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Center for Nuclear FemtographyCenter for Nuclear Femtography

F Center at Jefferson Lab
F Concerted effort in theory, experiment & computation
F Funded by Commonwealth of Virginia to “…to facilitate the application of modern developments in

data science to the problem of imaging and visualization of sub-femtometer scale structure of
protons, neutrons, and atomic nuclei.”

F Focused primary on spatial structure of hadrons:
= Generalized parton distributions
= High-energy electro- & photo-nuclear reactions
= Mechanical properties of hadrons

https://www.femtocenter.org (pink means link—clickable on the slides)

https://www.femtocenter.org
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Center for Nuclear Femtography: the peopleCenter for Nuclear Femtography: the people

F Latifa Elouadrhiri: director
F David Richards: associate director
F Adam Freese: postdoctoral researcher
F Krishna Neupane: postdoctoral researcher

https://www.femtocenter.org

https://www.femtocenter.org
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Center for Nuclear Femtography: eventsCenter for Nuclear Femtography: events

F Seminar series
= Usually in-person; always streamed on Zoom
= Sign up at this link or email afreese@jlab.org

F Lecture series & schools
= First International School of Hadron Femtography

(jointly organized with Quark-Gluon Tomography collaboration)
= Second school planned for summer 2027
= Upcoming lecture series this summer by Cédric Lorcé

F Partial support for CNUGS!

https://www.femtocenter.org

https://lists.sura.org/scripts/wa-SURA.exe?SUBED1=FEMTOGRAPHY&A=1
https://www.jlab.org/conference/HadronFemtographySchool
https://www.femtocenter.org
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Upcoming lecture series: Cédric LorcéUpcoming lecture series: Cédric Lorcé
F Speaker: Cédric Lorcé
F Dates: July 13-17
F Location: Jefferson Lab

In this series of lectures, we propose an introduction to one of the modern approaches to ex-
ploring the internal structure of protons, and more generally hadrons. This approach is
based on generalized parton distributions (GPDs) and allows one to construct tomographic
representations of the interior of hadrons that extend the original partonic picture proposed
by Feynman. GPDs constitute, in and of themselves, a vast topic encompassing a wide range
of experimental, phenomenological and theoretical aspects. In these lectures, we will focus
on the physicalmotivations and the reasons why we believe GPDs are so important that they
constitute one of the fundamental pillars of the research program of the future Electron-Ion
Collider. In particular, we will discuss to what extent they provide information about the
spatial distributions of quarks and gluons inside hadrons, illustrate some of the intricacies
associated with boosts and spin in quantum field theory, and present the connection to the
energy-momentum tensor. The latter is of particular interest since, besides constituting the
source of the gravitational field in general relativity, it encodes fundamental properties of
the hadron such as mass, spin, and even mechanical properties, which we also plan to ad-
dress. These lectures are primarily intended for PhD students and young postdocs who wish
to understand the big picture behind this field. As recent developmentswill also be addressed,
they may as well be of interest to more experienced researchers.
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Pressure in the protonPressure in the proton

F Pressure in the proton has become a hot topic.

F Empirical extractions happening at JLab!
= Burkert, Elouadrhiri & Girod, Nature (2018)
= Duran &al., Nature (2023)
= Joosten &al., 2602.14416
= CLAS collaboration, 2605.11690

F Interpretation is still controversial
= What does the pressure mean?
= What do we learn from it?
= Is relativity properly incorporated?

F These lectures will be my own hot takes
= Not everything here is settled science
= Reasonable people can disagree Figure: Burkert, Elouadrhiri & Girod, Nature (2018)

https://inspirehep.net/literature/1673606
https://inspirehep.net/literature/2110821
https://inspirehep.net/literature/3120607
https://inspirehep.net/literature/3154621
https://inspirehep.net/literature/1673606
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The questionsThe questions
C1 Proton mass

= Howmuch of the proton mass is due to quark mass?
= Can any of the proton’s mass be called “anomalous”?

C2 Proton spin
= Howmuch is carried by quark & gluon spin?
= Howmuch is orbital motion?

C3 Proton pressure
= Is it actually meaningful to talk about proton pressure?
= Do we actually learn anything about QCD forces?

C4 Nuclear forces
= Does the stress tensor tell us anything about nuclear forces?

C5 Proton densities
= How are relativistic densities defined?

The energy-momentum tensor is at the center of all these questions.



The Energy-Momentum TensorThe Energy-Momentum Tensor
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The energy-momentum tensorThe energy-momentum tensor
F The energy-momentum tensor describes density and flow of energy &momentum.
F Also known as the stress-energy tensor.

T 00(x) T 01(x) T 02(x) T 03(x)

T 10(x) T 11(x) T 12(x) T 13(x)

T 20(x) T 21(x) T 22(x) T 23(x)

T 30(x) T 31(x) T 32(x) T 33(x)





Energy density

Momentum densities

Energy fluxes

Stress tensor

T µν(x) =
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The canonical energy tensorThe canonical energy tensor

F Noether’s theorems: symmetries entail conservation laws
= Spatial translation symmetry =⇒ momentum conservation
= Time translation symmetry =⇒ energy conservation

F Can use this connection to define energy &momentum density!
= Energy is what’s conserved due to time translation symmetry
= Momentum is what’s conserved due to space translation symmetry

F Lagrangian depends on space & time only through the fields

∂νL =
{
∂L

∂ψ
∂νψ+ ∂L

∂(∂µψ)
∂ν∂µψ

}

F Canonical EMT is conserved iff Euler-Lagrange equations satisfied

Noether, Gott Nachr (1918) 235-257

https://inspirehep.net/literature/884291
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The canonical energy tensorThe canonical energy tensor

F Noether’s theorems: symmetries entail conservation laws
= Spatial translation symmetry =⇒ momentum conservation
= Time translation symmetry =⇒ energy conservation

F Can use this connection to define energy &momentum density!
= Energy is what’s conserved due to time translation symmetry
= Momentum is what’s conserved due to space translation symmetry

F Lagrangian depends on space & time only through the fields
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∂(∂µψ)
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= ∂µ
[

∂L

∂(∂µψ)
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]
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Noether, Gott Nachr (1918) 235-257

https://inspirehep.net/literature/884291
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Densities and fluxesDensities and fluxes

F Continuity equation:

∂µT µν(x) = 0

= Energy/momentum transmitted locally.

Image: Wikimedia

T 00(x) T 01(x) T 02(x) T 03(x)

T 10(x) T 11(x) T 12(x) T 13(x)

T 20(x) T 21(x) T 22(x) T 23(x)

T 30(x) T 31(x) T 32(x) T 33(x)





Energy density

Momentum densities

Energy fluxes

Stress tensor

T µν(x) =

F Integral form for spatial components:
d

dt

[∫
V

d3x T 0ν(x , t )
]

︸ ︷︷ ︸
Energy/momentum in region

=−
∮
∂V

dS n̂i T iν(x , t )︸ ︷︷ ︸
Flux out of region
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Canonical energy tensor vs. gauge invarianceCanonical energy tensor vs. gauge invariance

F QCD Lagrangian:

LQCD =∑
q

q̄

(
i

2

←→
D µγ

µ−mq

)
q − 1

4
F a
µνFµν

a

Dµψ= ∂µq − i g Aa
µTa q

Dµψ̄= ∂µq̄ + i g Aa
µTa q̄

F a
µν = ∂µAa

ν −∂νAa
µ+ g fabc Ab

µAc
ν

[Ta ,Tb] = i fabc Tc

F The canonical energy tensor:

T µν
can =∑

q

i

2
q̄γµ

←→
∂ νq︸ ︷︷ ︸

not gauge invariant!

−Fµρ
a

not gauge invariant!︷ ︸︸ ︷
(∂νAa

ρ)− 1

4
ηµν

∑
q

q̄

(
i

2

←→
D ργ

ρ−mq

)
q + 1

4
ηµνF a

αβFαβ
a

F Lack of gauge invariance considered a fatal flaw!



11/103

Simpler example: Maxwell theorySimpler example: Maxwell theory

F Let’s work out canonical EMT for the Maxwell Lagrangian:

L =−1

4
FαβFαβ Fαβ = ∂αAβ−∂βAα

F Relevant derivative:

∂L

∂(∂µAρ)
=−1

4

∂

∂(∂µAρ)

[
FαβFαβ

]
F Canonical EMT formula:

T µν = ∂L

∂(∂µAρ)
∂νAρ−ηµνL

F Worth working this out for QCD too (pretend it’s a homework problem)

Itzykson & Zuber,Quantum Field Theory
Leader & Lorcé, Phys Rept 541 (2014) 163

https://www.google.com/books/edition/Quantum_Field_Theory/CxYCMNrUnTEC
https://inspirehep.net/literature/1254431
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Belinfante improvementBelinfante improvement

F Belinfante improvement: a way to “fix” the canonical energy tensor

T µν

Bel = T µν
can +∂ρΛµνρ

Λµνρ = 1

4
εµνρλ

∑
q

q̄γλγ5q +FµρAν
a

= ∂ρΛ
µνρ is called a superpotential

= ∂µ∂ρΛ
µνρ = 0 is amathematical triviality

F Assuming Euler-Lagrange equations are true:

T µν

Bel =
∑
q

i

4
q̄γ{µ←→D ν}q +Fµρ

a F aν
ρ − 1

4
ηµν

∑
q

q̄

(
i

2

←→
D ργ

ρ−mq

)
q + 1

4
ηµνF a

αβFαβ
a

F Procedure works, but is ad hoc (and I find it unsatisfying)

Belinfante, Physica 6 (1939) 887
Leader & Lorcé, Phys Rept 541 (2014) 163

https://inspirehep.net/literature/2961978
https://inspirehep.net/literature/1254431
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Local translationsLocal translations
F Noether’s theorems: symmetries entail conservation laws

= Try local spacetime translations instead?

−−−−−−−→
x 7→x−ξ(x)

F General coordinate transformations:

φ′(x ′) =φ(x) A′
µ(x ′) = ∂xν

∂x ′µ Aν(x) etc.

F Local translations (move the fields) mix up field components

δξφ≡φ′(x)−φ(x) = ξν∂νφ δξAµ = ξν∂νAµ+ (∂µξ
ν)Aν︸ ︷︷ ︸

new term!

etc.

F Noether procedure now depends on tensor type of field
AF, Phys Rev D 113 (2026) 016011

https://inspirehep.net/literature/2929752
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Local translations: scalar fieldsLocal translations: scalar fields

φ′(x ′) =φ(x) x ′µ = xµ−ξµ(x)

Change in field

δξφ=φ′(x)−φ(x)

Change in derivative

δξ(∂µφ) = ∂µφ′(x)−∂µφ(x)

F Action changes only through changes to the fields

δξS =
∫

d4xδξL

F The same as canonical EMT!
F EMT conserved if action is invariant
F Action is invariant iff Euler Lagrange equations satisfied (see reference)

AF, Phys Rev D 113 (2026) 016011

https://inspirehep.net/literature/2929752
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F EMT conserved if action is invariant
F Action is invariant iff Euler Lagrange equations satisfied (see reference)

AF, Phys Rev D 113 (2026) 016011

https://inspirehep.net/literature/2929752
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F Action changes only through changes to the fields

δξS =
∫

d4x

{
−ξν∂µ

[
∂L

∂(∂µφ)
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]
︸ ︷︷ ︸

energy-momentum tensor

}

F The same as canonical EMT!
F EMT conserved if action is invariant
F Action is invariant iff Euler Lagrange equations satisfied (see reference)
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Local translations: vector fieldsLocal translations: vector fields

A′
µ(x ′) = ∂xν

∂x ′µ Aν(x) F ′
µν(x ′) = ∂xα

∂x ′µ
∂xβ

∂x ′νFαβ(x) x ′µ = xµ−ξµ(x)

Change in four-potential

δξAµ = A′
µ(x)− Aµ(x)

Change in field strength

δξFµν = F ′
µν(x)−Fµν(x)

AF, Phys Rev D 113 (2026) 016011

https://inspirehep.net/literature/2929752
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Local translations: vector fieldsLocal translations: vector fields
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∂x ′µ
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∂x ′νFαβ(x) x ′µ = xµ−ξµ(x)

Change in four-potential

δξAµ = A′
µ

(
x ′+ξ(x)

)− Aµ(x)

Change in field strength

δξFµν = F ′
µν

(
x ′+ξ(x)

)−Fµν(x)
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Local translations: vector fieldsLocal translations: vector fields

A′
µ(x ′) = ∂xν

∂x ′µ Aν(x) F ′
µν(x ′) = ∂xα

∂x ′µ
∂xβ

∂x ′νFαβ(x) x ′µ = xµ−ξµ(x)

Change in four-potential

δξAµ ≈ A′
µ(x ′)+ξν(∂νAµ)− Aµ(x)

Change in field strength

δξFµν ≈ F ′
µν(x ′)+ξρ(∂ρFµν)−Fµν(x)
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Local translations: vector fieldsLocal translations: vector fields

A′
µ(x ′) = ∂xν

∂x ′µ Aν(x) F ′
µν(x ′) = ∂xα

∂x ′µ
∂xβ

∂x ′νFαβ(x) x ′µ = xµ−ξµ(x)

Change in four-potential

δξAµ ≈
(
δνµ+∂µξν

)
Aν(x)+ξν(∂νAµ)− Aµ(x)

Change in field strength

δξFµν ≈
(
δαµδ

β
ν + (∂µξ

α)δβν +δαµ(∂νξ
β)

)
Fαβ(x)+ξρ(∂ρFµν)−Fµν(x)
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Local translations: vector fieldsLocal translations: vector fields

A′
µ(x ′) = ∂xν

∂x ′µ Aν(x) F ′
µν(x ′) = ∂xα

∂x ′µ
∂xβ

∂x ′νFαβ(x) x ′µ = xµ−ξµ(x)

Change in four-potential

δξAµ ≈ ξν(∂νAµ)+ (∂µξ
ν)Aν

Change in field strength

δξFµν ≈ (∂µξ
ρ)Fρν+ (∂νξ

ρ)Fµρ+ξρ(∂ρFµν)

AF, Phys Rev D 113 (2026) 016011
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Local translations: vector fieldsLocal translations: vector fields

A′
µ(x ′) = ∂xν

∂x ′µ Aν(x) F ′
µν(x ′) = ∂xα

∂x ′µ
∂xβ

∂x ′νFαβ(x) x ′µ = xµ−ξµ(x)

Change in four-potential

δξAµ ≈ ξν(∂νAµ)+ (∂µξ
ν)Aν

Change in field strength

δξFµρ ≈ ξν(∂νFµρ)+ (∂µξ
ν)Fνρ+ (∂ρξ

ν)Fµν

F Action changes only through changes to the fields

δξS =
∫

d4xδξL

F Not the same as the canonical EMT!
F EMT conserved if action is invariant
F Action is invariant iff Euler Lagrange equations satisfied

AF, Phys Rev D 113 (2026) 016011

https://inspirehep.net/literature/2929752


16/103

Local translations: vector fieldsLocal translations: vector fields
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∂x ′µ
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∂x ′νFαβ(x) x ′µ = xµ−ξµ(x)

Change in four-potential

δξAµ ≈ ξν(∂νAµ)+ (∂µξ
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Change in field strength
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ν)Fµν
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∫

d4x

{
∂L

∂Aµ
δξAµ+ ∂L

∂Fµρ
δξFµρ

}

F Not the same as the canonical EMT!
F EMT conserved if action is invariant
F Action is invariant iff Euler Lagrange equations satisfied
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Change in field strength
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(
ξν(∂νAµ)+ (∂µξ

ν)Aν

)
+ ∂L

∂Fµρ

(
ξν(∂νFµρ)+ (∂µξ

ν)Fνρ+ (∂ρξ
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Local translations: vector fieldsLocal translations: vector fields

A′
µ(x ′) = ∂xν

∂x ′µ Aν(x) F ′
µν(x ′) = ∂xα

∂x ′µ
∂xβ

∂x ′νFαβ(x) x ′µ = xµ−ξµ(x)

Change in four-potential

δξAµ ≈ ξν(∂νAµ)+ (∂µξ
ν)Aν

Change in field strength

δξFµρ ≈ ξν(∂νFµρ)+ (∂µξ
ν)Fνρ+ (∂ρξ

ν)Fµν

F Action changes only through changes to the fields

δξS =
∫

d4x

{
ξν

(
∂L

∂Aµ
(∂νAµ)+ ∂L

∂Fµρ
(∂νFµρ)

)
︸ ︷︷ ︸

=∂νL

+ ∂L

∂Aµ
(∂µξ

ν)Aν+ ∂L

∂Fµρ

(
(∂µξ

ν)Fνρ+ (∂ρξ
ν)Fµν

)}

F Not the same as the canonical EMT!
F EMT conserved if action is invariant
F Action is invariant iff Euler Lagrange equations satisfied
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∂x ′µ
∂xβ
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Change in four-potential
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Change in field strength
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Local translations: vector fieldsLocal translations: vector fields

A′
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∂x ′µ Aν(x) F ′
µν(x ′) = ∂xα

∂x ′µ
∂xβ

∂x ′νFαβ(x) x ′µ = xµ−ξµ(x)

Change in four-potential

δξAµ ≈ ξν(∂νAµ)+ (∂µξ
ν)Aν

Change in field strength

δξFµρ ≈ ξν(∂νFµρ)+ (∂µξ
ν)Fνρ+ (∂ρξ

ν)Fµν

F Action changes only through changes to the fields
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∫

d4x
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ξνδ

µ
ν∂µL + ∂L

∂Aµ
(∂µξ

ν)Aν+2
∂L

∂Fµρ
(∂µξ

ν)Fνρ
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F EMT conserved if action is invariant
F Action is invariant iff Euler Lagrange equations satisfied
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Local translations: vector fieldsLocal translations: vector fields

A′
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∂x ′µ Aν(x) F ′
µν(x ′) = ∂xα

∂x ′µ
∂xβ

∂x ′νFαβ(x) x ′µ = xµ−ξµ(x)

Change in four-potential

δξAµ ≈ ξν(∂νAµ)+ (∂µξ
ν)Aν

Change in field strength

δξFµρ ≈ ξν(∂νFµρ)+ (∂µξ
ν)Fνρ+ (∂ρξ

ν)Fµν

F Action changes only through changes to the fields

δξS =
∫

d4x

{
ξνδ

µ
ν∂µL −ξν∂µ

[
∂L

∂Aµ
Aν

]
−ξν∂µ

[
2
∂L

∂Fµρ
Fνρ

]}

F Not the same as the canonical EMT!
F EMT conserved if action is invariant
F Action is invariant iff Euler Lagrange equations satisfied
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Local translations: vector fieldsLocal translations: vector fields

A′
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Change in four-potential

δξAµ ≈ ξν(∂νAµ)+ (∂µξ
ν)Aν

Change in field strength

δξFµρ ≈ ξν(∂νFµρ)+ (∂µξ
ν)Fνρ+ (∂ρξ

ν)Fµν

F Action changes only through changes to the fields

δξS =
∫

d4x

{
−ξν∂µ

[
2
∂L

∂Fµρ
Fνρ+ ∂L

∂Aµ
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Local translations: vector fieldsLocal translations: vector fields

A′
µ(x ′) = ∂xν

∂x ′µ Aν(x) F ′
µν(x ′) = ∂xα

∂x ′µ
∂xβ

∂x ′νFαβ(x) x ′µ = xµ−ξµ(x)

Change in four-potential

δξAµ ≈ ξν(∂νAµ)+ (∂µξ
ν)Aν

Change in field strength

δξFµρ ≈ ξν(∂νFµρ)+ (∂µξ
ν)Fνρ+ (∂ρξ

ν)Fµν

F Action changes only through changes to the fields

δξS =
∫

d4x

{
−ξν∂µ

[
2
∂L

∂Fµρ
Fνρ+ ∂L

∂Aµ
Aν−δµνL

]
︸ ︷︷ ︸

energy-momentum tensor

}

F Not the same as the canonical EMT!
F EMT conserved if action is invariant
F Action is invariant iff Euler Lagrange equations satisfied

AF, Phys Rev D 113 (2026) 016011

https://inspirehep.net/literature/2929752


17/103

Example: Maxwell theoryExample: Maxwell theory
F Let’s work out this new EMT for the Maxwell Lagrangian:

L =−1

4
FαβFαβ Fαβ = ∂αAβ−∂βAα

F Relevant derivative:

∂L

∂Fµρ
=−1

4

∂

∂Fµρ

[
FαβFαβ

]
F New EMT formula:

T µν = 2
∂L

∂Fµρ
Fν

ρ −ηµνL

F Gauge-invariant—and the same as the Belinfante EMT!
F Again worth working this out for QCD too (pretend it’s a homework problem)

Gamboa Saraví, J Phys A 35 (2002) 9199
AF, Phys Rev D 113 (2026) 016011

https://inspirehep.net/literature/591857
https://inspirehep.net/literature/2929752
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Quick note about spinorsQuick note about spinors

F Spinors transform like scalars under local translations:

ψ′(x ′) =ψ(x) x ′µ = xµ−ξµ(x)

F Happens because there’s no spinor representation of local translations
= More technically: no finite linear double cover of GL(4,R)
= There’s a non-linear double cover (metalinear group, ML(4,R)) …but it’s messy and rarely used

F Will result in asymmetric EMT for theories with spinors!

Cartan, The Theory of Spinors (original proof)
AF, Phys Rev D 113 (2026) 016011 (elementary proof in appendix)

https://www.google.com/books/edition/The_Theory_of_Spinors/AEZ1h7Cg3cwC
https://inspirehep.net/literature/2929752
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Kinetic energy tensorKinetic energy tensor

F Result from local translations called kinetic EMT:

T µν =∑
q

i

2
q̄γµ

←→
D νq︸ ︷︷ ︸

not symmetrized

+Fµρ
a F aν

ρ − 1

4
ηµν

∑
q

q̄

(
i

2

←→
D ργ

ρ−mq

)
q + 1

4
ηµνF a

αβFαβ
a

F Unlike Belinfante energy tensor, is not symmetric under µ↔ ν

F Could have obtained from improvement procedure using different superpotential:

Λµνρ = FµρAν
a

= Shows that superpotential is somewhat arbitrary
= Minimal choice needed to restore gauge invariance

F Meaning of symmetric vs. asymmetric can be sussed out usingmechanical form factors

Leader & Lorcé, Phys Rept 541 (2014) 163
AF, Phys Rev D 113 (2026) 016011

https://inspirehep.net/literature/1254431
https://inspirehep.net/literature/2929752
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Mechanical form factorsMechanical form factors
F Energy-momentum tensor parametrized usingmechanical form factors

〈p ′, s′|T̂ µν
q,g (0)|p , s〉 = ū(p ′, s′)

{
PµPν

m
Aq,g (∆2)+ ∆µ∆ν− gµν∆2

4m
Dq,g (∆2)+mgµνc̄q,g (∆2)

+ i P {µσν}∆

2m
Jq,g (∆2)− i P [µσν]∆

2m
Sq,g (∆2)

}
u(p , s)

F General form from Lorentz covariance
F MFFs encode hadron structure
F Sq,g (∆2) present for asymmetric tensor only

Pµ = 1

2

(
p +p ′)µ

∆µ = (p ′−p)µ

p p ′

∆

Kobzarev &Okun, Sov Phys JETP 16 (1963) 1343
H. Pagels, Phys Rev 144 (1966) 1250
X. Ji, PRL78 (1997) 610

https://inspirehep.net/literature/42872
https://inspirehep.net/literature/50537
https://inspirehep.net/literature/416559
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Different nomenclaturesDifferent nomenclatures

Mechanical form factors
ä3 Describe mechanical properties—which are the main focus
ä7 It’s new jargon (not in widespread use)

EMT form factors
ä3 Form factors of the energy-momentum tensor (EMT)
ä7 Some literature uses “stress energy tensor” instead

Gravitational form factors
ä3 Densities are gravitational sources
ä7 We’re not using gravitation to measure them or studying gravity

F All are acceptable nomenclature, with various pros and cons.
F Mechanical form factors is just my own preference
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Mechanical form factors — sum rulesMechanical form factors — sum rules
F Momentum sum rule: ∑

q,g
Ac (0) = 1

F Angular momentum sum rule (Ji sum rule):∑
q,g

Jc (0) = 1

2
F Local momentum conservation: ∑

q,g
c̄c (∆2) = 0

= Violated for open sub-systems
= Non-zero c̄c (∆2) quantifies forces

〈 f j
c (b)〉 =−m∇ j

∫
d3∆

(2π)3 c̄c (∆2)e−i∆·b

= Called non-conserved form factor—quantifies local conservation violation
X. Ji, PRL78 (1997) 610
Polyakov & Son, JHEP 09 (2018) 156

https://inspirehep.net/literature/416559
https://inspirehep.net/literature/1684634
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How to get MFFs?How to get MFFs?
Lattice QCD

F Directly compute EMTmatrix elements

p p

Hackett, Pefkou & Shanahan, PRL 132 (2024) 251904

Exclusive reactions
F Deeply virtual Compton scattering
F Meson photo/electro-production
F Production amplitude formally related to

QCD EMT operator

p p

γ J/ψ

. . .

Hatta et al., PTEP (2025) ptaf076
Chatagnon et al., 2602.22128

F I’ll just talk about what you learn once you’ve got them.

Vector Quarkonia as Pressure Gauges (a recent CNFmini-workshop)

https://inspirehep.net/literature/2709825
https://inspirehep.net/literature/2871503
https://inspirehep.net/literature/3123578
https://www.femtocenter.org/cnf-mini-workshop-vector-quarkonia-pressure-gauges
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The controversiesThe controversies

C1 Proton mass
= Howmuch of the proton mass is due to quark mass?
= Can any of the proton’s mass be called “anomalous”?

C2 Proton spin
= Howmuch is carried by quark & gluon spin?
= Howmuch is orbital motion?

C3 Proton pressure
= Is it actually meaningful to talk about proton pressure?
= Do we actually learn anything about QCD forces?

C4 Proton densities
= How are relativistic densities defined?

T 00(x) T 01(x) T 02(x) T 03(x)

T 10(x) T 11(x) T 12(x) T 13(x)

T 20(x) T 21(x) T 22(x) T 23(x)

T 30(x) T 31(x) T 32(x) T 33(x)





Energy density

Momentum densities

Stress tensor



Proton MassProton Mass
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The energy densityThe energy density
F Proton mass = proton energy in rest frame
F Energy density is T 00(x)

T 00(x) T 01(x) T 02(x) T 03(x)

T 10(x) T 11(x) T 12(x) T 13(x)

T 20(x) T 21(x) T 22(x) T 23(x)

T 30(x) T 31(x) T 32(x) T 33(x)





Energy density

T µν(x) =

F Belinfante & kinetic tensors give same result:

T 00(x) =∑
q

mq q̄q︸ ︷︷ ︸
quark masses

+

quark kinetic energy︷ ︸︸ ︷∑
q

−i

2
q†α ·←→D q +F 0ρ

a F a 0
ρ + 1

4
F a
αβFαβ

a︸ ︷︷ ︸
gluon energy
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Static energyStatic energy

F Static energy given by spatial integral of energy density:

〈Ψ|Ĥ |Ψ〉 =
∫

d3x 〈Ψ|T̂ 00(x)|Ψ〉

Lorcé, Eur Phys J C 78 (2018) 120
Metz, Pasquini & Rodini, Phys Rev D 102 (2020) 114042
Lorcé, Metz, Pasquini & Rodini, JHEP 11 (2021) 121

https://inspirehep.net/literature/1605756
https://inspirehep.net/literature/1802122
https://inspirehep.net/literature/1927693
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Static energyStatic energy

F Static energy given by spatial integral of energy density:

〈Ψ|Ĥ |Ψ〉 =∑
s,s′

∫
d3x

∫
d3p

2Ep (2π)3

∫
d3p ′

2Ep ′(2π)3 〈Ψ|p ′, s′〉〈p ′, s′|T̂ 00(x)|p , s〉〈p , s|Ψ〉

Lorcé, Eur Phys J C 78 (2018) 120
Metz, Pasquini & Rodini, Phys Rev D 102 (2020) 114042
Lorcé, Metz, Pasquini & Rodini, JHEP 11 (2021) 121

https://inspirehep.net/literature/1605756
https://inspirehep.net/literature/1802122
https://inspirehep.net/literature/1927693
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F Static energy given by spatial integral of energy density:

〈Ψ|Ĥ |Ψ〉 =∑
s,s′

∫
d3x

∫
d3p

2Ep (2π)3

∫
d3p ′

2Ep ′(2π)3 〈Ψ|p ′, s′〉〈p ′, s′|ei P̂ ·x T̂ 00(0)e−i P̂ ·x |p , s〉〈p , s|Ψ〉

Lorcé, Eur Phys J C 78 (2018) 120
Metz, Pasquini & Rodini, Phys Rev D 102 (2020) 114042
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Static energyStatic energy
F Static energy given by spatial integral of energy density:

〈Ψ|Ĥ |Ψ〉 =∑
s,s′

∫
d3P

(2π)3

∫
d3∆

(2π)3

∫
d3x e−i∆·x ei (Ep′−Ep )t 〈p ′, s′|T̂ 00(0)|p , s〉

4Ep Ep ′
Ψ∗(p ′, s′)Ψ(p , s)

P = 1

2

(
p +p ′) ∆= p ′−p

Lorcé, Eur Phys J C 78 (2018) 120
Metz, Pasquini & Rodini, Phys Rev D 102 (2020) 114042
Lorcé, Metz, Pasquini & Rodini, JHEP 11 (2021) 121

https://inspirehep.net/literature/1605756
https://inspirehep.net/literature/1802122
https://inspirehep.net/literature/1927693
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Static energyStatic energy

F Static energy given by spatial integral of energy density:

〈Ψ|Ĥ |Ψ〉 =∑
s,s′

∫
d3P

(2π)3

∫
d3∆

(2π)3 (2π)3δ(3)(∆)ei (Ep′−Ep )t 〈p ′, s′|T̂ 00(0)|p , s〉
4Ep Ep ′

Ψ∗(p ′, s′)Ψ(p , s)

Lorcé, Eur Phys J C 78 (2018) 120
Metz, Pasquini & Rodini, Phys Rev D 102 (2020) 114042
Lorcé, Metz, Pasquini & Rodini, JHEP 11 (2021) 121

https://inspirehep.net/literature/1605756
https://inspirehep.net/literature/1802122
https://inspirehep.net/literature/1927693


26/103

Static energyStatic energy

F Static energy given by spatial integral of energy density:

〈Ψ|Ĥ |Ψ〉 =∑
s,s′

∫
d3P

2EP (2π)3

〈P , s′|T̂ 00(0)|P , s〉
2EP

Ψ∗(P , s′)Ψ(P , s)

Lorcé, Eur Phys J C 78 (2018) 120
Metz, Pasquini & Rodini, Phys Rev D 102 (2020) 114042
Lorcé, Metz, Pasquini & Rodini, JHEP 11 (2021) 121
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Static energyStatic energy

F Static energy given by spatial integral of energy density:

〈Ψ|Ĥ |Ψ〉 =∑
s

∫
d3P

2EP (2π)3

〈P , s|T̂ 00(0)|P , s〉
2EP

∣∣∣Ψ(P , s)
∣∣∣2

Lorcé, Eur Phys J C 78 (2018) 120
Metz, Pasquini & Rodini, Phys Rev D 102 (2020) 114042
Lorcé, Metz, Pasquini & Rodini, JHEP 11 (2021) 121

https://inspirehep.net/literature/1605756
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Static energyStatic energy

F Static energy given by spatial integral of energy density:

〈Ψ|Ĥ |Ψ〉 −−−−−−−−−−−−−−−−−→
zero-momentum plane wave

〈P , s|T̂ 00(0)|P , s〉
2m

≡ ⟪T 00⟫

F Gives the following proton mass decomposition:

⟪T 00⟫=∑
q
⟪mq q̄q⟫︸ ︷︷ ︸

quark masses

+

quark kinetic energy︷ ︸︸ ︷∑
q

−i

2
⟪q†α ·←→D q⟫+⟪F 0ρ

a F a 0
ρ + 1

4
F a
αβFαβ

a ⟫︸ ︷︷ ︸
gluon energy

Lorcé, Eur Phys J C 78 (2018) 120
Metz, Pasquini & Rodini, Phys Rev D 102 (2020) 114042
Lorcé, Metz, Pasquini & Rodini, JHEP 11 (2021) 121

https://inspirehep.net/literature/1605756
https://inspirehep.net/literature/1802122
https://inspirehep.net/literature/1927693
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Howmuch proton mass is quark mass?Howmuch proton mass is quark mass?

Misconception: around 1% Truth: 8-20%

T 00
mass =

∑
q

mq q̄q

F 1% assumes proton is three quarks (uud)
= …but we know that’s not true.
= There’s sea of quarks & anti-quarks

Metz, Pasquini & Rodini, Phys Rev D 102 (2020) 114042

https://inspirehep.net/literature/1802122
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Gluon trace anomalyGluon trace anomaly

F Gluon part of energy tensor is classically traceless:

ηµν

{
Fµρ

a F aν
ρ + 1

4
ηµνF a

αβFαβ
a

}
=−Fµν

a F a
µν+

4

4
F a
αβFαβ

a = 0

F Not true in the quantum theory!
= Quantities formally infinite without regularization & renormalization
= In dimensional regularization (d = 4−2ε):

F a
αβFαβ

a = C

ε
+finite

= Trace becomes:

ηµν

{
Fµρ

a F aν
ρ + 1

4
ηµνF a

αβFαβ
a

}
=−Fµν

a F a
µν+

d

4
F a
αβFαβ

a =− ε
2

F a
αβFαβ

a =−C

2
+O (ε) 6= 0

= Called the trace anomaly or conformal anomaly

F Does this anomalous trace imply an anomalous energy?
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Anomalous energy?Anomalous energy?

F What an anomalous energy would look like:

[
T 00

glue

]
R

?=∑
c

1

2

[
E 2

c +B 2
c

]
R +Eanomaly

F Complication: field operators have divergences that need to be renormalized
= Use dimreg! (d = 4−2ε)
= Isolate and subtract 1

ε divergences
= Caution: not allowed to subtract 1

ε or set d = 4 until the very end
= [. . .]R stands for renormalized quantity

F Actual gluon energy:

T 00
glue = F 0ρ

c F 0
cρ + 1

4
FcαβF αβ

c

= Can we rewrite in terms of chromoelectric and chromomagnetic fields?
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Renormalized gluonic energyRenormalized gluonic energy

Chromoelectric field
Vector field (d −1 components)

E i
c = F 0i

c

Chromomagnetic field
2-form field (1

2 (d −1)(d −2) components)

B i j
c = F i j

c

F Gluon energy (assume sum over c , even when not repeated):

T 00
glue = F 0ρ

c F 0
cρ + 1

4
FcαβF αβ

c

F And now we renormalize: [
T 00

glue

]
R = 1

2

[
E 2

c +B 2
c

]
R

= That’s it. No anomalous energy.
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Renormalized gluonic energyRenormalized gluonic energy

Chromoelectric field
Vector field (d −1 components)

E i
c = F 0i

c

Chromomagnetic field
2-form field (1

2 (d −1)(d −2) components)

B i j
c = F i j

c

F Gluon energy (assume sum over c , even when not repeated):

T 00
glue = F 0i

c F 0
ci +1

2
Fc0i F 0i

c +1

4
Fci j F i j

c

F And now we renormalize: [
T 00

glue

]
R = 1

2

[
E 2

c +B 2
c

]
R

= That’s it. No anomalous energy.
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Renormalized gluonic energyRenormalized gluonic energy

Chromoelectric field
Vector field (d −1 components)

E i
c = F 0i

c

Chromomagnetic field
2-form field (1

2 (d −1)(d −2) components)

B i j
c = F i j

c

F Gluon energy (assume sum over c , even when not repeated):

T 00
glue = E 2

c −
1

2
E 2

c +
1

2
B 2

c

F And now we renormalize: [
T 00

glue

]
R = 1

2

[
E 2

c +B 2
c

]
R

= That’s it. No anomalous energy.
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Renormalized gluonic energyRenormalized gluonic energy

Chromoelectric field
Vector field (d −1 components)

E i
c = F 0i

c

Chromomagnetic field
2-form field (1

2 (d −1)(d −2) components)

B i j
c = F i j

c

F Gluon energy (assume sum over c , even when not repeated):

T 00
glue =

1

2

(
E 2

c +B 2
c

)
F And now we renormalize: [

T 00
glue

]
R = 1

2

[
E 2

c +B 2
c

]
R

= That’s it. No anomalous energy.
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Origin of the myth of anomalous energyOrigin of the myth of anomalous energy

F There’s a commonmyth in the field that there’s an anomalous gluon energy.
F Arises from inconsistently applying renormalization rules—here’s how:

T 00
glue = F 0ρ

c F 0
cρ + 1

4
FcαβF αβ

c

F The mistake: drop apparent O (ε) factors:

F Correct procedure: recall E 2
c and B 2

c have 1
ε divergences:

Ji, Phys Rev D 52 (1995) 271

https://inspirehep.net/literature/392582
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F There’s a commonmyth in the field that there’s an anomalous gluon energy.
F Arises from inconsistently applying renormalization rules—here’s how:

T 00
glue = F 0ρ

c F 0
cρ + 1

d
FcαβF αβ

c +
(

d −4

4d

)
FcαβF αβ

c

F The mistake: drop apparent O (ε) factors:

F Correct procedure: recall E 2
c and B 2

c have 1
ε divergences:

Ji, Phys Rev D 52 (1995) 271

https://inspirehep.net/literature/392582
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Origin of the myth of anomalous energyOrigin of the myth of anomalous energy

F There’s a commonmyth in the field that there’s an anomalous gluon energy.
F Arises from inconsistently applying renormalization rules—here’s how:

T 00
glue = F 0ρ

c F 0
cρ + 1

d
FcαβF αβ

c︸ ︷︷ ︸
traceless part

+
(

d −4

4d

)
FcαβF αβ

c︸ ︷︷ ︸
traceful part

F The mistake: drop apparent O (ε) factors:

F Correct procedure: recall E 2
c and B 2

c have 1
ε divergences:

Ji, Phys Rev D 52 (1995) 271

https://inspirehep.net/literature/392582
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Origin of the myth of anomalous energyOrigin of the myth of anomalous energy

F There’s a commonmyth in the field that there’s an anomalous gluon energy.
F Arises from inconsistently applying renormalization rules—here’s how:

T 00
glue = F 0i

c F 0
ci + 2

d
Fc0i F 0i

c + 1

d
Fci j F i j

c +
(

d −4

4d

)(
C

ε
+finite

)

F The mistake: drop apparent O (ε) factors:

F Correct procedure: recall E 2
c and B 2

c have 1
ε divergences:

Ji, Phys Rev D 52 (1995) 271

https://inspirehep.net/literature/392582
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Origin of the myth of anomalous energyOrigin of the myth of anomalous energy

F There’s a commonmyth in the field that there’s an anomalous gluon energy.
F Arises from inconsistently applying renormalization rules—here’s how:

T 00
glue =

(
1− 2

d

)
E 2

c +
2

d
B 2

c +
(−ε

2d

)(
C

ε
+finite

)

F The mistake: drop apparent O (ε) factors:

F Correct procedure: recall E 2
c and B 2

c have 1
ε divergences:

Ji, Phys Rev D 52 (1995) 271

https://inspirehep.net/literature/392582
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Origin of the myth of anomalous energyOrigin of the myth of anomalous energy

F There’s a commonmyth in the field that there’s an anomalous gluon energy.
F Arises from inconsistently applying renormalization rules—here’s how:

T 00
glue =

(
1

2
− ε

4
+O (ε2)

)
E 2

c +
(

1

2
+ ε

4
+O (ε2)

)
B 2

c −
C

8
+O (ε)

F The mistake: drop apparent O (ε) factors:

F Correct procedure: recall E 2
c and B 2

c have 1
ε divergences:

Ji, Phys Rev D 52 (1995) 271
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Origin of the myth of anomalous energyOrigin of the myth of anomalous energy

F There’s a commonmyth in the field that there’s an anomalous gluon energy.
F Arises from inconsistently applying renormalization rules—here’s how:

T 00
glue =

(
1

2
− ε

4
+O (ε2)

)
E 2

c +
(

1

2
+ ε

4
+O (ε2)

)
B 2

c −
C

8
+O (ε)

F The mistake: drop apparent O (ε) factors:

T 00
glue =

1

2

(
E 2

c +B 2
c

)− C

8

F Correct procedure: recall E 2
c and B 2

c have 1
ε divergences:

Ji, Phys Rev D 52 (1995) 271

https://inspirehep.net/literature/392582
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Origin of the myth of anomalous energyOrigin of the myth of anomalous energy

F There’s a commonmyth in the field that there’s an anomalous gluon energy.
F Arises from inconsistently applying renormalization rules—here’s how:

T 00
glue =

(
1

2
− ε

4
+O (ε2)

)
E 2

c +
(

1

2
+ ε

4
+O (ε2)

)
B 2

c −
C

8
+O (ε)

F The mistake: drop apparent O (ε) factors:

[
T 00

glue

]
R = 1

2

[
E 2

c +B 2
c

]
R −C

8︸︷︷︸
anomalous energy

F Correct procedure: recall E 2
c and B 2

c have 1
ε divergences:

Ji, Phys Rev D 52 (1995) 271

https://inspirehep.net/literature/392582
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Origin of the myth of anomalous energyOrigin of the myth of anomalous energy

F There’s a commonmyth in the field that there’s an anomalous gluon energy.
F Arises from inconsistently applying renormalization rules—here’s how:

T 00
glue =

(
1

2
− ε

4
+O (ε2)

)
E 2

c +
(

1

2
+ ε

4
+O (ε2)

)
B 2

c −
C

8
+O (ε)

F The mistake: drop apparent O (ε) factors:

[
T 00

glue

]
R = 1

2

[
E 2

c +B 2
c

]
R −C

8︸︷︷︸
anomalous energy

F Correct procedure: recall E 2
c and B 2

c have 1
ε divergences:

T 00
glue =

1

2

(
E 2

c +B 2
c

)+ ε

4

(
B 2

c −E 2
c

)− C

8
+O (ε)

Ji, Phys Rev D 52 (1995) 271

https://inspirehep.net/literature/392582
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Origin of the myth of anomalous energyOrigin of the myth of anomalous energy
F There’s a commonmyth in the field that there’s an anomalous gluon energy.
F Arises from inconsistently applying renormalization rules—here’s how:

T 00
glue =

(
1

2
− ε

4
+O (ε2)

)
E 2

c +
(

1

2
+ ε

4
+O (ε2)

)
B 2

c −
C

8
+O (ε)

F The mistake: drop apparent O (ε) factors:

[
T 00

glue

]
R = 1

2

[
E 2

c +B 2
c

]
R −C

8︸︷︷︸
anomalous energy

F Correct procedure: recall E 2
c and B 2

c have 1
ε divergences:

T 00
glue =

1

2

(
E 2

c +B 2
c

)+ ε

4

(
B 2

c −E 2
c

)︸ ︷︷ ︸
= 1

2 FcαβF αβ
c

− C

8

Ji, Phys Rev D 52 (1995) 271

https://inspirehep.net/literature/392582
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Origin of the myth of anomalous energyOrigin of the myth of anomalous energy

F There’s a commonmyth in the field that there’s an anomalous gluon energy.
F Arises from inconsistently applying renormalization rules—here’s how:

T 00
glue =

(
1

2
− ε

4
+O (ε2)

)
E 2

c +
(

1

2
+ ε

4
+O (ε2)

)
B 2

c −
C

8
+O (ε)

F The mistake: drop apparent O (ε) factors:

[
T 00

glue

]
R = 1

2

[
E 2

c +B 2
c

]
R −C

8︸︷︷︸
anomalous energy

F Correct procedure: recall E 2
c and B 2

c have 1
ε divergences:

T 00
glue =

1

2

(
E 2

c +B 2
c

)+ ε

4

(
C

2ε
+finite

)
− C

8

Ji, Phys Rev D 52 (1995) 271

https://inspirehep.net/literature/392582
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Origin of the myth of anomalous energyOrigin of the myth of anomalous energy

F There’s a commonmyth in the field that there’s an anomalous gluon energy.
F Arises from inconsistently applying renormalization rules—here’s how:

T 00
glue =

(
1

2
− ε

4
+O (ε2)

)
E 2

c +
(

1

2
+ ε

4
+O (ε2)

)
B 2

c −
C

8
+O (ε)

F The mistake: drop apparent O (ε) factors:

[
T 00

glue

]
R = 1

2

[
E 2

c +B 2
c

]
R −C

8︸︷︷︸
anomalous energy

F Correct procedure: recall E 2
c and B 2

c have 1
ε divergences:

T 00
glue =

1

2

(
E 2

c +B 2
c

)+(
C

8
+O (ε)

)
− C

8

Ji, Phys Rev D 52 (1995) 271

https://inspirehep.net/literature/392582


31/103

Origin of the myth of anomalous energyOrigin of the myth of anomalous energy

F There’s a commonmyth in the field that there’s an anomalous gluon energy.
F Arises from inconsistently applying renormalization rules—here’s how:

T 00
glue =

(
1

2
− ε

4
+O (ε2)

)
E 2

c +
(

1

2
+ ε

4
+O (ε2)

)
B 2

c −
C

8
+O (ε)

F The mistake: drop apparent O (ε) factors:

[
T 00

glue

]
R = 1

2

[
E 2

c +B 2
c

]
R −C

8︸︷︷︸
anomalous energy

F Correct procedure: recall E 2
c and B 2

c have 1
ε divergences:

T 00
glue =

1

2

(
E 2

c +B 2
c

)
Ji, Phys Rev D 52 (1995) 271

https://inspirehep.net/literature/392582
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Origin of the myth of anomalous energyOrigin of the myth of anomalous energy

F There’s a commonmyth in the field that there’s an anomalous gluon energy.
F Arises from inconsistently applying renormalization rules—here’s how:

T 00
glue =

(
1

2
− ε

4
+O (ε2)

)
E 2

c +
(

1

2
+ ε

4
+O (ε2)

)
B 2

c −
C

8
+O (ε)

F The mistake: drop apparent O (ε) factors:

[
T 00

glue

]
R = 1

2

[
E 2

c +B 2
c

]
R −C

8︸︷︷︸
anomalous energy

F Correct procedure: recall E 2
c and B 2

c have 1
ε divergences:[

T 00
glue

]
R = 1

2

[
E 2

c +B 2
c

]
R

Ji, Phys Rev D 52 (1995) 271

https://inspirehep.net/literature/392582
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Proton mass decompositionProton mass decomposition

F The most sensible proton mass breakdown has three terms:

T 00 =∑
q

mq q̄q︸ ︷︷ ︸
quark masses

+

quark kinetic energy︷ ︸︸ ︷∑
q

−i

2
q†α ·←→D q +F 0ρ

a F a 0
ρ + 1

4
F a
αβFαβ

a︸ ︷︷ ︸
gluon energy

Scenario A, MS fromMPR PRD

F In terms of mechanical form factors …

〈T 00
quark〉 = m

(
Aq (0)+ c̄q (0)

)
〈T 00

glue〉 = m
(

Ag (0)+ c̄g (0)
)

= Mechanical form factors insufficient to separate quark mass & kinetic energy

Lorcé, Eur Phys J C 78 (2018) 120
Metz, Pasquini & Rodini, Phys Rev D 102 (2020) 114042
Lorcé, Metz, Pasquini & Rodini, JHEP 11 (2021) 121

https://inspirehep.net/literature/1605756
https://inspirehep.net/literature/1802122
https://inspirehep.net/literature/1927693
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Momentum densitiesMomentum densities
F Momentum densities are the top row of the energy-momentum tensor

T 00(x) T 01(x) T 02(x) T 03(x)

T 10(x) T 11(x) T 12(x) T 13(x)

T 20(x) T 21(x) T 22(x) T 23(x)

T 30(x) T 31(x) T 32(x) T 33(x)





Momentum densities

T µν(x) =

F Classically, (orbital) angular momentum given by:

L = r ×p

F Define (orbital) angular momentum density via:

Li (x) = εi j k x j T 0k (x)

Leader & Lorcé, Phys Rept 541 (2014) 163

https://inspirehep.net/literature/1254431
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Beware of twisted protonsBeware of twisted protons

F Caution: proton wave packet can carry angular momentum!
= Need to avoid this when building spin sum rules
= Use spherical wave packets, zero average momentum

〈Ψ|L̂i |Ψ〉 = εi j k

∫
d3x x j 〈Ψ|T̂ 0k (x)|Ψ〉

F Use a spin-up (z-axis) state; in terms ofmechanical form factors:

〈Ψ|L̂q,g |Ψ〉 = Jq,g (0)−Sq,g (0)

= Different energy tensors imply different proton spin breakdowns
= Caution: what’s meant by Jq,g (0) and Sq,g (0) can also differ between energy tensors!
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∫
d3p

2Ep (2π)3

∫
d3p ′
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F Caution: proton wave packet can carry angular momentum!
= Need to avoid this when building spin sum rules
= Use spherical wave packets, zero average momentum

〈Ψ|L̂i |Ψ〉 =∑
s,s′
εi j k

∫
d3P

(2π)3

∫
d3∆

(2π)3

∫
d3x x j e−i∆·x ei∆E t 〈p ′, s′|T̂ 0k (0)|p , s〉

4Ep Ep ′
Ψ∗(p ′, s′)Ψ(p , s)
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Beware of twisted protonsBeware of twisted protons

F Caution: proton wave packet can carry angular momentum!
= Need to avoid this when building spin sum rules
= Use spherical wave packets, zero average momentum

〈Ψ|L̂i |Ψ〉 =−i
∑
s,s′
εi j k

∫
d3P

(2π)3

∫
d3∆

(2π)3

∫
d3x e−i∆·x ∂

∂∆ j

[
ei∆E t 〈p ′, s′|T̂ 0k (0)|p , s〉

4Ep Ep ′
Ψ′∗Ψ

]

F Use a spin-up (z-axis) state; in terms ofmechanical form factors:

〈Ψ|L̂q,g |Ψ〉 = Jq,g (0)−Sq,g (0)
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= Use spherical wave packets, zero average momentum

〈Ψ|L̂i |Ψ〉 =−i
∑
s,s′
εi j k

∫
d3P

(2π)3

∫
d3∆

(2π)3 (2π)3δ(3)(∆)
∂

∂∆ j
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ei∆E t 〈p ′, s′|T̂ 0k (0)|p , s〉

4Ep Ep ′
Ψ′∗Ψ
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Beware of twisted protonsBeware of twisted protons

F Caution: proton wave packet can carry angular momentum!
= Need to avoid this when building spin sum rules
= Use spherical wave packets, zero average momentum

〈Ψ|L̂i |Ψ〉 =−i
∑
s,s′
εi j k

∫
d3P

(2π)3

∂

∂∆ j

[
〈p ′, s′|T̂ 0k (0)|p , s〉ei∆E tΨ∗(p ′, s′)Ψ(p , s)

4Ep Ep ′︸ ︷︷ ︸
stationary at∆= 0 for spherical wave packet

]∣∣∣∣
∆=0
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= Use spherical wave packets, zero average momentum

〈Ψ|L̂i |Ψ〉 =−i
∑
s,s′
εi j k

∫
d3P

(2π)3

∂

∂∆ j

[
〈p ′, s′|T̂ 0k (0)|p , s〉

2EP

]∣∣∣∣
∆=0
Ψ∗(P , s′)Ψ(P , s)
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Beware of twisted protonsBeware of twisted protons

F Caution: proton wave packet can carry angular momentum!
= Need to avoid this when building spin sum rules
= Use spherical wave packets, zero average momentum

〈Ψ|L̂i |Ψ〉 =−i
∑
s,s′
εi j k

∂

∂∆ j

[
〈p ′, s′|T̂ 0k (0)|p , s〉

2m

]∣∣∣∣
∆=0

F Use a spin-up (z-axis) state; in terms ofmechanical form factors:

〈Ψ|L̂q,g |Ψ〉 = Jq,g (0)−Sq,g (0)

= Different energy tensors imply different proton spin breakdowns
= Caution: what’s meant by Jq,g (0) and Sq,g (0) can also differ between energy tensors!
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A tale of two sum rulesA tale of two sum rules
C1 Jaffe-Manohar sum rule

J =∑
q

∫
d3x x ×q†(−i∇∇∇)q︸ ︷︷ ︸

Lq

+∑
q

∫
d3x q†σ

4
q︸ ︷︷ ︸

Sq

+
∫

d3x Ea × Aa︸ ︷︷ ︸
Lg

+
∫

d3x E i
a(x ×∇∇∇)Ai

a︸ ︷︷ ︸
Sg

= Motivated by canonical energy tensor
= Not gauge-invariant, but correct rotation generators

D Chen decomposition picks out Coulomb gauge
C2 Ji sum rule

J =∑
q

∫
d3x x ×q†(−iD)q︸ ︷︷ ︸

Lq

+∑
q

∫
d3x q†σ

4
q︸ ︷︷ ︸

Sq

+
∫

d3x x × (Ea ×Ba)︸ ︷︷ ︸
Jg

= Motivated by kinetic energy tensor
= Gauge-invariant, but not rotation generators

Jaffe &Manohar, Nucl Phys B 337 (1990) 509
Ji, Phys Rev Lett 78 (1997) 610
Leader & Lorcé, Phys Rept 541 (2014) 163

https://inspirehep.net/literature/277754
https://inspirehep.net/literature/416559
https://inspirehep.net/literature/1254431
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Jaffe-Manohar decompositionJaffe-Manohar decomposition

J =∑
q

∫
d3x x ×q†(−i∇∇∇)q︸ ︷︷ ︸

Lq

+∑
q

∫
d3x q†σ

4
q︸ ︷︷ ︸

Sq

+
∫

d3x Ea × Aa︸ ︷︷ ︸
Lg

+
∫

d3x E i
a(x ×∇∇∇)Ai

a︸ ︷︷ ︸
Sg

F Orbital pieces come from εi j k x j T 0k
can(x)

F Spin pieces come from (missing) Belinfante improvement terms
F All pieces obey [Ji , J j ] = iεi j k Jk individually
F Pieces act like rotation generators:

[Lq,i , q] = i (x ×∇∇∇)i q

[Sq,i , q] =−1

4
σi q

[Lg ,i , Aa
j ] = i (x ×∇∇∇)i Aa

j

[Sg ,i , Aa
j ] = iεi j k Aa

k

Jaffe &Manohar, Nucl Phys B 337 (1990) 509
Leader & Lorcé, Phys Rept 541 (2014) 163
I didn’t make a pie chart because the numbers are basically unknown.

https://inspirehep.net/literature/277754
https://inspirehep.net/literature/1254431
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Ji decompositionJi decomposition

J =∑
q

∫
d3x x ×q†(−iD)q︸ ︷︷ ︸

Lq

+∑
q

∫
d3x q†σ

4
q︸ ︷︷ ︸

Sq

+
∫

d3x x × (Ea ×Ba)︸ ︷︷ ︸
Jg

F Gluon piece and quark orbital piece come from εi j k x j T 0k
can(x)

F Quark spin piece comes from (missing) Belinfante improvement term

F Gauge-invariant breakdown!

F …but pieces are not rotation generators

Ji, Phys Rev Lett 78 (1997) 610
Leader & Lorcé, Phys Rept 541 (2014) 163
Alexandrou et al., Phys Rev D 101 (2020) 094513 (numbers for pie chart)

https://inspirehep.net/literature/416559
https://inspirehep.net/literature/1254431
https://inspirehep.net/literature/1787020
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The stress tensorThe stress tensor

F 3×3 sub-matrix of the energy-momentum tensor.

T 00(x) T 01(x) T 02(x) T 03(x)

T 10(x) T 11(x) T 12(x) T 13(x)

T 20(x) T 21(x) T 22(x) T 23(x)

T 30(x) T 31(x) T 32(x) T 33(x)





Stress tensor

−−−−−−−→
x 7→x−ξ(x)

F Work needed to deform a system:

W
[

x 7→ x −ξ(x)
]=−

∫
d3x

stress tensor︷ ︸︸ ︷
T i j

QCD(x)
( strain︷ ︸︸ ︷

1
2

(
∂iξ

j (x)+∂ jξ
i (x)

)+ torsion︷ ︸︸ ︷
1
2

(
∂iξ

j (x)−∂ jξ
i (x)

))
= Stress: internal forces resisting spatial deformation
= Deformations are a virtual pressure gauge

Lorcé, Metz, Pasquini & Rodini, JHEP 11 (2021) 121
AF, PRD 113 (2026) 016011

https://inspirehep.net/literature/1927693
https://inspirehep.net/literature/2929752
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Stress & momentum flux densityStress & momentum flux density

F Continuity equation (integral form):

d

dt

[∫
V

d3x T 0 j (x , t )
]

︸ ︷︷ ︸
Momentum in region

=−
∮
∂V

dS n̂i T i j (x , t )︸ ︷︷ ︸
Flux out of region

F Stresses aremomentum flux densities
= Include particle fluxes& forces

T 00(x) T 01(x) T 02(x) T 03(x)

T 10(x) T 11(x) T 12(x) T 13(x)

T 20(x) T 21(x) T 22(x) T 23(x)

T 30(x) T 31(x) T 32(x) T 33(x)



T µν(x) =

Particle flux Force
F Kinetic pressure is pressure

= It’s the microscopic origin of gas & fluid pressure
= Photon flux is the origin of radiation pressure

Sisyphus image: Miikka Holkeri (website)

https://holkeri.fi/2021/04/23/the-myth-of-sisyphus.html
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Positive or negative stress?Positive or negative stress?

Image: MikeRun (Wikimedia), very modified

Hanging monkeys
F Negative stress / negative “pressure”
F Tension / pulling / stretching
F Highest monkey under most tension

∇i T i j =−ρg ẑ j = f j
grav

Monkey image by Angie Freese (Instagram)

Stacked Turtles
F Positive stress / positive “pressure”
F Compression / pushing / squishing
F More compression at bottom of pile

∇i T i j =−ρg ẑ j = f j
grav

Turtle image by FoxKids1302 (DeviantArt)

https://upload.wikimedia.org/wikipedia/commons/2/2a/Different-types-of-mechanical-stress_EN.svg
https://www.instagram.com/wolical
https://www.deviantart.com/foxkids1302/art/Turtle-stacking-602959976
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Cauchy momentum equationCauchy momentum equation
Fup =+3M g

Fdown =−2M g

Fg =−M g

F Cauchy momentum equation for an open, static system:

f j
net(x , t ) = f j

external(x , t ) − ∇i T i j (x , t ) = 0

= Balance between external forces& internal forces
= Can infer external forces from stress tensor!

F Works for expectation values in quantum systems!

〈 f j
external(x , t )〉 =∇i 〈T i j (x , t )〉

= Schrödinger, Ann. Phys. 387 (1927) 265
= Nielsen &Martin, PRB 32 (1985) 3780
= Polyakov & Son, JHEP 09 (2018) 156

F Stress tensor in atom returns Coulomb force law!
= AF, PRD 111 (2025) 034047
= Could map out strong nuclear forces via stress tensor!

Monkey image by Angie Freese (Instagram)

https://doi.org/10.1002/andp.19273870211
https://inspirehep.net/literature/224009
https://inspirehep.net/literature/1684634
https://inspirehep.net/literature/2859392
https://www.instagram.com/wolical
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About that divergence-free partAbout that divergence-free part

F Both donkeys have the same ∇i T i j

∇i T i j =−ρg ẑ j

= Only their D-term (donkey term?) differs.
= Divergence-free part describes (potentially large) mutually-cancelling internal stresses.
= This is physical and can be felt.
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Static stress tensorStatic stress tensor
F Define a static stress tensor:

t
i j
q,g (r ) ≡

∫
d3∆

2E∆/2(2π)3

〈
∆
2 , s

∣∣∣T̂ i j
q,g (0)

∣∣∣−∆
2 , s

〉
e−i∆·r

= This is a definition—not derived
= The definition is controversial—we’ll get to that next lecture
= Let’s roll with it for now

F In terms ofmechanical form factors:

t
i j
q,g (r ) =

∫
d3∆

(2π)3

(
∆i∆ j −δi j∆2

4m
Dq,g (∆2)−mδi j c̄q,g (∆2)

)
e−i∆·r

= Dq (∆2) and c̄q (∆2) form factors describe internal stresses!
F Cauchy momentum equation gives average force felt by quarks or gluons:

〈 f j
q,g (r )〉 =−m∇ j

∫
d3∆

(2π)3 c̄q,g (∆2)e−i∆·r

Polyakov, Phys Lett B 555 (2003) 57
Polyakov & Schweitzer, Int J Mod Phys A 33 (2018) 1830025
Polyakov & Son, JHEP 09 (2018) 156

https://inspirehep.net/literature/599384
https://inspirehep.net/literature/1673717
https://inspirehep.net/literature/1684634
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Internal stresses: Cartesian vs. spherical coordinatesInternal stresses: Cartesian vs. spherical coordinates

ti j =
 txx tx y txz

ty x ty y ty z

tzx tz y tzz

−−−−−−−−−−−−−→
spherical coordinates

 pr 0 0
0 pt 0
0 0 pt



←−−−−−−−
shear strain

s

p −−−−−−−−→
local rotation p ′

F Normal stresses induce compression or expansion (tension)
F Shear stresses cause medium to shear
F Shear stresses eliminated by diagonalization—get principal stresses

C.S. Jog, ContinuumMechanics
Polyakov & Schweitzer, Int J Mod Phys A (2018)

normal stresses (pressures)shear stress

https://www.google.com/books/edition/Continuum_Mechanics_Volume_1/lN1wCgAAQBAJ
https://inspirehep.net/literature/1673717
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Simple pressure modelSimple pressure model
F Start with a closed system (sum quarks & gluons—no c̄):

ti j (r ) =
∫

d3∆

(2π)3

∆i∆ j −δi j∆2

4m
D(∆2)e−i∆·r = −∇i∇ j +δi j∇∇∇2

4m

∫
d3∆

(2π)3 D(∆2)e−i∆·r︸ ︷︷ ︸
≡D(r )

Polyakov pressure potential

F Simple tripole (denominator cubed)model:

D(∆2) = D0

(1+∆2/Λ2)3 =⇒ D(r ) = D0Λ
3

32π

(
1+ rΛ

)
e−rΛ

= Pretend this is a homework problem
(Hint: Fourier transform a dipole first, then differentiate with respect toΛ)

= Tripole from perturbative QCD; D0 &Λ from experiment or lattice
F Stress tensor becomes:

ti j (r ) =− D0Λ
5

128πm

{(
r̂ i r̂ j − 1

3δ
i j

)
︸ ︷︷ ︸

shear stresses

Λr + 2

3

(
3−Λr

)
δi j︸︷︷︸

isotropic pressure

}
e−Λr
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Isotropic pressureIsotropic pressure

ti j (r ) =− D0Λ
5

128πm

{ shear stresses︷ ︸︸ ︷(
r̂ i r̂ j − 1

3δ
i j

)
Λr + 2

3

(
3−Λr

)isotropic pressure︷︸︸︷
δi j

}
e−Λr

The JLab Nature paper
F Burkert, Elouadrhiri & Girod, Nature (2018)
F Assumed tripole form for D(∆2)

F Fit D (q)
0 ≈−1.66 from CLAS DVCS data

F Isotropic pressure: average over directions
F Caution: has only quarks, but missing c̄q (∆2)

https://inspirehep.net/literature/1673606
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Isotropic pressureIsotropic pressure

ti j (r ) =− D0Λ
5

128πm

{ shear stresses︷ ︸︸ ︷(
r̂ i r̂ j − 1

3δ
i j

)
Λr + 2

3

(
3−Λr

)isotropic pressure︷︸︸︷
δi j

}
e−Λr

The other JLab Nature paper
F Duran &al., Nature (2023)
F Gets the gluon Dg (∆2)!

F D (g )
0 ≈−1.8,Λ≈ 1.12 GeV fromHall C data

(using Mamo-Zahed approach)

F Figure from Joosten &al., 2602.14416
(same experiment—J/ψ-007)

https://inspirehep.net/literature/2110821
https://inspirehep.net/literature/3120607
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Isotropic pressureIsotropic pressure

ti j (r ) =− D0Λ
5

128πm

{ shear stresses︷ ︸︸ ︷(
r̂ i r̂ j − 1

3δ
i j

)
Λr + 2

3

(
3−Λr

)isotropic pressure︷︸︸︷
δi j

}
e−Λr

0.0 0.5 1.0 1.5 2.0 2.5
r (fm)

−0.2

0.0

0.2

0.4

4π
r2
p(
r)

(G
eV

/f
m

)

Combined tripole form

p(r ) =− D0Λ
5

192πm

(
3−Λr

)
e−Λr

D0 = D (q)
0 +D (g )

0 =−3.46

Λ= 1.12 GeV

Burkert, Elouadrhiri & Girod, Nature (2018)
Duran &al., Nature (2023)

https://inspirehep.net/literature/1673606
https://inspirehep.net/literature/2110821
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Shear stressShear stress

ti j (r ) =− D0Λ
5

128πm

{ shear stresses︷ ︸︸ ︷(
r̂ i r̂ j − 1

3δ
i j

)
Λr + 2

3

(
3−Λr

)isotropic pressure︷︸︸︷
δi j

}
e−Λr

0.0 0.5 1.0 1.5 2.0 2.5
r (fm)

0.0

0.1

0.2

0.3

0.4

4π
r2
s(
r)

(G
eV

/f
m

)

Combined tripole form

s(r ) =− D0Λ
5

128πm
e−Λr

D0 = D (q)
0 +D (g )

0 =−3.46

Λ= 1.12 GeV

Burkert, Elouadrhiri & Girod, Nature (2018)
Duran &al., Nature (2023)

F Recall: shear stress comes frommisalignment with principal axes

https://inspirehep.net/literature/1673606
https://inspirehep.net/literature/2110821
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Shear stressShear stress

ti j (r ) =− D0Λ
5

128πm

{ shear stresses︷ ︸︸ ︷(
r̂ i r̂ j − 1

3δ
i j

)
Λr + 2

3

(
3−Λr

)isotropic pressure︷︸︸︷
δi j

}
e−Λr

0.0 0.5 1.0 1.5 2.0 2.5
r (fm)

0.0

0.1

0.2

0.3

0.4

4π
r2
s(
r)

(G
eV

/f
m

)

F Recall: shear stress comes frommisalignment with principal axes
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Radial pressureRadial pressure

ti j (r ) =− D0Λ
5

128πm

{
2

radial stress︷︸︸︷
r̂ i r̂ j + (

2−Λr
)tangential stresses︷ ︸︸ ︷(
δi j − r̂ i r̂ j

)}
e−Λr

Combined tripole form

pr (r ) =− D0Λ
5

64πm
e−Λr

D0 = D (q)
0 +D (g )

0 =−3.46

Λ= 1.12 GeV

Burkert, Elouadrhiri & Girod, Nature (2018)
Duran &al., Nature (2023)
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F Radial pressure is strictly positive in the proton (but not in all systems)

https://inspirehep.net/literature/1673606
https://inspirehep.net/literature/2110821
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Tangential pressure and tensionTangential pressure and tension

ti j (r ) =− D0Λ
5

128πm

{
2

radial stress︷︸︸︷
r̂ i r̂ j + (

2−Λr
)tangential stresses︷ ︸︸ ︷(
δi j − r̂ i r̂ j

)}
e−Λr

Combined tripole form

pt (r ) =− D0Λ
5

128πm

(
2−Λr

)
e−Λr

D0 = D (q)
0 +D (g )

0 =−3.46

Λ= 1.12 GeV

Burkert, Elouadrhiri & Girod, Nature (2018)
Duran &al., Nature (2023)
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F Diffuse tangential tension
F Proton is like a liquid drop with a very fuzzy, diffuse boundary

https://inspirehep.net/literature/1673606
https://inspirehep.net/literature/2110821


50/103

Stability conditions: von Laue conditionStability conditions: von Laue condition
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von Laue condition

∫
d3r p(r ) = 0

F Satisfied for every hadron
F Can be shown from:

〈p|T i j (0)|p〉 = 0

von Laue, Annalen Phys 340 (1911) 524
Polyakov & Schweitzer, Int J Mod Phys A 33 (2018) 1830025

https://inspirehep.net/literature/1703313
https://inspirehep.net/literature/1673717


51/103

Stability conditions: Polyakov’s conjectureStability conditions: Polyakov’s conjecture
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Polyakov’s conjecture

D(0) = m
∫

d3r r 2p(r ) < 0

F Seems to be true for hadrons
F Seems intuitive:

= Compression against collapse
= Tension against disintegration

F Is false for some systems!
Perevalova, Polyakov & Schweitzer, PRD 94 (2016) 054024
Polyakov & Schweitzer, Int J Mod Phys A 33 (2018) 1830025

https://inspirehep.net/literature/1477829
https://inspirehep.net/literature/1673717
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Sign of the D-termSign of the D-term
Hydrogen atom

D(0) = M

µ
−1 > 0
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]
Ji, Yang & Liu, PRD 110 (2024) 114045
AF, Phys Rev D 111 (2025) 034047

https://inspirehep.net/literature/2134228
https://inspirehep.net/literature/2859392
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Sign of the D-termSign of the D-term
Hydrogen atom

D(0) = M

µ
−1 > 0

Other counterexamples
F Photon

AF&Cosyn, PRD 106 (2022) 114014

F Electron in QED
Metz, Pasquini & Rodini, PLB 820 (2021) 136501

F Proton with QED turned on!
Mejia & Schweitzer, PRD 113 (2026) 054016
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Ji, Yang & Liu, PRD 110 (2024) 114045
AF, Phys Rev D 111 (2025) 034047

https://inspirehep.net/literature/2121018
https://inspirehep.net/literature/1857568
https://inspirehep.net/literature/3087417
https://inspirehep.net/literature/2134228
https://inspirehep.net/literature/2859392
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Why stress in the deuteron?Why stress in the deuteron?

F Deuteron is a non-relativistic system
= Can put off debate about relativistic densities
= Can use old-fashioned quantummechanics

F Spin one – richer stress tensor

F Connection to nuclear force

F Visualizations are really cool −2 −1
0

1
2

x (fm) −2

−1

0

1

2

y
(fm

)

−2

−1

0

1

2

z
(f

m
)

mj = 0, isoradial pressure

−0.02 −0.01 0.00 0.01 0.02

Pressure (GeV/fm3)
Cosyn, AF & Sosa, Phys Rev C 113 (2026) 055208
AF & Sosa, deupack (code to make plots)

https://inspirehep.net/literature/3122080
https://github.com/adamfreese/deupack
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Mechanical form factors: spin-zeroMechanical form factors: spin-zero

F Energy-momentum tensor parametrized usingmechanical form factors (MFFs)

〈p ′|T̂ µν
q,g (0)|p〉 = 2m

{
PµPν

m
Aq,g (∆2)+ ∆µ∆ν− gµν∆2

4m
Dq,g (∆2)+mgµνc̄q,g (∆2)

}
F General form from Lorentz covariance
F MFFs encode hadron structure

Pµ = 1

2

(
p +p ′)µ

∆µ = (p ′−p)µ p p ′

∆

Kobzarev &Okun, Sov Phys JETP 16 (1963) 1343
H. Pagels, Phys Rev 144 (1966) 1250
X. Ji, PRL78 (1997) 610

https://inspirehep.net/literature/42872
https://inspirehep.net/literature/50537
https://inspirehep.net/literature/416559
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Mechanical form factors: spin-halfMechanical form factors: spin-half
F Spin-half has new vector-polarized/dipoleMechanical form factors:

〈p ′, s′|T̂ µν
q,g (0)|p , s〉 = ū(p ′, s′)

{
PµPν

m
Aq,g (∆2)+ ∆µ∆ν− gµν∆2

4m
Dq,g (∆2)+mc̄q,g (∆2)

+ i P {µσν}∆

2m
Jq,g (∆2)− i P [µσν]∆

2m
Sq,g (∆2)︸ ︷︷ ︸

antisymmetric structure

}
u(p , s)

= New structures related to spin/angular momentum
= Antisymmetric part related to elementary fermion spin

F Non-relativistic formula (for stress tensor):

〈p ′, s′|T̂ ab
q (0)|p , s〉 = P aP b

m
Aq (∆2)δs′s + ∆a∆b −δab∆2

4m
Dq (∆2)δs′s −mδab c̄q (∆2)δs′s

− i (∆×σs′s){aP b}

2m
Jq (∆2)− i (∆×σs′s)[aP b]

2m
Sq (∆2)

Won& Lorcé, PRD 111 (2025) 094021
AF, PRD 112 (2025) 034037

https://inspirehep.net/literature/2898781
https://inspirehep.net/literature/2919771
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Form factor breakdown: spin-oneForm factor breakdown: spin-one
〈p ′, s′d |T̂ i j (0)|p, sd 〉 = Mdεaε

′∗
b

{
P i P j

M 2
d

[
δab AU (∆2)+Y ab

2 (∆̂)
∆2

2M 2
d

AT (∆2)

]
+ 1

2M 2
d

(
δa{i∆b −δb{i∆a

)
P j } J (∆2)

+ ∆i∆ j −δi j∆2

4M 2
d

[
δabDU (∆2)+Y ab

2 (∆̂)
∆2

2M 2
d

DT 1(∆2)

]
−δi j

[
δab c̄U (∆2)+Y ab

2 (∆̂)
∆2

2M 2
d

c̄T 1(∆2)

]

+ 1

2M 2
d

[
Q j l abY i l

2 (∆̂)+Q l i abY l j
2 (∆̂)−Qkl abY kl

2 (∆̂)δi j − 1

3
Q i j ab

]
DT 2(∆2)−Q i j ab c̄T 2(∆2)

+ 1

2M 2
d

(
δa[i∆b −δb[i∆a

)
P j ]S(∆2)+ ∆2

4M 2
d

(
δa[i Y j ]b

2 (∆̂)+δb[i Y j ]a
2 (∆̂)

)
s̄(∆2)︸ ︷︷ ︸

antisymmetric structure

}

F Unpolarized/monopole ( j ≥ 0)
F vector-polarized/dipole ( j ≥ 1

2 )
F tensor-polarized/quadrupole ( j ≥ 1)

Cosyn et al., EPJC 79 (2019) 476
Polyakov & Sun, PRD 100 (2019) 036003

Y i j
2 (r̂ ) = r̂ i r̂ j − 1

3
δi j : harmonic tensor

Q i j ab = 1

3
δi jδab − 1

2
δa{iδ j }b : quadrupole tensor

https://inspirehep.net/literature/1722844
https://inspirehep.net/literature/1724054
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Polyakov & Sun, PRD 100 (2019) 036003

https://inspirehep.net/literature/1722844
https://inspirehep.net/literature/1724054
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F c̄-like give forces via Cauchy momentum equation:

f j =∇i T i j = c̄-like terms

https://inspirehep.net/literature/1722844
https://inspirehep.net/literature/1724054
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Sum rulesSum rules
F Momentum sum rule: ∑

constituents
A(n)

U (0) = 1

F Angular momentum sum rule (generalized Ji sum rule):∑
constituents

J (n)(0) = 1

F Local momentum conservation:∑
n

c̄(n)
U (∆2) =∑

n
c̄(n)

T 1 (∆2) =∑
n

c̄(n)
T 2 (∆2) =∑

n
s̄(n)(∆2) = 0

= Violated for open sub-systems
= Non-zero c̄-like form factors quantify forces—Cauchy momentum equation!

〈 f j
s′s (b)〉 =∇i

∫
d3∆

(2π)3 〈p ′, s′|T̂ i j (0)|p , s〉e−i∆·b ∼ c̄-like terms

= Called non-conserved form factors—quantify local conservation violation
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Nucleon contributions to the deuteronNucleon contributions to the deuteron
F Stress tensor breaks down into one-body and two-body contributions

T̂ i j = T̂ i j
p + T̂ i j

n︸ ︷︷ ︸
one-body (impulse approximation)

+
interaction contribution︷ ︸︸ ︷

T̂ i j
interaction

= Only considering one-body contributions for now
= Nucleons are an open sub-system of the deuteron (neglects pions etc.)
= Interaction contributions (future work) include pion exchange, etc.

F Matrix element evaluated via two-particle completeness relations:

〈p ′
d , s′d |T̂

i j
p |pd , sd 〉 =

∑
sp ,sn ,s′p

∫
d3r ei ∆·r2 ψ

∗(s′d ;s′p ,sn )

d (r )〈p ′
p , s′p |T̂ i j

p |pp , sp〉︸ ︷︷ ︸
nucleon stress tensor

ψ
(sd ;sp ,sn )
d (r )

∣∣∣
Pp= 1

2 (Pd−i
←→∇∇∇ )

= Use non-relativistic spin-half breakdown formula for nucleon matrix element
= Use realistic nucleonMFFs from lattice, holography, meson dominance, …

Cosyn, AF & Sosa, Phys Rev C 113 (2026) 055208

https://inspirehep.net/literature/3122080
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Symmetric conserved form factorsSymmetric conserved form factors
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Cosyn, AF & Sosa, Phys Rev C 113 (2026) 055208

https://inspirehep.net/literature/3122080
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Group comparisons: A-like form factorsGroup comparisons: A-like form factors
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F AU (0) = 1 —momentum sum rule

F J (0) = 1 — spin sum rule

F AT (0) = (2mN )2Qd ≈ 25 —quadrupole moment
= Different wave functions =⇒ different quadrupole moments

Cosyn, AF & Sosa, Phys Rev C 113 (2026) 055208

https://inspirehep.net/literature/3122080
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Group comparisons: D-like form factorsGroup comparisons: D-like form factors
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F DU (∆2) all agree
F DT 1(0) ≈ 4DN (0)(2mN )2Qd — is finite

= We agree with Panteleeva et al. (but have differentQd )
= Older Freese & Cosyn result unstable for very small∆2

= Blowup in He & Zahed from their substitution:

Pµ

N → Pµ

N − (∆ ·PN )

∆2 ∆µ

F DT 2(∆2) all disagree— sensitive to minor differences in dynamics
Cosyn, AF & Sosa, Phys Rev C 113 (2026) 055208

https://inspirehep.net/literature/3122080
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Non-conserved form factorsNon-conserved form factors
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F New calculation

F Quantifies nuclear force on nucleons
= Depends on deuteron wave function

F Incorporates finite nuclear size (smearing)
= Depends on nucleon form factors

Cosyn, AF & Sosa, Phys Rev C 113 (2026) 055208

https://inspirehep.net/literature/3122080
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Antisymmetric form factorsAntisymmetric form factors
S(∆2) quantifies spin density

(via Fourier transform)
s̄(∆2) quantifies torsion stress

(via Fourier transform)
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Cosyn, AF & Sosa, Phys Rev C 113 (2026) 055208

https://inspirehep.net/literature/3122080
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Mass density: formulasMass density: formulas
F Mass density given by 3D Fourier transform:

as′s(b) = εaε
′∗
b Md

∫
d3∆

(2π)3

[
δab AU (∆2)+ ∆2

2M 2
d

Y ab
2 (∆̂)AT (∆2)

]
e−i∆·b

F Can be turned into 1D Bessel transforms:

aU (b) = Md

2π2

∫ ∞

0
d∆∆2 AU (∆2) j0(b∆)

aT (b) = Md

2π2

∫ ∞

0
d∆

∆4

M 2
d

AT (∆2) j2(b∆)

F Mixtures ofU and T give specific pure states:

am j=±1(b) = aU (b)+1

6

(
3

2
cos2(θb)− 1

2

)
aT (b)

am j=0(b) = aU (b)−1

3

(
3

2
cos2(θb)− 1

2

)
aT (b)

Cosyn, AF & Sosa, Phys Rev C 113 (2026) 055208

https://inspirehep.net/literature/3122080
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Mass density: 3D plotsMass density: 3D plots
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F m j = 0 state has famous donut shape
F m j =±1 has slight dumbbell-like shape
F Shapes arise from quantum interference of S and D waves

Cosyn, AF & Sosa, Phys Rev C 113 (2026) 055208

https://inspirehep.net/literature/3122080
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Mass density: breakdownMass density: breakdown
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Cosyn, AF & Sosa, Phys Rev C 113 (2026) 055208

https://inspirehep.net/literature/3122080
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Momentum&mass flux densities: formulasMomentum&mass flux densities: formulas
F Momentum&mass flux densities — as Bessel transforms

pm j=±1(b) =± ẑ × b̂

4π2

∫ ∞

0
d∆∆3 (

J (∆2)−S(∆2)
)

j1(b∆)

fm j=±1(b) =± ẑ × b̂

4π2

∫ ∞

0
d∆∆3 (

J (∆2) +S(∆2)
)

j1(b∆)

F Mass flux 6=momentum—for asymmetric EMT

F Momentum density has JN (∆2)−SN (∆2)
= Quark spin doesn’t carry momentum

F Mass flux density has JN (∆2)+SN (∆2)
= Quark spin does transport mass (and energy)

Cosyn, AF & Sosa, Phys Rev C 113 (2026) 055208

https://inspirehep.net/literature/3122080
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Momentum&mass flux densities: 3D plotsMomentum&mass flux densities: 3D plots
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F Momentum&mass flux concentrated in D-wave
F Mass flux 6=momentum—for asymmetric EMT
F Mass flux >momentum—quark spin carries mass & energy flux without momentum

Cosyn, AF & Sosa, Phys Rev C 113 (2026) 055208

https://inspirehep.net/literature/3122080
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Internal stresses: Cartesian vs. spherical coordinatesInternal stresses: Cartesian vs. spherical coordinates

ti j =

txx tx y txz

ty x ty y ty z

tzx tz y tzz

−−−−−−−−−−−−−→
spherical coordinates

 pr s −τ 0
s +τ pθ 0

0 0 pφ



s

p −−−−−−−→
shear strain

F Normal stress induces compression or expansion (tension)
F Shear stress causes medium to shear

normal stresses (pressures)

symmetric shear stress
antisymmetric torsion stress
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Principal stressesPrincipal stresses
F Symmetric part of stress tensor can be diagonalized pr s −τ 0

s +τ pθ 0
0 0 pφ

−−−−−−−−→
local rotation

 p ′
r −τ 0

+τ p ′
θ

0
0 0 pφ


= Diagonalized stresses are principal stresses

F Amounts to local change of frame— eliminates shear stresses

s

p −−−−−−−−→
local rotation p ′

C.S. Jog, ContinuumMechanics

https://www.google.com/books/edition/Continuum_Mechanics_Volume_1/lN1wCgAAQBAJ
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Principal axes of the stress tensorPrincipal axes of the stress tensor
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F Local frame deformed from
spherical coordinates

F Deformation follows deuteron
(donut/dumbbell) shape

F Isoradial principal stress (radial-like)
= Positive (compressive)
= Like radial pressure in proton

F Isopolar principal stress (polar-like)
= Compressive near center
= Tensile further out
= Diffuse surface tension

Cosyn, AF & Sosa, Phys Rev C 113 (2026) 055208

https://inspirehep.net/literature/3122080
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Principal stresses: 3D plotsPrincipal stresses: 3D plots
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Cosyn, AF & Sosa, Phys Rev C 113 (2026) 055208

https://inspirehep.net/literature/3122080
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Torsion stressTorsion stress

F Antisymmetric stresses cannot be diagonalized

F Antisymmetric stresses are non-normal
= These stresses are circulating
= Induce torsion strain

F Caused by reorientation of quark spins
= Nucleon spin flips from S- to D-wave
= Spin must continuously move through Block sphere

z

x
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Torsion stress: 3D plotTorsion stress: 3D plot
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F Present at boundary of D-wave
F Reorients nucleons from ms =+1 in S-wave to ms =−1 in D-wave

(in m j =+1 state, as an example)

Cosyn, AF & Sosa, Phys Rev C 113 (2026) 055208

https://inspirehep.net/literature/3122080
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Force distributionsForce distributions
F Nucleon is an open system
F Cauchy momentum equation gives average force distribution on nucleon:

〈 f j (b)〉 =∇i 〈T i j
1-body(b)〉

F Non-radial tensor and spin-orbit forces
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Kim&Kim, PRD 112 (2025) 074014
Cosyn, AF & Sosa, Phys Rev C 113 (2026) 055208

https://inspirehep.net/literature/2964936
https://inspirehep.net/literature/3122080
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Positions and wave packetsPositions and wave packets
F Quantum objects have two kinds of spatial extent:

C1 Distance between constituents
C2 Wave packet size

r1

r2

r ×

Ψ(R) ψ(r )

Wewant this!
F Reduce to overall wave packet and internal structure

ψtotal(r1,r2, t ) =Ψ(R , t )ψ(r , t )

= Internal structure is the interesting part
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Imaging with Fourier transformsImaging with Fourier transforms

F Wemeasure structure via scattering
F This gives momentum info
F Get position info with Fourier transform:

ψ(r , t ) =
∫

d3p

(2π)3 ψ̃(p)ei (p·r−Et )

F Only works when wave packets factorize:

ψtotal(r1,r2, t ) =Ψ(R , t )ψ(r , t )

F Relativitymakes this break down Image credit: Jefferson Lab
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Dynamic and internal stress: non-relativistic caseDynamic and internal stress: non-relativistic case

〈Ψ|T̂ i j (x , t )|Ψ〉 =∑
s,s′

∫
d3R

{ dynamic pressures︷ ︸︸ ︷
−Ψ∗

s′ (R , t )

←→∇ i←→∇ j

4m2 Ψs (R , t )as′s (x −R)︸ ︷︷ ︸
internal mass density

barycentric flux︷ ︸︸ ︷
−

iΨ∗
s′ (R , t )

←→∇ iΨs (R , t )

2m
p

j
s′s (x −R)︸ ︷︷ ︸

internal momentum density

barycentric flux︷ ︸︸ ︷
−

iΨ∗
s′ (R , t )

←→∇ jΨs (R , t )

2m
fi

s′s (x −R)︸ ︷︷ ︸
internal mass flux

+
barycentric probability︷ ︸︸ ︷
Ψ∗

s′ (R , t )Ψs (R , t )ti j
s′s (x −R)︸ ︷︷ ︸

internal stresses

}

Image: dynamic pressure from wind

F Internal densities smeared out by barycentric distributions
F Dynamic pressures due to barycentric motion & wave packet dispersion
F Internal stress due to internal motions and forces

= Smeared by barycentric probability
F Strictly non-relativistic breakdown

= Afforded by Galilei symmetry (absoluteness of simultaneity)
AF, Phys Rev D 112 (2025) 034037
Cosyn, AF & Sosa, Phys Rev C 113 (2026) 055208

https://inspirehep.net/literature/2919771
https://inspirehep.net/literature/3122080
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Relativity of simultaneityRelativity of simultaneity
F Momentum-space wave packet contains boosted versions of composite system

= Boosts mix up planes of simultaneity
= Internal constituents get boosted to different times

t

z −−−→
0→p

t

z

z ′
t ′

∆t???

F Cannot decompose structure to overall wave packet ⊗ internal structure at fixed t

F Light front coordinates fix this by defining a new, boost-invariant time variable!

A. Einstein, Annalen Phys 17 (1905) 891

https://inspirehep.net/literature/4181
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Light front coordinatesLight front coordinates
F Light front coordinates reparametrize spacetime.

x± = 1p
2︸︷︷︸

conventional factor

(
t ± z

)
x⊥ = (x, y) x+ = 1p

2

(
t + z

)≡ time

F Fixed-time surface given by light front moving in −z direction.
t

z

Instant form coordinates

t

z

x+x−

Light front coordinates
P.A.M. Dirac, RevMod Phys 21 (1949) 392
AF, A friendly introduction to the light front (lecture series)

https://inspirehep.net/literature/26316
https://www.youtube.com/playlist?list=PLWB50RFxjvdsRY_1GOaiLNdxcZz6s-3yx
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Coordinate conversionsCoordinate conversions
F Contravariant (upper-index) four-vector:

(t ; x, y, z) → (
x0; x1, x2, x3)≡ xµ

F Conversion between instant form& light front coordinates:

x+ = 1p
2

(
x0 +x3)

x− = 1p
2

(
x0 −x3)

x1 = x1

x2 = x2

x0 = 1p
2

(
x++x−)

x3 = 1p
2

(
x+−x−)

x1 = x1

x2 = x2

F Symmetric inversion formulas are why 1p
2
is nice

P.A.M. Dirac, RevMod Phys 21 (1949) 392
AF, A friendly introduction to the light front (lecture series)

https://inspirehep.net/literature/26316
https://www.youtube.com/playlist?list=PLWB50RFxjvdsRY_1GOaiLNdxcZz6s-3yx
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Four-products and the metricFour-products and the metric

F Rule for four-products:

x · y = x0 y0−x3 y3 −x1 y1 −x2 y2
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Four-products and the metricFour-products and the metric

F Rule for four-products:

x · y = 1

2

(
x++x−)(

y++ y−)−1

2

(
x+−x−)(

y+− y−)−x1 y1 −x2 y2
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Four-products and the metricFour-products and the metric

F Rule for four-products:

x · y = 1

2

(
x+y++x−y−+x+y−+x−y+)−1

2

(
x+y++x−y−−x+y−−x−y+)−x1 y1 −x2 y2
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Four-products and the metricFour-products and the metric

F Rule for four-products:

x · y = x+y−+x−y+−x⊥ · y⊥

F Defines the metric in light front coordinates:

x · y = gµνxµxν

g (LF)
µν =


0 0 0 1
0 −1 0 0
0 0 −1 0
1 0 0 0


= Metric is off-diagonal in x+ and x−!
= Normally list coordinates as (x+; x1, x2; x−).

t

z

x+x−

∆τ2 = 2∆x+∆x−

P.A.M. Dirac, RevMod Phys 21 (1949) 392
AF, A friendly introduction to the light front (lecture series)

https://inspirehep.net/literature/26316
https://www.youtube.com/playlist?list=PLWB50RFxjvdsRY_1GOaiLNdxcZz6s-3yx
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Not the infinite momentum frame!Not the infinite momentum frame!

F Light front coordinates are
valid in any frame.
= They’re not a reference frame.

F Light front coordinates are
not the infinite-momentum frame.
= A commonmisconception.

F You can’t change the metric with boosts.
= Lorentz transforms are isometries.

F Light front coordinates redefine
synchronization convention.
= What we mean by “simultaneous.”

AF, A friendly introduction to the light front (lecture series)

https://www.youtube.com/playlist?list=PLWB50RFxjvdsRY_1GOaiLNdxcZz6s-3yx
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Equal-“time” surfaces are just a conventionEqual-“time” surfaces are just a convention

F Relativity requires round-trip speed of light to
be invariant.

F Convention that one-way speed of light be c is
a definition, not an empirical fact.
= Pointed out in Einstein’s original paper.

F Redefining “time” coordinate means changing
this definition.
= Light front coordinates do exactly this!

Einstein, Annalen Phys 17 (1905) 891

F Didactic overview: Veritasium, “Why NoOne Has Measured The Speed of Light” (YouTube)
F Technical review: Anderson, Stedman & Vetharaniam, Phys. Rept. 295 (1998) 93

https://inspirehep.net/literature/4181
https://www.youtube.com/watch?v=pTn6Ewhb27k
https://inspirehep.net/literature/485463


85/103

Synchronization conventionsSynchronization conventions
Einstein synchronization

t

zAlice Bob

tA

tB

τ= tA+tB
2

fixed 1p
2

(
t + z

)
Light front synchronization
x+

zAlice Bob

tA

τLF = tBtB

fixed x+

F Einstein synchronization defined to be isotropic.
F Light front synchronization defines hyperplanes with fixed t + z to be “simultaneous.”

= Light travels instantaneously in −z direction by definition.
= We take what we see as literally happening now.

A. Einstein, Annalen Phys 17 (1905) 891
AF &Miller, Phys Rev D 107 (2023) 074036

https://inspirehep.net/literature/4181
https://inspirehep.net/literature/2634715
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Transverse boosts and Terrell rotationsTransverse boosts and Terrell rotations

Dice images by Ute Kraus,

https://www.spacetimetravel.org/

F Lorentz-boosted objects appear rotated.
= Terrell rotation
= Optical effect: contraction + delay

F Light front transverse boost
undoesTerrell rotation:

B (LF)
x = 1p

2

(
Kx + Jy

)
= Standard boost + counter-rotation
= Leaves x+ (time) invariant
= Part of theGalilei subgroup

J. Terrell, Phys Rev 116 (1959) 1041
M. Burkardt, Int J Mod Phys A 18 (2003) 173

https://www.spacetimetravel.org/
https://inspirehep.net/literature/46640
https://inspirehep.net/literature/589769
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Galilei subgroupGalilei subgroup
F Poincaré group has a (2+1)DGalilei subgroup.

= x+ is time and x⊥ is space under this subgroup.
= P+ = Ep +pz is the central charge.
= x+ and P+ are invariant under this subgroup!

F Light front time gives fully relativistic 2D picture that looks a lot like non-relativistic physics.
= But with P+ in place of m.

dP⊥
dx+ = P+ d2x⊥

dx+2

H = Hrest+
P 2
⊥

2P+

v⊥ = P⊥
P+

G. Pinski, J Math Phys 9 (1986) 1927
M. Burkardt, Int J Mod Phys A 18 (2003) 173

https://pubs.aip.org/aip/jmp/article/9/11/1927/1031140/Galilean-Tensor-Calculus
https://inspirehep.net/literature/589769


88/103

Galilei subgroup and densitiesGalilei subgroup and densities

F Wave packet separation works for transverse spatial coordinates

r⊥1

r⊥2

r⊥ ×

Ψ(R⊥,P+) ψ
(
r⊥,

p+
1 −p+

2
P+

)

= Works thanks to the Galilei subgroup

F Apparently stuck with 2D spatial densities

F Can restore third dimension viaAbel transform—in special cases
= Need spherically symmetric & static density

AF&Miller, Phys Rev D 108 (2023) 034008

https://inspirehep.net/literature/2163186
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Light front stress tensorLight front stress tensor

∫
R

dx− 〈Ψ|T̂ i j (x)|Ψ〉 =∑
s,s′

∫
d2R⊥

{ dynamic pressures︷ ︸︸ ︷
−Ψ∗

s′

←→∇ i←→∇ j

4(P+)2 Ψsas′s (x⊥−R⊥)︸ ︷︷ ︸
internal P+ density

barycentric flux︷ ︸︸ ︷
−

iΨ∗
s′
←→∇ iΨs

2P+ p
j
s′s (x⊥−R⊥)︸ ︷︷ ︸

internal momentum density

barycentric flux︷ ︸︸ ︷
−

iΨ∗
s′
←→∇ jΨs

2P+ fi
s′s (x⊥−R⊥)︸ ︷︷ ︸
internal P+ flux

+
barycentric probability︷ ︸︸ ︷

Ψ∗
s′Ψst

i j
s′s (x⊥−R⊥)︸ ︷︷ ︸
internal stresses

}

Image: dynamic pressure from wind

F Echoes non-relativistic breakdown—light front Galilei symmetry!
F MFFs D(∆2

⊥) and c̄(∆2
⊥) in stress tensor.

F Assuming spin along z-axis:

t
i j
LF(b⊥) =

∫
d2∆⊥
(2π)2

(
∆i
⊥∆

j
⊥−δi j∆2

⊥
4P+ D(∆2

⊥)− m2

P+ δ
i j c̄(∆2

⊥)

)
e−i∆⊥·b⊥

Lorcé, Moutarde & Trawinski, Eur Phys J C 79 (2019) 89
AF &Miller, Phys Rev D 108 (2023) 094026

https://inspirehep.net/literature/1699964
https://inspirehep.net/literature/2679261
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Simple pressure model revisitedSimple pressure model revisited
F Start with a closed system (sum quarks & gluons—no c̄):

t
i j
LF(b) =

∫
d3∆⊥
(2π)2

∆i∆ j −δi j∆2

4P+ D(∆2
⊥)e−i∆⊥·b⊥ = −∇i∇ j +δi j∇∇∇2

4P+

∫
d2∆⊥
(2π)2 D(∆2

⊥)e−i∆⊥·b⊥︸ ︷︷ ︸
≡DLF(b⊥)

F Simple tripole model (revisited):

D(∆2
⊥) = D0

(1+∆2
⊥/Λ2)3

=⇒ DLF(b⊥) = D0Λ
4b2

⊥
16π

K2
(
Λb⊥

)︸ ︷︷ ︸
modified Bessel function= Bit harder than 3D case—extra credit problem?

Combined tripole form

D0 = D (q)
0 +D (g )

0 =−3.46

Λ= 1.12 GeV

Burkert, Elouadrhiri & Girod, Nature (2018)
Duran &al., Nature (2023)

https://inspirehep.net/literature/1673606
https://inspirehep.net/literature/2110821
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Isotropic pressure and shear stressIsotropic pressure and shear stress

t
i j
LF(b⊥) = D0Λ

5b⊥
128πP+

{(
Λb⊥K0(Λb⊥)−2K1(Λb⊥)

)isotropic pressure︷︸︸︷
δi j −2Λb⊥K0(Λb⊥)

shear stresses︷ ︸︸ ︷(
b̂i b̂ j − 1

2δ
i j

)}

0.5 1.0 1.5 2.0 2.5
b⊥ (fm)

0.0

0.2

0.4

0.6

2π
P

+
bp

(b
)

(G
eV

2 /f
m

) Isotropic pressure

Shear stress

Combined tripole form

D0 = D (q)
0 +D (g )

0 =−3.46

Λ= 1.12 GeV

Burkert, Elouadrhiri & Girod, Nature (2018)
Duran &al., Nature (2023)

Lorcé, Moutarde & Trawinski, Eur Phys J C 79 (2019) 89
AF &Miller, Phys Rev D 103 (2021) 094023

https://inspirehep.net/literature/1673606
https://inspirehep.net/literature/2110821
https://inspirehep.net/literature/1699964
https://inspirehep.net/literature/1844411
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Principal stresses on the light frontPrincipal stresses on the light front

ti j =
[
txx tx y

ty x ty y

]
−−−−−−−−−−→
polar coordinates

[
pr 0
0 pt

]

←−−−−−−−
shear strain

s

p −−−−−−−−→
local rotation p ′

F Normal stresses induce compression or expansion (tension)
F Shear stresses cause medium to shear
F Shear stresses eliminated by diagonalization—get principal stresses

C.S. Jog, ContinuumMechanics
Polyakov & Schweitzer, Int J Mod Phys A (2018)

normal stresses (pressures)shear stress

https://www.google.com/books/edition/Continuum_Mechanics_Volume_1/lN1wCgAAQBAJ
https://inspirehep.net/literature/1673717


93/103

Principal stressesPrincipal stresses

t
i j
LF(b⊥) = D0Λ

5b⊥
64πP+

{
−K1(Λb⊥)

radial pressure︷ ︸︸ ︷
b̂i b̂ j +

(
Λb⊥K0(Λb⊥)−K1(Λb⊥)

)tangential stresses︷ ︸︸ ︷(
δi j − b̂i b̂ j

)}

1 2
b⊥ (fm)

−0.25

0.00

0.25

0.50

2π
P

+
bp

(b
)

(G
eV

2 /f
m

) Radial pressure

Tangential stress

Combined tripole form

D0 = D (q)
0 +D (g )

0 =−3.46

Λ= 1.12 GeV

Burkert, Elouadrhiri & Girod, Nature (2018)
Duran &al., Nature (2023)

F Radial pressure positive again
F Tangential tension again

Lorcé, Moutarde & Trawinski, Eur Phys J C 79 (2019) 89
AF &Miller, Phys Rev D 103 (2021) 094023

https://inspirehep.net/literature/1673606
https://inspirehep.net/literature/2110821
https://inspirehep.net/literature/1699964
https://inspirehep.net/literature/1844411
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Abel transform: relating 2D and 3DAbel transform: relating 2D and 3D
F 3D and light front are related:

DLF(b⊥) =
∫

d2∆⊥
(2π)2 D(∆2

⊥)e−i∆⊥·b⊥

F Relationship given byAbel transform
F Assuming the 3D case is spherically symmetric …

DLF(b⊥) =

F This can be inverted:

D3D(r ) =− 1

π

∫ ∞

r
db⊥

dDLF(b⊥)

db⊥
1√

b2
⊥− r 2

= Proof is difficult; I won’t reproduce here

Panteleeva & Polyakov, Phys Rev D 104 (2021) 014008 (the idea)
AF &Miller, Phys Rev D 105 (2021) 014003 (the notation)

https://inspirehep.net/literature/1847763
https://inspirehep.net/literature/1901586
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F 3D and light front are related:

DLF(b⊥) =
∫ ∞
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dbz D3D(b)

F Relationship given byAbel transform
F Assuming the 3D case is spherically symmetric …

DLF(b⊥) = 2
∫ ∞

0
dz D3D(r )

∣∣∣
r 2=b2
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∫ ∞
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dr

r√
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Abel transform: relating 2D and 3DAbel transform: relating 2D and 3D
F 3D and light front are related:

DLF(b⊥) =
∫ ∞

−∞
dbz D3D(b)

F Relationship given byAbel transform
F Assuming the 3D case is spherically symmetric …

DLF(b⊥) = 2
∫ ∞

b⊥
dr

r√
r 2 −b2

⊥
D3D(r ) ≡A

[
D3D(r )

]
(b⊥)

F This can be inverted:

D3D(r ) =− 1

π

∫ ∞

r
db⊥

dDLF(b⊥)

db⊥
1√

b2
⊥− r 2

= Proof is difficult; I won’t reproduce here
Panteleeva & Polyakov, Phys Rev D 104 (2021) 014008 (the idea)
AF &Miller, Phys Rev D 105 (2021) 014003 (the notation)

https://inspirehep.net/literature/1847763
https://inspirehep.net/literature/1901586
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Abel tomographyAbel tomography

D3D(r ) =− 1

π

∫ ∞

r
db⊥

dDLF(b⊥)

db⊥
1√

b2
⊥− r 2

F If light front stress is valid, shouldn’t its 3D reconstruction be too?
F Caution: this doesn’t always work—need spherical symmetry.

= Both of these shapes have 2D circular cross sections
F Proton has a spin direction—might break spherical symmetry.

= Shape of proton depends on its polarization direction!

Panteleeva & Polyakov, Phys Rev D 104 (2021) 014008 (the idea)
AF &Miller, Phys Rev D 105 (2021) 014003 (criticism of the idea)

https://inspirehep.net/literature/1847763
https://inspirehep.net/literature/1901586
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Kogut-Soper spinorsKogut-Soper spinors

t
i j
LF(b⊥) =

∫
d2∆⊥
(2π)2

(
∆i
⊥∆

j
⊥−δi j∆2

⊥
4P+ D(∆2

⊥)− m2

P+ δ
i j c̄(∆2

⊥)

)
ū

(
P+, ∆⊥

2 , s′
)

u
(
P+,−∆⊥

2 , s
)

2m
e−i∆⊥·b⊥

F I skipped the spin dependence before.
F On light front, useKogut-Soper spinors

u(p,↑) = 1√p
2p+


p

2p+

px + i py

m
0

 u(p,↓) = 1√p
2p+


0
m

−px + i pyp
2p+


= For spin up & down along z-axis
= Found via light front boosts of rest frame spinors

Kogut & Soper, Phys Rev D 1 (1970) 2901 (mistakenly calls light front the “infinite momentum frame”, but great paper anyway)

AF, A friendly introduction to the light front (lecture series)

https://inspirehep.net/literature/54789
https://www.youtube.com/playlist?list=PLWB50RFxjvdsRY_1GOaiLNdxcZz6s-3yx
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Matrix elements of Kogut-Soper spinorsMatrix elements of Kogut-Soper spinors

u(p,↑) = 1√p
2p+


p

2p+

px + i py

m
0

 u(p,↓) = 1√p
2p+


0
m

−px + i pyp
2p+

 γ0 =


0 0 1 0
0 0 0 1
1 0 0 0
0 1 0 0


Spinor Elements

ū
(
P+, ∆⊥

2 ,↑
)

u
(
P+,−∆⊥

2 ,↑
)
= 2m

ū
(
P+, ∆⊥

2 ,↑
)

u
(
P+,−∆⊥

2 ,↓
)
=∆x − i∆y

ū
(
P+, ∆⊥

2 ,↓
)

u
(
P+,−∆⊥

2 ,↑
)
=−∆x − i∆y

ū
(
P+, ∆⊥

2 ,↓
)

u
(
P+,−∆⊥

2 ,↓
)
= 2m

Transverse polarization

∣∣sx =±1
2

〉= 1p
2

(| ↑〉± | ↓〉)∣∣sy =±1
2

〉= 1p
2

(| ↑〉± i | ↓〉)

Kogut & Soper, Phys Rev D 1 (1970) 2901

https://inspirehep.net/literature/54789
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Matrix elements of Kogut-Soper spinorsMatrix elements of Kogut-Soper spinors

t
i j
LF(b⊥) =

∫
d2∆⊥
(2π)2

(
∆i
⊥∆

j
⊥−δi j∆2

⊥
4P+ D(∆2

⊥)− m2

P+ δ
i j c̄(∆2

⊥)

)
ū

(
P+, ∆⊥

2 , s′
)

u
(
P+,−∆⊥

2 , s
)

2m
e−i∆⊥·b⊥

Spinor Elements

ū
(
P+, ∆⊥

2 ,↑
)

u
(
P+,−∆⊥

2 ,↑
)
= 2m

ū
(
P+, ∆⊥

2 ,↑
)

u
(
P+,−∆⊥

2 ,↓
)
=∆x − i∆y

ū
(
P+, ∆⊥

2 ,↓
)

u
(
P+,−∆⊥

2 ,↑
)
=−∆x − i∆y

ū
(
P+, ∆⊥

2 ,↓
)

u
(
P+,−∆⊥

2 ,↓
)
= 2m

Transverse polarization

∣∣sx =±1
2

〉= 1p
2

(| ↑〉± | ↓〉)∣∣sy =±1
2

〉= 1p
2

(| ↑〉± i | ↓〉)

Kogut & Soper, Phys Rev D 1 (1970) 2901

https://inspirehep.net/literature/54789
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Transverse polarization: the Polyakov pressure potentialTransverse polarization: the Polyakov pressure potential
F For any polarization:

t
i j
LF(b⊥) =

∫
d2∆⊥
(2π)2

(
∆i
⊥∆

j
⊥−δi j∆2

⊥
4P+ D(∆2

⊥)− m2

P+ δ
i j c̄(∆2

⊥)

)(
1− i (∆⊥× ẑ) · ŝ

2m

)
e−i∆⊥·b⊥

= When ŝ = ẑ, the extra term drops out

= Let’s assume sum over quarks & gluons (drop c̄)

Combined tripole form

D0 = D (q)
0 +D (g )

0 =−3.46

Λ= 1.12 GeV

Burkert, Elouadrhiri & Girod, Nature (2018)
Duran &al., Nature (2023)

F Polyakov pressure potential:

D(b) = D0Λ
4b2

⊥
16π

K2
(
Λb⊥

)︸ ︷︷ ︸
modified Bessel function

AF&Miller, Phys Rev D 104 (2021) 014024
AF &Miller, Phys Rev D 107 (2023) 074036

https://inspirehep.net/literature/1673606
https://inspirehep.net/literature/2110821
https://inspirehep.net/literature/1856530
https://inspirehep.net/literature/2634715
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Transverse polarization: the Polyakov pressure potentialTransverse polarization: the Polyakov pressure potential
F For any polarization:

t
i j
LF(b⊥) =

∫
d2∆⊥
(2π)2

∆i
⊥∆

j
⊥−δi j∆2

⊥
4P+ D(∆2

⊥)

(
1− i (∆⊥× ẑ) · ŝ

2m

)
e−i∆⊥·b⊥

= When ŝ = ẑ, the extra term drops out
= Let’s assume sum over quarks & gluons (drop c̄)
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Transverse polarization: the Polyakov pressure potentialTransverse polarization: the Polyakov pressure potential
F For any polarization:

t
i j
LF(b⊥) = −∇i∇ j +δi j∇2

4P+

(
1+ (∇∇∇⊥× ẑ) · ŝ

2m

)
DLF(b⊥)︸ ︷︷ ︸

≡DLF(b⊥,ŝ) (we’re gonna look at this)
= When ŝ = ẑ, the extra term drops out
= Let’s assume sum over quarks & gluons (drop c̄)
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Transverse polarization: angular modulationsTransverse polarization: angular modulations

DLF(b⊥, ŝ) = D0Λ
4b2

⊥
16π

{
K2

(
Λb⊥

)− Λ

2m
(b̂⊥× ẑ) · ŝK1

(
Λb⊥

)}
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Transverse polarization: angular modulationsTransverse polarization: angular modulations

DLF(b⊥, ŝ) = D0Λ
4b2

⊥
16π

{
K2

(
Λb⊥

)− Λ

2m
(b̂⊥× ẑ) · ŝK1

(
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F Significant (up to 54%) modification

Λ= 1.12 GeV

m = 0.938 GeV

Λ

2m
≈ 0.6

F Proton isn’t spherically symmetric
F Abel tomography doesn’t work

= Is at best an approximation
= Works better when m ÀΛ

= Large m: massive target
= SmallΛ: non-relativistic system

https://inspirehep.net/literature/1856530
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The relativistic wheelThe relativistic wheel
F Static wheel has regularly-placed spokes

F Spinning wheel has distortions

F Spokes moving away are redshifted.
= Appear tomove slower, pile up

F Spokes moving towards are blueshifted.
= Appear tomove faster, become sparse

F These same distortions are present in the proton!
= The proton is a relativistic wheel!

F Also see videos at:
https://www.spacetimetravel.org/rad

(green wheel is relevant case)

Static wheel

Spinning wheel

George Gamow,Mr. Tompkins inWonderland
AF, A friendly introduction to the light front (lecture series)

https://www.spacetimetravel.org/rad
https://www.google.com/books/edition/Mr_Tompkins_in_Wonderland/xbU8AAAAIAAJ
https://www.youtube.com/playlist?list=PLWB50RFxjvdsRY_1GOaiLNdxcZz6s-3yx
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Various perspectives on relativistic densitiesVarious perspectives on relativistic densities
F Polyakov & Schweitzer: define the static EMT densities in terms of Breit frame:

t
µν

static(r ) ≡
∫

d3∆

(2π)3

〈
∆
2

∣∣T̂ µν(0)
∣∣−∆

2

〉
2m

√
1+ ∆2

4m2

e−i∆·r

= Most widely-used approach.
= hep-ph/0207153, PLB 555 (2003) 57, IJMPA (2018) 1830025

F Lorcé et al.: use Wigner phase-space formalism to set R = 0 and P = 0.
= Gives Polyakov & Schweitzer’s static EMT.
= EPCJ 79 (2019) 89
= Negative probabilities =⇒ energy condition violations; see Dumitru &Noronha, 2505.09720

F Yang Li et al.: expand expectation values as tower of multipole moment densities:

〈Ψ|T̂ µν(x , t )|Ψ〉 ≈
∫

d3R
(
Ψ∗(R , t )i

←→
∂t Ψ(R , t )

)
t
µν

static(b)+corrections

= Use spatially diffuse wave packet, zero average momentum.
= Gives Polyakov & Schweitzer’s static EMT as leading contribution.
= PLB 838 (2023) 137676, 2405.06892

https://inspirehep.net/literature/590456
https://inspirehep.net/literature/599384
https://inspirehep.net/literature/1673717
https://inspirehep.net/literature/1699964
https://inspirehep.net/literature/2921474
https://inspirehep.net/literature/2101770
https://inspirehep.net/literature/2785927
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More perspectives on relativistic EMT densitiesMore perspectives on relativistic EMT densities

F Lorcé et al. / AF &Miller: use light front densities.

t
µν

LF (b⊥) ≡
∫

d2∆⊥
(2π)2

〈
P+, ∆⊥

2

∣∣∣T̂ µν(0)
∣∣∣P+,−∆⊥

2

〉
2P+ e−i∆·b

= Only i , j ∈ {1,2}; only get 2D densities.
= Galilei symmetry allows barycenter/internal separation.
= EPCJ 79 (2019) 89, PRD 103 (2021) 094023

F Panteleeva et al.: use localized, zero average momentum wave packets.
= Similar result to light front, but restore third dimension.
= EPJC 83 (2023) 617, JHEP 07 (2023) 237

F AF &Miller: use light front time + Cartesian space.
= Still only 2D densities, but get 3×3 stress tensor.
= Separate wave packet & internal densities with factorization/smearing relations.
= PRD 107 (2023) 074036, PRD 108 (2023) 094026

https://inspirehep.net/literature/1699964
https://inspirehep.net/literature/1844411
https://inspirehep.net/literature/2183397
https://inspirehep.net/literature/2656002
https://inspirehep.net/literature/2634715
https://inspirehep.net/literature/2679261
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SummarySummary

F The energy-momentum tensor is central
to many open questions & controversies

C1 Proton mass
C2 Proton spin
C3 Proton pressure
C4 Nuclear forces
C5 Proton densities

F I’ve given an overview &my own opinions

F Reasonable people have opposing opinions

F Science is exciting when exploring unknowns!

T 00(x) T 01(x) T 02(x) T 03(x)

T 10(x) T 11(x) T 12(x) T 13(x)

T 20(x) T 21(x) T 22(x) T 23(x)

T 30(x) T 31(x) T 32(x) T 33(x)





Energy density

Momentum densities

Stress tensor

Thank you for your time!
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