Why is this important?


• Understand and interpret High Energy Scattering experiments (JLab 12 GeV, EIC)


• Discover new physics


• Fundamental questions in hadron physics: 


• Origin of mass, Spin, Mechanical properties, Confinement, etc.



Form Factors
Parton Distribution 

functions
Generalized Parton 

Distribution functions

X. Ji, D. Muller, A. Radyushkin (1994-1997)



Elastic scattering: Form factor DIS: Parton distributions 

DVCS or DVMP:  Generalized Parton distributions

Factorization non-perturbative structure 



JLab 12 GeV



Fits to experimental cross section data

Determination of Parton distribution functions from Experiment



  

Parton distributions and lattice QCD calculations: a community white paper 

arXiv:1711.07916

Determination of Parton distribution functions from Experiment

https://inspirehep.net/record/1637373
https://inspirehep.net/record/1637373
http://arxiv.org/abs/arXiv:1711.07916


DVCS factorization

Ill-defined inverse problem — Lattice QCD computations are essential

Shadow GPDs

Bertone et al. PRD 103 (2021) 11



Theoretical input on hadron structure is essential for the 
EIC physics program

Lattice QCD computations are uniquely poised to provide this information



GPDs: Definition
GPDs:

Moments:

Matrix elements of  twist-2 operators



PDFs: Definition
Light-cone PDFs:

Moments:

Local matrix elements:



Beyond Moments
Compute the x-dependence of parton distributions

• Goal: Compute full x-dependence (generalized) parton distribution functions (GPDFs) 

• Operator product: Mellin moments are local matrix elements that can be computed in Lattice QCD  

• Power divergent mixing limits us to few moments 

• X. Ji suggested an approach for obtaining PDFs from Lattice QCD 

• First calculations quickly became available 

• Other approaches based on the hadronic tensor existed or appeared later

X. Ji, Phys.Rev.Lett. 110, (2013)

Y.-Q. Ma J.-W. Qiu (2014) 1404.6860  

H.-W. Lin, J.-W. Chen, S. D. Cohen, and X. Ji, Phys.Rev. D91, 054510 (2015) 

C. Alexandrou, et al, Phys. Rev. D92, 014502 (2015) 

K-F Liu et al Phys. Rev. Lett. 72 (1994) , Phys. Rev. D62 (2000) 074501 
Detmold and Lin 2005
M. T. Hansen et al arXiv:1704.08993. 
UKQCD-QCDSF-CSSM  Phys. Lett. B714 (2012),  arXiv:1703.01153 



Quasi-PDF
X. Ji’s Basic idea

• Lattice QCD computes equal time matrix elements


• Displace quarks in space-like interval


• Boost states to infinite momentum


• On the frame of the proton displacement becomes light-
like


• Infinite momentum not possible on the lattice


• Perturbative matching from finite momentum 


• LaMET

X. Ji, Phys.Rev.Lett. 110, (2013)

X. Ji  (2014) Sci. China Phys. Mech. Astron. 57 arXiv:1404.6680

Renormalization of UV divergences is required



Good Lattice Cross sections 
Current-Current Correlators

4-quark bi-local matrix elements: Ex.

Short distance factorization:

PDFs can be obtained

Renormalization of UV divergences of local operators is required

Y.-Q. Ma J.-W. Qiu (2014) arXiv:1404.6860 
Y.-Q. Ma J.-W. Qiu (2017) arXiv:1709.03018

equal time matrix element

Imitate scattering experiments: factorization



Pseudo-PDFs
An alternative point of view

z 0

p p

A. Radyushkin Phys.Lett. B767 (2017)

Unpolarized PDFs proton:

space-like separation of quarks

Lorentz decomposition:



Pseudo-PDFs
Connection to light-cone PDFs

Collinear PDFs: Choose 

Definition of PDF: 

A. Radyushkin Phys.Lett. B767 (2017)

Lorentz invariance allows for the computation of invariant form factors in any frame

Use equal time kinematics for LQCD 



Lattice QCD calculation:

Choose 

A. Radyushkin Phys.Lett. B767 (2017)

Obtaining only the relevant 

On shell  equal time matrix element  
computable in Euclidean space Briceno et al arXiv:1703.06072

the pseudo-PDF 
Radyushkin Phys.Lett. B767 (2017) 314-320



V. Braun, et. al Phys. Rev. D 51, 6036 (1995)

is called the Ioffe time PDF 

Radyushkin Phys.Rev. D98 (2018) no.1, 014019 
Izubuchi et al.  Phys.Rev. D98 (2018) no.5, 056004  

Zhang et al. Phys.Rev. D97 (2018) no.7, 074508

Calculation of the matching Kernel

Matching to  

Collinear singularity at 

Ioffe time 



 
v

Alternative approach to the light-cone:

PDFs can be recovered

Large values of are problematic

Ji’s quasi-PDF

Radyushkin Phys.Lett. B767 (2017) 314-320
Note that

ν



Evolution equation
Altarelli-Parisi Kernel (DGLAP)
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UV divergences
Introduction of a regulator

• Need to introduce a regulator of UV divergences:


• Lattice cutoff needs to be removed and UV divergences renormalized

Rossi & Testa argue that in lattice computations 1/a 
divergences are still present in the moments of the 
computed PDFs

Rossi & Testa: PhysRev D 96, 014507 (2017), arXiv:1806.00808



Re-summation of one loop calculation of the UV divergences results in  

after re-summation of one loop result resulting exponentiation 

• J.G.M.Gatheral,Phys.Lett.133B,90(1983) 

•  J.Frenkel, J.C.Taylor,Nucl.Phys.B246,231(1984), 

• G.P.Korchemsky, A.V.Radyushkin,Nucl.Phys.B283,342(1987). 

Multiplicatively renormalizable



Consider the ratio

UV divergences will cancel in this ratio

Isovector matrix element

The lattice regulator can now be removed

Universal independent of the lattice



Polynomial corrections to the Ioffe time PDF may be suppressed 

A. Radyushkin Phys.Lett. B767 (2017)

B. U. Musch, et al   Phys. Rev. D 83, 094507 (2011)
M. Anselmino et al. 10.1007/JHEP04(2014)005 

Rossi & Testa: Phys Rev D 96, 014507 (2017), arXiv:1806.00808

Rossi & Testa argument does not apply here  if we use

http://dx.doi.org/10.1007/JHEP04(2014)005


The Moments
Using OPE:

Where

are the moments of the PDFs

Karpie et al. arXiv:1807.10933



The Moments
Karpie et al. arXiv:1807.10933

As a consequence:

Where the Wilson coefficients are 

By studying the small Ioffe time behavior moments free of any

power divergences can be computed. 


Low Ioffe time does not require large  momentum.
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Pseudo-PDF Framework
Basic features

• The continuum limit of the Ioffe-time reduced PDF can be obtained at fixed 
range of Ioffe time and fixed z2.


• Small Ioffe-time allows for the extraction of moments avoiding the limitations 
that approaches based on local matrix elements had.


• A range of Ioffe time (which is limited primarily by the statistical precision of 
high momentum correlation functions) is possible. However, this range is not 
sufficient for a complete Fourier transform that is required for obtaining the x-
dependent PDF.


• The x-dependent PDF/GPD can be inferred from the “data” obtained in these 
calculations.



• Obtain the PDF from a limited set of   
matrix elements obtained from 
lattice QCD


• z2 is a physical length scale 
sampled on discrete values


• z2 needs to be sufficiently small so 
that higher twist effects are under 
control


• ν is dimensionless also sampled in 
discrete values


• the range of v is dictated by the 
range of z and the range of 
momenta available and is typically 
limited


• Parametrization of unknown 
functions

Our inverse problem



Bayesian Inference
Optimize model parameters

• Model the unknown functions with a set of reasonable models


• Use Bayesian Inference to optimize model parameters


• Average over models using AICc

Prior-knowledge is a required input for solving an ill-defined inverse problem



Isovector quark and anti-quark distributions
Comparison with phenomenology

arXiv:2105.13313 [hep-lat]  J. Karpie et al.

HadStruc

2 flavor QCD in the continuum limit with 450 MeV pions 

https://arxiv.org/abs/2105.13313


Unpolarized Isovector PDF
2+1 flavors single lattice spacing 350 MeV pion

arXiv:2107.05199 [hep-lat] C. Egerer et al. HadStruc

https://arxiv.org/abs/2107.05199


Helicity Isovector PDF
2+1 flavors single lattice spacing 350 MeV pion

 arXiv:2211.04434 [hep-lat] C. Egerer et al. HadStruc

https://arxiv.org/abs/2211.04434


Transversity Isovector PDF
2+1 flavors single lattice spacing 350 MeV pion

 arXiv:2111.01808 [hep-lat] C. Egerer et al. HadStruc

https://arxiv.org/abs/2111.01808


Gaussian Process
Non-parametric solution to the inverse problem

• ν takes values in a finite set


• B(ν) is a linear operator:


• Bayesian inference:  


• Prior :

Dutrieux et al. Phys.Rev.D 111 (2025) 3, 034515

Cahuana Medrano et al. arXiv:2510.21041

• Gaussian nature—-> Solve for the posterior analytically


• Quantify information gain via KL divergence



Gaussian Process
Non-parametric solution to the inverse problem

Dutrieux et al. Phys.Rev.D 111 (2025) 3, 034515

Data from: arXiv:2107.05199 [hep-lat] C. Egerer et al.

z=3a

https://arxiv.org/abs/2107.05199


Gaussian Process
Non-parametric solution to the inverse problem

Dutrieux et al. Phys.Rev.D 111 (2025) 3, 034515

Data from: arXiv:2107.05199 [hep-lat] C. Egerer et al.

z=9a

https://arxiv.org/abs/2107.05199


Generalized Parton Distributions
 Dutrieux et al. JHEP 08 (2024) 162 — arXiv:2405.10304

• Lorentz decomposition of non-local matrix elements for GPDs

• Connection to GPDs

Matching to MSbar

3

∫
dz→

2ω
eixP

+z→
→N (pf ,εf )| ϑ̄q

(
↑z

2

)
ϖ+Ŵ

(
↑z
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,
z
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ϑq

(z
2

)
|N (pi,εi)↓ |z+=0,z↑=0↑

=
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P+
u (pf ,εf )

[
ϖ+Hq (x, ϱ, t) +

iς+ωqω
2m

Eq (x, ϱ, t)

]
u (pi,εi) , (1)

where Ŵ is the Wilson line in the fundamental representation, m the nucleon mass, εi,εf are the initial and final
state helicities, and pi, pf are the initial and final state momenta that define the variables

P ↔ 1

2
(pi + pf ) , q ↔ pf ↑ pi , t ↔ q2 , ϱ ↔ ↑ q+

2P+
. (2)

We use the spinor normalization ū(p,ε)u(p,ε↑) = 2mφεε↓ .
Non-zero light-like separations are not accessible on a Euclidean lattice, so we compute non-local matrix elements

with an equal-time space-like separation z2 < 0:

Mµ (pf , pi, z) = →N (pf ,εf )| ϑ̄q
(
↑z

2

)
ϖµŴ

(
↑z

2
,
z

2

)
ϑq

(z
2

)
|N (pi,εi)↓ , (3)

and form the ratio [6, 67]

Mµ (pf , pi, z) =
Mµ (pf , pi, z)

M0 (0, 0, z)
(4)

to cancel multiplicative ultraviolet divergences [68] that
only depend on the length of the Wilson line. M has
therefore a well-defined continuum limit and is renormal-
ization group invariant.

The non-local matrix element admits a decomposi-
tion involving eight amplitudes [48] that depend on the
Lorentz invariants (pi · z), (pf · z), t and z2. Introducing
the combinations

↼ = P · z , ↼̄ = ↑(q · z)/2, (5)

related to the average momentum P and the momentum
transfer q, we write

Mµ (pf , pi, z) = →→ϖµ↓↓A1 + zµ→→1↓↓A2 + i→→ςµz↓↓A3

+
i

2m
→→ςµq↓↓A4 +

qµ

2m
→→1↓↓A5

+
i

2m
→→ςzq↓↓ [PµA6 + qµA7 + zµA8] , (6)

where each amplitude Ak is a function of (↼, ↼̄, t, z2). We
have used the abbreviations ςµz ↔ ςµϑzϑ, ςµq ↔ ςµϑqϑ,
ςzq ↔ ςϑεzϑqε, and →→!↓↓ ↔ u (pf ,εf )!u (pi,εi). The
variable ↼ is known as the Io”e time [69]. Writing

↼̄ ↔ ↼ϱ , (7)

generalizes the definition of the skewness ϱ beyond the
light-like case. This definition coincides with that in

Eq. (2) when z is reduced to its light-cone component
z→. As we noted already in [55], the light-cone skewness
is bound in [↑1, 1], and in fact even more tightly when
kinematics are considered, but the generalized skewness
of Eq. (7) can take any real value when z is not on the
light-cone, including being undefined when ↼ = 0.
Note that in the non-forward kinematics, the variables

↼ and ↼̄ are essentially on the same footing. As we will see
later, the variable ↼̄ appears naturally in the perturbative
matching and the DD formalism.
The identification of the amplitudes which contribute

in the limit z2 ↗ 0 is explained in [55] following the
work in [34, 48]. If we introduce generalized Io”e-time
distributions (GITD) as

(
Hq

Eq

)
(↼, ↼̄, t) =

∫ 1

→1
dx e→ixω

(
Hq

Eq

)
(x, ϱ, t) , (8)

a possible choice of Lorentz invariant definition that con-
verges to the light-cone one when z2 ↗ 0 is

Hq(↼, ↼̄, t, z2) = A1 ↑ ϱA5 , (9)

Eq(↼, ↼̄, t, z2) = A4 + ↼A6 ↑ 2↼̄A7 + ϱA5 . (10)

It is clear that there is no unique way to construct a
Lorentz invariant object at z2 < 0 that converges analyt-
ically towards the correct light-cone limit. The accuracy
of the formalism is therefore limited by power corrections
varying as O(z2#2

QCD), where #QCD is a hadronic scale
of the order of a few hundred MeVs.
At one-loop in perturbation theory with renormaliza-

tion group improvement, the z2-dependent non-singlet
generalized Io”e-time distributions can be matched to
the MS scheme in two steps [33, 70]:

• First a matching kernel is applied, yielding an MS distribution approximately at the scale µ2
0 ↘ ↑1/z2. For
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Eq. (2) when z is reduced to its light-cone component
z→. As we noted already in [55], the light-cone skewness
is bound in [↑1, 1], and in fact even more tightly when
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Moments of GPDs
 Dutrieux et al. JHEP 08 (2024) 162

• Focus on the small Ioffe-time limit


• No need for large momentum


• Statistically better resolved matrix elements and less prone to excited state 
contamination


• Moments of H and E GPDs up to order x3 including skewness dependence



Generalized Parton Distributions
Kinematic Coverage — Essential input for EIC DVCS program

HadStruc



Extraction of moments



The z-expansion
Parametrizing the t-dependence of form factors and GPD moments

Conformal mapping

• Maps the cut t-plane onto the unit disk


• t₀ is a free parameter chosen to minimize |z|ₘₐₓ in the fit range


• Rapidly convergent expansion: |z| ≈ 0.1–0.3 for typical lattice 
kinematics

Form factor expansion

For generalized form factors (GPD moments):

• Model-independent parametrization


• Coefficients aₖ are bounded — unitarity constraints


• Truncation at kₘₐₓ gives controlled systematic error


• Applied to extract Aₙ,₀(t), Bₙ,₀(t), Dₙ,₀(t) from lattice data

Optimal choice of t₀:

R.J. Hill, G. Paz, Phys.Rev. D82 (2010) 113005  ·  Bhattacharya et al. Phys.Rev. D92 (2015)  ·  Applied to GPD moments: Dutrieux et al. JHEP 08 (2024) 162



Form factor



A generalized form factor



Generalized Parton Distributions
Moments of GPDs 

• 		 Dutrieux et al.	 JHEP 08 (2024) 162 • e-Print: 2405.10304

HadStruc

https://arxiv.org/abs/2405.10304


Reconstructing the full 
kinematic dependence of GPDs
from lattice pseudo-distributions

FIRST LATTICE DD EXTRACTION FULL (x, ξ, t) GPDs GPR INVERSE PROBLEM

Central idea

GPDs can be parametrized as double distributions, 
making polynomiality automatic and enabling a flexible 
reconstruction of proton isovector H and E GPDs.

Double-distribution support and Radon lines

Final H GPDs at μ = 2 GeV

Dutrieux et al. (2026) • arXiv 2604.21476 • Reconstructing full GPD kinematics from pseudo-distributions



Double Distributions

4

clarity, objects in the MS scheme are denoted with a bar.

F̄
(
ω, ω̄, t, µ2

0

)
= F

(
ω, ω̄, t, z2

)
+

εs(µ2
0)CF

2ϑ
[L+ ln

(
e2ωE+1

4

)
B] → F + O

(
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QCD

)
+ O

(
z2t

)
, (11)

where [33]

L → F =

∫ 1

0
dε

[
4

(
ln (ε̄)

ε̄

)

+

cos (ε̄ω̄) ↑ 2
sin (ε̄ω̄)

ω̄
+ ϖ (ε̄)

]
F (εω,εω̄, t) , (12)

ε̄ = 1 ↑ ε, F denotes a non-singlet component of either H or E , and B is defined below. Not only do larger
values of z increase the size of power corrections O(z2!2

QCD) and O(z2t), but they also degrade the confidence
in the perturbative matching as εs(µ2

0) increases.

• Then a di”erential equation is solved to perform renormalization-group improved evolution up to the desired
final scale:

d

d lnµ2
F̄(ω, ω̄, t, µ2) =

εs(µ2)CF

2ϑ
B → F̄ , (13)

where [33]

B → F =

∫ 1

0
dε

[(
2ε

ε̄

)

+

cos (ε̄ω̄) +
sin (ε̄ω̄)

ω̄
↑ ϖ (ε̄)

2

]
F (εω,εω̄, t) . (14)

The singularity for ε = 1 is regulated by the standard
plus-prescription defined here as

∫ 1

0
dε G (ε)+ f (εx) =

∫ 1

0
dε G (ε) [f (εx) ↑ f (x)] .

(15)
Let us reiterate the comment from [55] that the evolution
and matching take a much friendlier form in Io”e time
representation rather than in x-space, where the integral
kernels have a non analytical behavior in x/ϱ.

2. The DD representation

The amplitudes Ai

(
ω, ω̄, t, z2

)
, as functions of the

Lorentz invariants ω and ω̄, may be written in the form
of a double distribution (DD) representation

Ai(ω, ω̄, t, z
2) =

∫

!
dςdε e→iεϑ→iϖϑ̄ai(ς,ε, t, z

2) , (16)

where the support region # for DDs ai(ς,ε, t, z2) is a
rhombus specified by |ε| + |ς| ↓ 1 [71].

In fact, the DDs were introduced at the same time as
GPDs [13, 16–18] as an alternative way to parametrize
the same o”-forward non-local matrix elements. More-
over, their definition does not involve parameters, like
ϱ, specifying relative size of P and q, and one can use
the same DD to obtain GPDs for di”erent chosen values
of ϱ (see Eq. (18) below). Thus DDs are, at least, as
fundamental as GPDs. Comparing (16) with the GPD

representation

Ai(ω, ϱω, t, z
2) =

∫ 1

→1
dx e→ixϑAi(x, ϱ, t, z

2) (17)

of the type in Eqs. (1) and (8), one arrives at the re-
lation [71] between the (pseudo-)GPD Ai(x, ϱ, t, z2) and
the (pseudo-)DD ai(ς,ε, t, z2),

Ai(x, ϱ, t, z
2) =

∫

!
dςdε ϖ(x ↑ ς ↑ εϱ) ai(ς,ε, t, z

2) .

(18)
As noticed in [72], the {ς,ε} integral may be treated
formally as a Radon transformation.
It is useful to get a geometrical intuition of the con-

nection between GPDs and DDs to understand their re-
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• Large ω behavior If x is close to 1 and ε smaller
than x, Radon integration lines mostly probe the
corner (ω,ϑ) → (1, 0) of the rhombus. Perturbation
theory gives us insights on the behavior of the GPD
at large x [75], for instance:

Hq(x, ε, t) ↑ (1 ↓ x)3

(1 ↓ ε)2(1 + ε)2
. (25)

The ω-dependence at large ω, which reflects the x-
dependence at large x and ε smaller than x, should
therefore vanish as a power of (1 ↓ ω).

• Behavior on the edges Notice that in Eq. (25),
the limit (x, ε) ↔ (1, 1) is 0 along any path that
approaches this limit in a linear fashion in x and ε
(i.e. limω→0 Hq(1 ↓ ϖϱ, 1 ↓ ϱ) = 0 for any ϖ ↗ 0).
This is due to the fact that the power of (1↓ x) in
the numerator is larger than the power of (1 ↓ ε)
in the denominator.

However, in terms of DDs, as was previously de-
rived in [23] for ϖ < 1:

lim
ω→0

Hq(1 ↓ ϖς, 1 ↓ ς) =

∫ ε

0
dϑhq(1 ↓ ϑ,ϑ) . (26)

The limit (x, ε) ↔ (1, 1) then depends on the angle
of approach characterized by ϖ, unless the DD van-
ishes on its edge ω = 1↓ϑ. There remains a point of
contention at (ω,ϑ) = (0, 1) where the divergence
at small ω and the cancellation on the edges con-
flict. One will notice that the corner (ω,ϑ) = (0, 1)

is probed by Radon integration lines corresponding
to x = ε, a well-known point of non-analyticity for
GPDs, reflected in the non-analytical behavior of
the DD.

One of the most successful models of DDs used in the
literature is Radyushkin’s DD Ansatz (RDDA) [64, 71,
76]. It combines the three criteria that we have identified:
divergence at small ω, power law in (1↓ω) at large ω and
cancellation on the edges of the domain. The first two
criteria are obtained by factorizing in the Ansatz a term
looking like an ordinary PDF q(x) with divergence at
small x and power law in (1 ↓ x) at large x, up to the
addition of a dependence in t:

hq(ω,ϑ, t) = q(ω, t)
((1 ↓ |ω|)2 ↓ ϑ2)N

(1 ↓ |ω|)2N+1

!(N + 3/2)↘
φ!(N + 1)

.

(27)
The last factor is a normalizing term depending on
the Gamma function, which ensures that Hq(x, 0, t) =
q(x, t). The fact that the ϑ-dependence (and therefore
the ε-dependence) is controlled by a single parameter N
produces however a rather inflexible modelling [77].

Besides the three features that we have listed above,
parity constraints are helpful. The GPDs H and E are
real and ε-even [78], so the DDs h and e are also real and
even in ϑ. The x-odd contribution of the GPD translates
to the ω-odd contribution of the DD, and likewise for the
even parts.

Switching to Io”e-time distributions in Eq. (22), we have

(
Hq

Eq

)
(↼, ↼̄, t) =

∫

!
dωdϑ e↑i(ϑϖ+ϱϖ̄)

(
hq

eq

)
(ω,ϑ, t) ± ε

∫ 1

↑1
dϑ e↑iϱϖ̄Dq(ϑ, t) . (28)

where ε is understood as ε = ↼̄/↼. Following the discussion of [34] and comparing with Eqs. (9) and (10), we find the
relations between the DDs extracted in this work and the lattice data as:

A1(↼, ↼̄, t, z
2) =

∫

!
dωdϑ e↑i(ϑϖ+ϱϖ̄)hq(ω,ϑ, t, z2) , (29)

[A4 + ↼A6 ↓ 2↼̄A7](↼, ↼̄, t, z
2) =

∫

!
dωdϑ e↑i(ϑϖ+ϱϖ̄)eq(ω,ϑ, t, z2) , (30)

A5(↼, ↼̄, t, z
2) = ↓

∫ 1

↑1
dϑ e↑iϱϖ̄Dq(ϑ, t, z2) . (31)

Adding the parity constraints, we find for instance for the first relation:

ReA1(↼, ↼̄, t, z
2) =

∫

!
dωdϑ cos(ω↼) cos(ϑ↼̄)hq(ω,ϑ, t, z2) , (32)

ImA1(↼, ↼̄, t, z
2) = ↓

∫

!
dωdϑ sin(ω↼) cos(ϑ↼̄)hq(ω,ϑ, t, z2) , (33)

whence it stems that ReA1 constrains the ω-even part of the DD (and hence the x-even part of the GPD) and ImA1
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B → F̄ , (13)

where [33]

B → F =

∫ 1

0
dε

[(
2ε

ε̄

)

+

cos (ε̄ω̄) +
sin (ε̄ω̄)

ω̄
↑ ϖ (ε̄)

2

]
F (εω,εω̄, t) . (14)

The singularity for ε = 1 is regulated by the standard
plus-prescription defined here as

∫ 1

0
dε G (ε)+ f (εx) =

∫ 1

0
dε G (ε) [f (εx) ↑ f (x)] .

(15)
Let us reiterate the comment from [55] that the evolution
and matching take a much friendlier form in Io”e time
representation rather than in x-space, where the integral
kernels have a non analytical behavior in x/ϱ.

2. The DD representation

The amplitudes Ai

(
ω, ω̄, t, z2

)
, as functions of the

Lorentz invariants ω and ω̄, may be written in the form
of a double distribution (DD) representation

Ai(ω, ω̄, t, z
2) =

∫

!
dςdε e→iεϑ→iϖϑ̄ai(ς,ε, t, z

2) , (16)

where the support region # for DDs ai(ς,ε, t, z2) is a
rhombus specified by |ε| + |ς| ↓ 1 [71].

In fact, the DDs were introduced at the same time as
GPDs [13, 16–18] as an alternative way to parametrize
the same o”-forward non-local matrix elements. More-
over, their definition does not involve parameters, like
ϱ, specifying relative size of P and q, and one can use
the same DD to obtain GPDs for di”erent chosen values
of ϱ (see Eq. (18) below). Thus DDs are, at least, as
fundamental as GPDs. Comparing (16) with the GPD

representation

Ai(ω, ϱω, t, z
2) =

∫ 1

→1
dx e→ixϑAi(x, ϱ, t, z

2) (17)

of the type in Eqs. (1) and (8), one arrives at the re-
lation [71] between the (pseudo-)GPD Ai(x, ϱ, t, z2) and
the (pseudo-)DD ai(ς,ε, t, z2),

Ai(x, ϱ, t, z
2) =

∫

!
dςdε ϖ(x ↑ ς ↑ εϱ) ai(ς,ε, t, z

2) .

(18)
As noticed in [72], the {ς,ε} integral may be treated
formally as a Radon transformation.
It is useful to get a geometrical intuition of the con-

nection between GPDs and DDs to understand their re-
spective phenomenology. Fig. 1 shows a depiction of the
domain of DDs and the Radon integration lines which
define GPDs according to Eq. (18).
The GPD-DD relation (18) leads to an interplay be-

tween the x and ϱ dependences of GPDs: the xn Mellin
moments of GPDs must be nth order polynomials in ϱ

∫ 1

→1
dxxnAi(x, ϱ, t, z

2) =
n∑

k=0

(Ai)n+1,k(t, z
2)ϱk . (19)

This result reflects the fact that nonforward matrix ele-
ments of local operators involving the (zD)n derivative
are given by a sum of (P · z)n→k(q · z)kank terms. Hence,
the polynomiality property (19) of GPDs is a simple con-
sequence of Lorentz invariance. Note that, due to time
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FIG. 1. Illustration of the support in (ω,ε) of a DD. The
associated GPD is obtained by integration along lines similar
to the dotted ones, with green depicting the case 0 < x < ϑ

and red for 0 < ϑ < x. Figure borrowed from [73] which
presents a recent concise introduction to GPDs and DDs.

reversal invariance, the DDs are either even or odd func-
tions of ω. Correspondingly, the summation in (19) in-
volves even or odd values of k only.

One advantage of working with DDs is that polynomi-
ality is “built-in”, so that the functional dependence of
DDs is free from constraints with respect to that prop-
erty, beyond simple notions of support and parity. In

particular, thanks to the polynomiality property, we were
able to extract skewness-related moments such as An,k(t)
with k > 0 in (19).
On the light cone, the DD analog of the GPD repre-

sentation (1) is

M+ (pf , pi, z→) =

∫

!
dεdω e→iωε→iϑε̄

[
→→ϑ+↑↑h(ε,ω, t)

+
i

2M
→→ϖ+q↑↑e(ε,ω, t) ↓ q+

2M
→→1↑↑ ϱ(ε)D(ω, t)

]
,

(20)

where h(ε,ω, t) and e(ε,ω, t) are even functions of ω and
D(ω, t) is an odd function of ω. This form corresponds
to the Polyakov-Weiss representation for DDs [74] which
contains a ς-independent D-term, given by the third con-
tribution.
Thus, in the DD representation, we deal with three

independent functions: h(ε,ω, t), e(ε,ω, t) and D(ω, t).
One may argue that, using the Gordon decomposition

Pϖ

M
ū↑u = ū↑ϑϖu ↓ 1

2M
ū↑iϖϖqu (21)

for φ = + and the definition ↼ = ↓q+/2P+ , one recovers
(1) containing just 2 GPDs

(
Hq

Eq

)
(x, ↼, t) =

∫

!
dεdω ϱ(x ↓ ε ↓ ω↼)

[(
hq

eq

)
(ε,ω, t) ± ↼ϱ(ε)Dq(ω, t)

]
, (22)

where ± is + for H and ↓ for E. Thus

Hq (x, ↼, t) = Hq
R (x, ↼, t) + sgn(↼)Dq(x/↼, t) ,

Eq (x, ↼, t) = Eq
R (x, ↼, t) ↓ sgn(↼)Dq(x/↼, t) , (23)

where Hq
R (x, ↼, t) and Eq

R (x, ↼, t) are the Radon transforms (18) of hq(ε,ω, t) and eq(ε,ω, t). Since the D-term
Dq(x/↼, t) is independent of Hq

R (x, ↼, t) and Eq
R (x, ↼, t), one deals anyway with three independent functions. For

moments, one may write

∫ 1

→1
dxxn→1

(
Hq

Eq

)
(x, ↼, t) =

n→1∑

k=0, even

(
An,k(t)
Bn,k(t)

)
↼k ± 1 + (↓1)n

2
↼nCn(t) , (24)

Note that the moments of the D-term, Cn(t), contribute
for n even only. One can build the D-term without a
reference to DDs, just from the highest powers of ↼k in
the even-n xn→1 moments of H (x, ↼, t) or E (x, ↼, t).

A few observations can guide us when imposing proper
modelling constraints on DDs. We assume in the follow-
ing that both x and ↼ are positive quantities to remove
the need of constantly using absolute values.

• Small ε behavior If x is small and ↼ of the or-
der of x or less, Radon integration lines are mostly
vertical and only explore the region of ε of the or-

der of x or less. We can draw the rule “the small
x behavior of the GPD at small ↼ is dictated by
the small ε behavior of the DD”. We know from
phenomenology and the e!ect of evolution kernels
that the small x behavior of GPDs at small ↼ is di-
vergent, so we expect a similar divergence of DDs
at small ε. At this stage however, we cannot infer
that the divergence occurs at small ε for all values
of ω. That fact is demonstrated using the conve-
nient evolution of GPDs moments in Appendix A.



Data reach: higher momentum, broader ξ
A substantially enlarged dataset gives access to longer Ioffe times and denser ξ coverage.

New red points extend kinematic coverage

mπ

358 MeV

a

0.094 fm

Volume

32³ × 64

Ncfg

1490 new

|p|max

2.7 GeV

zmax

0.56 fm

νmax

≈ 7

Pairs

186 + 63

• ~4× more configurations than the previous GPD study.
• Momentum smearing improves high-momentum signals.
• Extended kinematics support full DD/GPD reconstruction.

Dutrieux et al. (2026) • arXiv 2604.21476 • Reconstructing full GPD kinematics from pseudo-distributions



Main result: full H and E GPDs at μ = 2 GeV
The final reconstruction provides x, ξ, and t dependence for Hᵘ⁻ᵈ and Eᵘ⁻ᵈ.

Final extraction of unpolarized isovector GPDs

What is new?

• Direct lattice extraction of 
double distributions.
• Polynomiality is automatic by 
construction.
• Uncertainties: statistics, 
excited states, and GPR model 
dependence.
• Final baseline: z = 5a ≈ 0.47 
fm, cross-checked with z = 6a 
and time cuts.

Interpretation: the result is a first-principles map of 
the proton’s longitudinal momentum structure with 
momentum transfer and skewness dependence.

Dutrieux et al. (2026) • arXiv 2604.21476 • Reconstructing full GPD kinematics from pseudo-distributions



Checks and implications
The reconstruction begins to connect lattice GPDs to phenomenological models and moments.

Comparison with Goloskokov–Kroll model at t = 0 Generalized form factors from Mellin moments

• Broad qualitative agreement with GK at t = 0.
• Positivity-bound checks are generally satisfied.
• Improved access to skewness-dependent moments and GFFs.
• Remaining systematics: heavy pion, one lattice spacing, finite-volume/discretization, and higher twist.

Takeaway: this is a proof-of-principle route toward computing exclusive-process amplitudes from lattice + perturbative QCD inputs.

Dutrieux et al. (2026) • arXiv 2604.21476 • Reconstructing full GPD kinematics from pseudo-distributions



Computational requirements
Statistical Errors —- Approach to the continuum Limit

• Inverse problem 


• Need large hadron momentum


• Large momentum implies larger statistical errors which grow exponentially with momentum


• Extracting phenomenologically interesting information requires small lattice spacing (limit z2 -> 0 ) 


• Critical slowing down


• Large lattices are needed with small lattice spacing


• New algorithm development is needed


• Improved sampling methods 


• Improved estimators for enhanced statistical precision





Conclusions
Outlook

• Understanding hadronic structure is a major goal in nuclear physics


• Large experimental effort: JLab 12 GeV and the upcoming EIC


• Lattice QCD calculations can in principle compute  (Generalized) Parton distribution functions from first 
principles


• Controlling all systematics of the calculation is important and that complicates the solution of the inverse 
problem at hand


• Both lattice spacing and higher twist effects need to be controlled  


• New ideas are needed for pushing to higher momentum and improved sampling of the Ioffe time


• The range of Ioffe time is essential for obtaining the x-dependence of distribution functions


• The synergy between lattice QCD and experiment (especially the EIC) will be essential in providing precision 
estimates of (Generalized) Parton distribution functions



Complementarity of LQCD and Phenomenology
Pion parton distribution        ——       Gluon helicity in the nucleon

HadStruc


