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# Center at Jefferson Lab
# Concerted effort in theory, experiment & computation

# Funded by Commonwealth of Virginia to “...to facilitate the application of modern developments in
data science to the problem of imaging and visualization of sub-femtometer scale structure of
protons, neutrons, and atomic nuclei.”

# Focused primary on spatial structure of hadrons:

<% Generalized parton distributions
<+ High-energy electro- & photo-nuclear reactions

<4 Mechanical properties of hadrons
https://www.femtocenter.org (pink means link—clickable on the slides)
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# Latifa Elouadrhiri: director
# David Richards: associate director

# Adam Freese: postdoctoral researcher

# Krishna Neupane: postdoctoral researcher

https://www.femtocenter.org
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& Seminar series
< Usually in-person; always streamed on Zoom
< Sign up at this link or email afreese@jlab.org

& Lecture series & schools
< First International School of Hadron Femtography
(jointly organized with Quark-Gluon Tomography collaboration)
<% Second school planned for summer 2027
<% Upcoming lecture series this summer by Cédric Lorcé

# Partial support for CNUGS!

https://www.femtocenter.org


https://lists.sura.org/scripts/wa-SURA.exe?SUBED1=FEMTOGRAPHY&A=1
https://www.jlab.org/conference/HadronFemtographySchool
https://www.femtocenter.org
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 Ugcoming lesrure ¢
# Speaker: Cédric Lorcé
# Dates: July 13-17

# Location: Jefferson Lab

In this series of lectures, we propose an introduction to one of the modern approaches to ex-
ploring the internal structure of protons, and more generally hadrons. This approach is
based on generalized parton distributions (GPDs) and allows one to construct tomographic
representations of the interior of hadrons that extend the original partonic picture proposed
by Feynman. GPDs constitute, in and of themselves, a vast topic encompassing a wide range
of experimental, phenomenological and theoretical aspects. In these lectures, we will focus
on the physical motivations and the reasons why we believe GPDs are so important that they
constitute one of the fundamental pillars of the research program of the future Electron-Ion
Collider. In particular, we will discuss to what extent they provide information about the
spatial distributions of quarks and gluons inside hadrons, illustrate some of the intricacies
associated with boosts and spin in quantum field theory, and present the connection to the
energy-momentum tensor. The latter is of particular interest since, besides constituting the
source of the gravitational field in general relativity, it encodes fundamental properties of
the hadron such as mass, spin, and even mechanical properties, which we also plan to ad-
dress. These lectures are primarily intended for PhD students and young postdocs who wish
to understand the big picture behind this field. As recent developments will also be addyressed,
they may as well be of interest to more experienced researchers.




WPragstire inl thie groro : p

# Pressure in the proton has become a hot topic.

# Empirical extractions happening at JLab!
<4 Burkert, Elouadrhiri & Girod, Nature (2018)
<4 Duran &al., Nature (2023)
<4 Joosten &al., 2602.14416
< CLAS collaboration, 2605.11690

Repulsive
pressure

rp(r) (<102 GeV fm1)

# Interpretation is still controversial

<4 What does the pressure mean?
<4 What do we learn from it?
<+ Isrelativity properly incorporated?

Confining
pressure

«—

# These lectures will be my own hot takes 0 02 04 06 08 10 12 14 16 18 20

3 . 3 (fm)
<4 Not everything here is settled science i

<4 Reasonable people can disagree Figures Burkert, Elouddshiri & Girad, Namrc(zl)lm


https://inspirehep.net/literature/1673606
https://inspirehep.net/literature/2110821
https://inspirehep.net/literature/3120607
https://inspirehep.net/literature/3154621
https://inspirehep.net/literature/1673606
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(B Proton mass
<% How much of the proton mass is due to quark mass?
< Can any of the proton’s mass be called “anomalous”?

Z Proton spin
<+ How much is carried by quark & gluon spin?
<4 How much is orbital motion?

& Proton pressure
<+ Isitactually meaningful to talk about proton pressure?
<+ Do we actually learn anything about QCD forces?

& Nuclear forces
<+ Does the stress tensor tell us anything about nuclear forces?

8 Proton densities
< How are relativistic densities defined?

The energy-momentum tensor is at the center of all these questions.
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# The energy-momentum tensor describes density and flow of energy & momentum.

# Also known as the stress-energy tensor.

Energy density

Momentum densities

|
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T30(x) T3].(x) T32(x) T33(x)

|

Energy fluxes

Stress tensor
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# Noether’s theorems: symmetries entail conservation laws

< Spatial translation symmetry = momentum conservation
<4 Time translation symmetry = energy conservation

# Can use this connection to define energy & momentum density!
<4 Energy is what’s conserved due to time translation symmetry
<4 Momentum is what’s conserved due to space translation symmetry

# Lagrangian depends on space & time only through the fields

0. 0.2
av‘g_{%a“’”a(au fée ‘””}

Noether, Gott Nachr (1918) 235-257
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# Noether’s theorems: symmetries entail conservation laws

< Spatial translation symmetry = momentum conservation
<4 Time translation symmetry = energy conservation

# Can use this connection to define energy & momentum density!

<4 Energy is what’s conserved due to time translation symmetry
<4 Momentum is what’s conserved due to space translation symmetry

# Lagrangian depends on space & time only through the fields
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# Noether’s theorems: symmetries entail conservation laws

< Spatial translation symmetry = momentum conservation
<4 Time translation symmetry = energy conservation

# Can use this connection to define energy & momentum density!

<4 Energy is what’s conserved due to time translation symmetry
<4 Momentum is what’s conserved due to space translation symmetry

# Lagrangian depends on space & time only through the fields
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# Noether’s theorems: symmetries entail conservation laws

< Spatial translation symmetry = momentum conservation
< Time translation symmetry = energy conservation

# Can use this connection to define energy & momentum density!

<% Energy is what’s conserved due to time translation symmetry
<4 Momentum is what’s conserved due to space translation symmetry

# Lagrangian depends on space & time only through the fields

0 0L 0L
0 {0 P e ——}z —— 0w -64%
v\ Ou a(auw) au/ K a(auw) vy v
Euler—Lagrange:quations (=0) canonical ;r:ergy tensor

# Canonical EMT is conserved ift Euler-Lagrange equations satisfied

Noether, Gott Nachr (1918) 235-257
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# Continuity equation: Energy density
G T*(x)=0 Momentum densities
<4 Energy/momentum transmitted locally. l

TOO (x) TOl (x) T02 (%) T03 (%)
TIO(x) Tll(x) T12(x) T13 (%)
TZO (%) T21 (x) T22 (x) T23 (%)
TSO (x) T31 (x) T32 (x) T33 (%)

T (x) =

Image: Wikimedia

Energy fluxes
# Integral form for spatial components:

d 3 ov e A iV
aUvdl xT (x,t)l——ﬁVdSan (x,t))

~ ~-
Energy/momentum in region Flux out of region m

Stress tensor




Cranonical eneroy rergo ey, ZAUZENNVATTANGES

# QCD Lagrangian:
ZQCD Z q( ,uY mq) q-— 4F5VF”V

Dy = 0uq - igALTaq F,=0,A% -0y A%+ g fapc AL AS
@,ﬂ/_/ = qu + igAZ Taqg [T Tl Sl L
# The canonical energy tensor:

not gauge mvarlant‘

il Hq Y g FAP 0V AD -~ & el g
éan = Z R n Zq D P —mg|q+ n B
q \-W—-/

not gauge invariant!

# Lack of gauge invariance considered a fatal flaw! m
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# Let’s work out canonical EMT for the Maxwell Lagrangian:
1l
ZL=-3 wpFP Fop=0qAp—0pA,

& Relevant derivative:

0¥ o, 0 [F
00,4, 400,41 %P

Fob

# Canonical EMT formula:

0.7

[P T e
(0, Ap)

Trzykson & Zuber, Quantum Field Theory
Leader & Lorcé, Phys Rept 541 (2014) 163



https://www.google.com/books/edition/Quantum_Field_Theory/CxYCMNrUnTEC
https://inspirehep.net/literature/1254431
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# Let’s work out canonical EMT for the Maxwell Lagrangian:
1l
ZL=-3 wpFP Fop=0qAp—0pA,

& Relevant derivative:

0.¥ —_lpal’ 0 =
TG i)l 7 g AT A
# Canonical EMT formula:
o 92 vy v
00,4, P

Trzykson & Zuber, Quantum Field Theory
Leader & Lorcé, Phys Rept 541 (2014) 163
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# Let’s work out canonical EMT for the Maxwell Lagrangian:
1l
ZL=-3 wpFP Fop=0qAp—0pA,

& Relevant derivative:

04T Rt S

00,A) 2 00.Ap)

o Ap—0pAq

# Canonical EMT formula:

0.7

[P T e
(0, Ap)

Trzykson & Zuber, Quantum Field Theory
Leader & Lorcé, Phys Rept 541 (2014) 163



https://www.google.com/books/edition/Quantum_Field_Theory/CxYCMNrUnTEC
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# Let’s work out canonical EMT for the Maxwell Lagrangian:

L= _71 wpFP Fop=0qAp—0pA,
# Relevant derivative:
a(g;i == —%F"‘ﬂ (o435 - 540%)
# Canonical EMT formula:
o= 9L gva, gy
00, A,)

Trzykson & Zuber, Quantum Field Theory
Leader & Lorcé, Phys Rept 541 (2014) 163
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# Let’s work out canonical EMT for the Maxwell Lagrangian:

1l
L= 7 upFP Fop=00qAp—0pAq
& Relevant derivative:
0¥ _ _pbp
00, Ap)
# Canonical EMT formula:
0
g s 3" Ay—nt L
0(0,A,)

Trzykson & Zuber, Quantum Field Theory
Leader & Lorcé, Phys Rept 541 (2014) 163
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# Let’s work out canonical EMT for the Maxwell Lagrangian:

1
.= —ZFaﬁF“ﬁ Fop=0aAp—0pA,

& Relevant derivative:

0Lz

L= = A

# Canonical EMT formula:

1
THY = —FMPQY A, + n”VZFaﬁF“ﬁ

Itzykson & Zuber, Quantum Field Theory
Leader & Lorcé, Phys Rept 541 (2014) 163
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# Let’s work out canonical EMT for the Maxwell Lagrangian:
1
e —ZFaﬁF“ﬁ Fap=0aAp—0pA,

& Relevant derivative:

0.7

S S
0(0,Ap)

# Canonical EMT formula:

1
THY = —FMPOY A, + n‘“’ZFaﬁF“ﬁ
~——
not gauge invariant

& Worth Working this out for QCD tOO (pretend it’s a homework problem)

Itzykson & Zuber, Quantum Field Theory
Leader & Lorcé, Phys Rept 541 (2014) 163
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Bealintinre itnoroyernaeie

# Belinfante improvement: a way to “fix” the canonical energy tensor
P y gy
KV _ v v
TE = THY + 0,447
il
Vo _ VoA ~ v
ARYP = Ze“ PAN Gyaysq+F*P A},
q

<+ 0, AMYP is called a superpotential
< 0,0, AMYP = 0is a mathematical triviality

# Assuming Euler-Lagrange equations are true:
w_v i e, pee 1 Al 1 ap
TBel_;ZqYﬂ@V q+Fq, ng_znw;q(i@pr_mq)CI"‘ZT]WFgﬁFa

# Procedure works, but is ad hoc (and I find it unsatisfying)

Belinfante, Physica 6 (1939) 887
Leader & Lorcé, Phys Rept 541 (2014) 163


https://inspirehep.net/literature/2961978
https://inspirehep.net/literature/1254431
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# Noether’s theorems: symmetries entail conservation laws
<% Tty local spacetime translations instead?

X—x—¢(x)

# General coordinate transformations:
PN=px) A= a—vav(x) gic.
ox'H
# Local translations (move the fields) mix up field components

Sep=d' () —pX) =0, BeAy =8 0y Au+0,EMA, et
—_—

new term!
# Noether procedure now depends on tensor type of field

AF, Phys Rev D 113 (2026) 016011
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Loeal eranshicion: a

# Nocether’s theorems: symmetries entail conservation laws
<% Try local spacetime translations instead?

0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8
# General coordinate transformations:

oidi e f 6
¢ (x)=¢x) Ay Ef= Av(x) etc.

# Local translations (move the fields) mix up field components

Sep=d' ) —pX) =0y  SeAy=8"0yAu+0uENA,  etc.
S ——

new term!

# Noether procedure now depends on tensor type of field
AF, Phys Rev D 113 (2026) 016011

LD
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Loeal eeansbicions: sedbieidlels &

¢'(x") = p(x) x'H = xH - & (x)

Change in field Change in derivative

Sep= ' (x) — Px) 8¢ @uep) = 0y’ (x) — Dyuep(x)

# Action changes only through changes to the fields

3= f d*x6: %

AF, Phys Rev D 113 (2026) 016011
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¢'(x") = p(x) x'H = xH - & (x)

Change in field Change in derivative

Sep = (X' +E(0) - Pp(x) 8¢0up) =0, (x' +E(x)) — 0y p(x)

# Action changes only through changes to the fields

3= f d*x6: %

AF, Phys Rev D 113 (2026) 016011
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Loeal eeansbicions: sedbieidlels &

¢'(x") = p(x) x'H = xH - & (x)

Change in field Change in derivative

Sep= @' (x) + &7 (0vp) — p(x) 8¢(0up) = 0y’ (x) + 0,V 0y ) — Opp(x)

# Action changes only through changes to the fields

3= f d*x6: %

AF, Phys Rev D 113 (2026) 016011
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Loeal eeansbicions: sedbieidlels &

¢'(x") = p(x) x'H = xH - & (x)

Change in field Change in derivative

8¢ = p(x) +& (0vp) — Pp(x) 8¢(0pep) = 0up(x) + 0,0y h) — 0y p(x)

# Action changes only through changes to the fields

3= f d*x6: %

AF, Phys Rev D 113 (2026) 016011
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Loeal eeansbicions: sedbieidlels &

¢'(x") = p(x) x'H = xH - & (x)

Change in field Change in derivative

Sep= &Y (0v¢) 8:(0u¢p) = 0,(E¥ 0y )

# Action changes only through changes to the fields

3= f d*x6: %

AF, Phys Rev D 113 (2026) 016011
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Loeal eeansbicions: sedbieidlels &

¢'(x") = p(x) x'H = xH - & (x)

Change in field Change in derivative

Sep= &Y (0v¢) 8:(0u) = &Y (0u0vh) + (04E") (Oveh)

# Action changes only through changes to the fields

3= f d*x6: %

AF, Phys Rev D 113 (2026) 016011
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Loeil eeanslbicions: sedlbicri@lels

¢'(x") = p(x) x'H = xH - & (x)

Change in field Change in derivative

Sep= &Y (0v¢) 8:(0u) = &Y (0u0vh) + (04E") (Oveh)

# Action changes only through changes to the fields

0.7
4
i fd { ST ¢)5f(a“¢)}

AF, Phys Rev D 113 (2026) 016011
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Loeil eeanslbicions: sedlbicri@lels

¢'(x") = p(x) x'H = xH - & (x)

Change in field Change in derivative

Sep= &Y (0v¢) 8:(0u) = &Y (0u0vh) + (04E") (Oveh)

# Action changes only through changes to the fields

0.7
00uP)

AF, Phys Rev D 113 (2026) 016011 %

BF5= f d'x {—wam ——((0,0,) + 08") (avcp))}
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Loeil eeanslbicions: sedlbicri@lels

¢'(x") = p(x) x'H = xH - & (x)

Change in field Change in derivative

Sep= &Y (0v¢) 8:(0u) = &Y (0u0vh) + (04E") (Oveh)

# Action changes only through changes to the fields

0.7 0.7
6Sfd4{(—v » aVav}
c ( "’)J’a(ay(p)(“ ) a(a#(p)(ﬂf )@y )

=6V,,2”

AF, Phys Rev D 113 (2026) 016011 m
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Loeil eeanslbicions: sedlbicri@lels

¢'(x") = p(x) x'H = xH - & (x)

Change in field Change in derivative

Sep= &Y (0v¢) 8:(0u) = &Y (0u0vh) + (04E") (Oveh)

# Action changes only through changes to the fields

0.L
= 4 v SH _ . v
553—/(1 X{f 6"6.‘1"%4' a(aud)) (apf )(av(p)}

AF, Phys Rev D 113 (2026) 016011
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Loeil eeanslbicions: sedlbicri@lels

¢'(x") = p(x) x'H = xH - & (x)

Change in field Change in derivative

Sep= &Y (0v¢) 8:(0u) = &Y (0u0vh) + (04E") (Oveh)

# Action changes only through changes to the fields

0%
00

8eS= f d*x {8550“3 -0,

((MP)] }

AF, Phys Rev D 113 (2026) 016011
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Loeil eeanslbicions: sedlbicri@lels

¢'(x") = p(x) x'H = xH - & (x)

Change in field Change in derivative

Sep= &Y (0v¢) 8:(0u) = &Y (0u0vh) + (04E") (Oveh)

# Action changes only through changes to the fields

0.7
L 0y -t
0(0u¢)( )

%

5§S:fd4x{ -0,

AF, Phys Rev D 113 (2026) 016011
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Loeil eeanslbicions: sedlbicri@lels

¢'(x") = p(x) x'H = xH - & (x)

Change in field Change in derivative

Sep= &Y (0v¢) 8:(0u) = &Y (0u0vh) + (04E") (Oveh)

# Action changes only through changes to the fields
0.7
T ), | ———— () — T
555 fd x{ 5 u 0(0u¢)( v(pb) v

~~
energy—momentum tensor

}

& The same as canonical EMT!
& EMT conserved if action is invariant

# Action is invariant ff Euler Lagrange equations satisfied (see reference) %

AF, Phys Rev D 113 (2026) 016011
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Loesil eeansbitions: yestocitelok

0x" A% BT il

A = 0 AV) ) — =t = H(x)

Change in four-potential

8¢ Ay = Ay (x) = Ay(x)

Change in field strength

8¢ Fuy = Fjpy (%) = Fuy (%)

AF, Phys Rev D 113 (2026) 016011
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Loesil eeansbitions: yestocitelok

A (x )— i o Av () I e ety i =xH - & (x)

Change in four-potential

8e Ay = Ay (X' +E0) - Au(x)

Change in field strength

Q
Q
\,

8¢ Fuy = Fly (x'+¢ (%)) = Fuy ()

AF, Phys Rev D 113 (2026) 016011
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Loesil eeansbitions: yestocitelok

A;L(x')z gxi,ﬂAv(x) I e ety Sl = )

Change in four-potential

SeAum Al(x) + &0y Ay) — Ay(x)

Change in field strength

8¢ Fuy = Fpy (x) + 6P (0 Fuy) — Fyy (%)

AF, Phys Rev D 113 (2026) 016011
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Loesil eeansbitions: yestocitelok

A;L(x')z gxi,ﬂAv(x) I e ety Sl = )

Change in four-potential

8 Ay = (), +0,8") Ay(x) +¢V(0y Ap) — Ap(x)

Change in field strength

8¢Fyuy = (8955 + (0,855 +8%(0yP)) Fap () + P (@ Fuv) — Fuv (1)

AF, Phys Rev D 113 (2026) 016011 m
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Loesil eeansbitions: yestocitelok

A;L(x')z gxi,ﬂAv(x) I e ety Sl = )

Change in four-potential

6514/1 ~ fv(avA,u) + (alustv)Av

Change in field strength

5§Fp1/ ~ (Qu‘fp)va + (avfp)F,up + 'fp(aprv)

AF, Phys Rev D 113 (2026) 016011
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Loesil eeansbitions: yestocitelok

7 ax* dxP

A’ (x)— o Av(x) ( = G Fop(x) xH = xt —EH(x)

Change in four-potential Change in field strength

66A,u ~ gv(avA,u) + (a,u‘fv)Av 6§F,up ~ fv(avap) + (apfv)va + (apfv)va

# Action changes only through changes to the fields

658=fd4x55$

AF, Phys Rev D 113 (2026) 016011
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Loesil eeansbitions: yestocitelok

7 ax* dxP

A’ (x)— o Av(x) ( = G Fop(x) xH = xt —EH(x)

Change in four-potential Change in field strength

66A,u ~ gv(avA,u) + (a,u‘fv)Av 6§F,up ~ fv(avap) + (apfv)va + (apfv)va

# Action changes only through changes to the fields

0.7
Oz fd‘*{ 6 Au+ oF, 55F,tp}

AF, Phys Rev D 113 (2026) 016011
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Loesil eeansbitions: yestocitelok

ox“ axﬁ
Ox /pa v a

A’ (x)— i S Av() F' e Fop(x) xH = xt - &M (x)

Change in four-potential Change in field strength

66A,u ~ gv(avA,u) + (a,u‘fv)Av 6§F,up ~ fv(avap) + (apfv)va + (apfv)va

# Action changes only through changes to the fields

e 4 63 v 4% 63 v 4%
8¢S= f d x{E(f By Ay + 0,8 )Av)+m(é (O Fup) + (08" Fyp + (0p8" Fy

AF, Phys Rev D 113 (2026) 016011 m
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Loesil eeansbitions: yestocitelok

ox“ 0xﬁ
Ox /pa v a

A, (x)— i S Av() A= Fop(x) x/F = xt — ¥ (x)

Change in four-potential Change in field strength

66A,u ~ gv(avA,u) + (a,u‘fv)Av 6§F,up ~ fv(avap) + (apfv)va + (apfv)va

# Action changes only through changes to the fields

g az <s
658 fd4 {‘fv(ﬁ(avAp) S (avap) (auEV)AV r F((apév)va ar (apé-v)F/,W)}
H M Hp

_6.,‘5,”

AF, Phys Rev D 113 (2026) 016011 m
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Loesil eeansbitions: yestocitelok

7 ax* dxP

0x"
A = L AV) ) = 5 g Fap () X =t =)

Change in four-potential Change in field strength

66A,u ~ gv(avA,u) + (a,u‘fv)Av 6§F,up ~ fv(avap) + (apfv)va + (apfv)va

# Action changes only through changes to the fields

8¢S = f d*x {£V5“aﬂ$+ 'Z(ay«: Ay + 22
0Fup

AF, Phys Rev D 113 (2026) 016011 m

— (04" Fyp + (apév)ﬂw)}
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Loesil eeansbitions: yestocitelok

7 ax* dxP

A’ (x)— o Av(x) ( = G Fop(x) xH = xt —EH(x)

Change in four-potential Change in field strength

66A,u ~ gv(avA,u) + (a,u‘fv)Av 6§F,up ~ fv(avap) + (apfv)va + (apfv)va

# Action changes only through changes to the fields

0L 6.,2” (815
555 fd4 {61’6/16#3_'_ (a/,t€ )Av (aygv)va ar OF_((?#{V)FPV}
Fup Py

AF, Phys Rev D 113 (2026) 016011 m
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Loesil eeansbitions: yestocitelok

7 ax* dxP

A’ (x)— o Av(x) ( = G Fop(x) xH = xt —EH(x)

Change in four-potential Change in field strength

66A,u ~ gv(avA,u) + (a,u‘fv)Av 6§F,up ~ fv(avap) + (apfv)va + (apfv)va

# Action changes only through changes to the fields

555 fd4 { V5“6ﬂ$+ g(auf )Ay + ag
OFW

AF, Phys Rev D 113 (2026) 016011 m

(aﬂ£V)va}


https://inspirehep.net/literature/2929752

Loesil eeansbitions: yestocitelok

7 ax* dxP

0x"
A = L AV) ) = 5 g Fap () X =t =)

Change in four-potential Change in field strength

66A,u ~ gv(avA,u) + (a,u‘fv)Av 6§F,up ~ fv(avap) + (apfv)va + (apfv)va

# Action changes only through changes to the fields

oL,
o,

%A

4 v oM v
8:S= fd {5 8450, — &V, 3,

~&9, |2

-

AF, Phys Rev D 113 (2026) 016011 m
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Loesil eeansbitions: yestocitelok

7 ax* dxP

A’ (x)— o Av(x) ( = G Fop(x) xH = xt —EH(x)

Change in four-potential Change in field strength

66A,u ~ gv(avA,u) + (a,u‘fv)Av 6§F,up ~ fv(avap) + (apfv)va + (apfv)va

# Action changes only through changes to the fields

bra= fd‘* { £0,[29Z £,y + 32 4, — st

0
OF,, ° " 0A,

}

AF, Phys Rev D 113 (2026) 016011


https://inspirehep.net/literature/2929752

Loesil eeansbitions: yestocitelok

ox” x® dxP o
A = 5 A9 Fin ) = 5 5 Fap ) ==
Change in four-potential Change in field strength

65A,u ~ gv(avA#) + (a,u‘fv)Av 6§F,up ~ fv(avap) + (apfv)va + (apfv)va

# Action changes only through changes to the fields

0¥ O.Z
6:8= | d* f0 ||y P — T3
55 f X { ¢ [ OF,JP vpt OA” v vZ

}

i

=~
energy—momentum tensor

# Not the same as the canonical EMT!
& EMT conserved if action is invariant

# Action is invariant ¢ff Euler Lagrange equations satisfied
AF, Phys Rev D 113 (2026) 016011



https://inspirehep.net/literature/2929752

Bamoler Wangyell chidos -

# Let’s work out this new EMT for the Maxwell Lagrangian:
1
.iﬂ:—z aﬁF“ﬁ FaﬁIaaAﬁ—aﬁAa

& Relevant derivative:

@ New EMT formula:

Gamboa Saravi, ] Phys A 35 (2002) 9199
AF, Phys Rev D 113 (2026) 016011
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Bamoler Wangyell chidos -

# Let’s work out this new EMT for the Maxwell Lagrangian:
1
.iﬂ:—z aﬁF“ﬁ FaﬁIaaAﬁ—aﬁAa

& Relevant derivative:

rl aﬁi[paﬁ]
AT e
& New EMT formula:

Gamboa Saravi, ] Phys A 35 (2002) 9199
AF, Phys Rev D 113 (2026) 016011
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Bamoler Wangyell chidos -3

# Let’s work out this new EMT for the Maxwell Lagrangian:

1
.,2”:—2 aﬁFaﬁ FaﬁIaaAﬁ—aﬁAa

& Relevant derivative:

% < - F*Psh 5P

ey ol p
& New EMT formula:

v = 29Z pv _ kv
aF,UP .

Gamboa Saravi, ] Phys A 35 (2002) 9199
AF, Phys Rev D 113 (2026) 016011
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Bamoler Wangyell chidos -3

# Let’s work out this new EMT for the Maxwell Lagrangian:

1
.,2”:—2 aﬁFaﬁ FaﬁIaaAﬁ—aﬁAa
& Relevant derivative:
% = _1 FHP
0Fyp 2
& New EMT formula:
v = 29Z pv _ kv
0Fu, °

Gamboa Saravi, ] Phys A 35 (2002) 9199
AF, Phys Rev D 113 (2026) 016011
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Joxar le: Whvewell etidee y

# Let’s work out this new EMT for the Maxwell Lagrangian:

il
Tt upFP Fop=0qAp—0pAq
& Relevant derivative:
% = _lF#P
0F, 2

@ New EMT formula:

Gamboa Saravi, ] Phys A 35 (2002) 9199
AF, Phys Rev D 113 (2026) 016011



https://inspirehep.net/literature/591857
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Bamoler Wangyell chidos |

# Let’s work out this new EMT for the Maxwell Lagrangian:

il
Tt upFP Fop=00qAp—0pAq
& Relevant derivative:
% = _lF#P
0F, 2

@ New EMT formula:
1
THY — RHP va gt nyvz Faﬁ Fop

# Gauge-invariant—and the same as the Belinfante EMT!

# Again worth working this out for QCD t00 (pretend it’s a homework problem)

Gamboa Saravi, ] Phys A 35 (2002) 9199
AF, Phys Rev D 113 (2026) 016011



https://inspirehep.net/literature/591857
https://inspirehep.net/literature/2929752

Quiels nigre b oo a

# Spinors transform like scalars under local translations:

v (x") =p(x) i =xH - & (x)

# Happens because there’s no spinor representation of local translations

<+ More technically: no finite linear double cover of GL(4, R)
< There’s a non-linear double cover (metalinear group, ML(4, R)) ...but it’s messy and rarely used

# Will result in asymmetric EMT for theories with spinors!

Cartan, 7he Theory of Spinors (original proof)
AF, Phys Rev D 113 (2026) 016011 (elementary proof in appendix) %


https://www.google.com/books/edition/The_Theory_of_Spinors/AEZ1h7Cg3cwC
https://inspirehep.net/literature/2929752

inerie CIETEyACIISOT,

& Result from local translations called kinetic EMT:

Z q}/y@vq_i_FIJPFav n,uvzq( pY _mq)q+ npv ﬁ aﬁ
not symmetrized
# Unlike Belinfante energy tensor, is not symmetric under y < v

# Could have obtained from improvement procedure using different superpotential:
AHVP = EHP A;

< Shows that superpotential is somewhat arbitrary
<% Minimal choice needed to restore gauge invariance

# Meaning of symmetric vs. asymmetric can be sussed out using mechanical form factors

Leader & Lorcé, Phys Rept 541 (2014) 163
AF, Phys Rev D 113 (2026) 016011



https://inspirehep.net/literature/1254431
https://inspirehep.net/literature/2929752

Wlectunieil forin ficrees

# Energy-momentum tensor parametrized using mechanical form factors

reige AFAY — gV A2
@, ST Olp,s) = ap',s ){ A 4—qu,g(A2) + MgtV ey ¢ (A7)
+2—qu(A )—Z—ngm )}u(p,s)

# General form from Lorentz covariance
@ MFFs encode hadron structure
7 S, g(Az) present for asymmetric tensor only
1 o
B \ppl)
A Smlcip)f
Kobzarev & Okun, Sov Phys JETP 16 (1963) 1343

H. Pagels, Phys Rev 144 (1966) 1250
X.Ji, PRL78 (1997) 610



https://inspirehep.net/literature/42872
https://inspirehep.net/literature/50537
https://inspirehep.net/literature/416559

Ditterenr nomerie e

Mechanical form factors

@ Describe mechanical properties—which are the main focus

W It’s new jargon (not in widespread use)

EMT form factors

| A\

& Form factors of the energy-momentum tensor (EMT)

W Some literature uses “stress energy tensor” instead

Gravitational form factors

| A\

|ZT Densities are gravitational sources

® We’re not using gravitation to measure them or studying gravity

# All are acceptable nomenclature, with various pros and cons.

# Mechanical form factors is just my own preference



IVEE anTeal o AGtors — sum rales ' y

# Momentum sum rule:

W Al =1
9.8
# Angular momentum sum rule (Ji sum rule):

1
Zh@=5
9.8

# Local momentum conservation:

Pt (AGi=i0
9,8
< Violated for open sub-systems

<4 Non-zero ¢.(A?) quantifies forces

< ](b»—— V; d3_A— (AZ) —iAb
i =-mV; 203 G e
< Called non-conserved form factor — quantifies local conservation violation

X.Ji, PRL78 (1997) 610
Polyakov & Son, JHEP 09 (2018) 156



https://inspirehep.net/literature/416559
https://inspirehep.net/literature/1684634

Eloyw o ger YIEE;? a

Lattice QCD Exclusive reactions
# Directly compute EMT matrix elements # Deeply virtual Compton scattering

# Meson photo/electro-production

# Production amplitude formally related to
QCD EMT operator

p p

Hackett, Pefkou & Shanahan, PRI 132 (2024) 251904 Hatta ez al., PTEP (2025) ptaf076
Chatagnon ez al., 2602.22128
# Tl just talk about what you learn once you’ve got them.

Vector Quarkonia as Pressure Gauges (a recent CNF mini-workshop)


https://inspirehep.net/literature/2709825
https://inspirehep.net/literature/2871503
https://inspirehep.net/literature/3123578
https://www.femtocenter.org/cnf-mini-workshop-vector-quarkonia-pressure-gauges

“Thie conrrgyersios 4

E Proton mass Energy density
i >
4 How much of the proEon mass is due th quark masi. Nt
< Can any of the proton’s mass be called “anomalous”? l
2 Proton Spin TOO (x) TOl (%) TOZ (x) T03 (x)

<+ How much is carried by quark & gluon spin?
<4 How much is orbital motion?

TlO(x) Tll(x) TIZ(x) T13(x)
TZO(x) TZl(x) TZZ(x) T23(x)

3’ Proton pressure T30 T3y T32(x) T3()

<+ Isitactually meaningful to talk about proton pressure?
<+ Do we actually learn anything about QCD forces?

4 Proton densities X
tress tensor

£

4 How are relativistic densities defined?






Thie crieray dlensic

# Proton mass = proton energy in rest frame
# Energy density is T (x)

Energy density

TOO (x) TOl (x) TOZ (%) T03 (x)
TlO(x) Tll(x) TIZ(x) T13 (x)
TZO (x) T21 (x) T22 (x) T23 (x)

T30 (x) T31 (x) T32 (x) T33 (x)
# Belinfante & kinetic tensors give same result:

T (x) =

quark kinetic energy

a

> —l «—> 1
R = quqq+z7qTa~ D q+Fo Fo0+ ZF“ﬁF,‘;“6
q q X

v

~7~

gluon energy

S

quark masses




Sraric erieray

# Static energy given by spatial integral of energy density:

(P|HY) = f d3x (P| T (x)| W)

Lorcé, Eur Phys ] C 78 (2018) 120
Metz, Pasquini & Rodini, Phys Rev D 102 (2020) 114042
Lorcé, Metz, Pasquini & Rodini, JHEP 11 (2021) 121



https://inspirehep.net/literature/1605756
https://inspirehep.net/literature/1802122
https://inspirehep.net/literature/1927693

Sraric erieray

# Static energy given by spatial integral of energy density:

" d3pl N
— 3 I 1400
<\P|H|\P>—§fd fZEp(zmngEp,(ng<\P|p,s><p,s|T (1P, 5)(p, sI%)

Lorcé, Eur Phys J C 78 (2018) 120
Metz, Pasquini & Rodini, Phys Rev D 102 (2020) 114042
Lorcé, Metz, Pasquini & Rodini, JHEP 11 (2021) 121



https://inspirehep.net/literature/1605756
https://inspirehep.net/literature/1802122
https://inspirehep.net/literature/1927693

Sriric erieray K

# Static energy given by spatial integral of energy density:

- d3p/ s -
Y HIVYY = d3 f f \{, l’ [/ l, 1 i P-x 400 ={1/Pa5% : ;
(VIH|Y) st/f 2Ep(2n)3 2Epl(zmgx Ip' s Hpssie T (0l =p,sip, sl

Lorcé, Eur Phys J C 78 (2018) 120
Metz, Pasquini & Rodini, Phys Rev D 102 (2020) 114042
Lorcé, Metz, Pasquini & Rodini, JHEP 11 (2021) 121



https://inspirehep.net/literature/1605756
https://inspirehep.net/literature/1802122
https://inspirehep.net/literature/1927693

Sriric erieray K

# Static energy given by spatial integral of energy density:

dSP dSA fdsx e_iA'xei(Ep’_Ep)t<pl’S,|TOO(0)|p’ S)

(YIH|Y) = Z emn3) @2n)3 4EpEp'

S

v (p',sh¥(p,s)

1
P=_(p+p) A=p'-p

Lorcé, Eur Phys J C 78 (2018) 120
Metz, Pasquini & Rodini, Phys Rev D 102 (2020) 114042
Lorcé, Metz, Pasquini & Rodini, JHEP 11 (2021) 121



https://inspirehep.net/literature/1605756
https://inspirehep.net/literature/1802122
https://inspirehep.net/literature/1927693

Sraric erieray 3

# Static energy given by spatial integral of energy density:

W) = 358) Ay i Ey—Ept P S1T°O1P,S)
@i =5 [ o )3f(2 s oms Y et B P PR ) ¥

Lorcé, Eur Phys J C 78 (2018) 120
Metz, Pasquini & Rodini, Phys Rev D 102 (2020) 114042
Lorcé, Metz, Pasquini & Rodini, JHEP 11 (2021) 121



https://inspirehep.net/literature/1605756
https://inspirehep.net/literature/1802122
https://inspirehep.net/literature/1927693

Sraric erieray

# Static energy given by spatial integral of energy density:

d3p (P, s | TP, s)
2Ep(27)3 2Ep

(V| H1 v*(P, sV (P, s)

SKst

Lorcé, Eur Phys J C 78 (2018) 120
Metz, Pasquini & Rodini, Phys Rev D 102 (2020) 114042
Lorcé, Metz, Pasquini & Rodini, JHEP 11 (2021) 121



https://inspirehep.net/literature/1605756
https://inspirehep.net/literature/1802122
https://inspirehep.net/literature/1927693

Sraric erieray

# Static energy given by spatial integral of energy density:

P (P,s|T®0)P,s) 2
S - ZfZEp(Zn)3 2Ep ’T(P’3)|

Lorcé, Eur Phys J C 78 (2018) 120
Metz, Pasquini & Rodini, Phys Rev D 102 (2020) 114042
Lorcé, Metz, Pasquini & Rodini, JHEP 11 (2021) 121



https://inspirehep.net/literature/1605756
https://inspirehep.net/literature/1802122
https://inspirehep.net/literature/1927693

Sriric erieray : .'

# Static energy given by spatial integral of energy density:

(P,s|T)|P,s)

zero-momentum plane wave 2m

(V| H|'P) = (1%

# Gives the following proton mass decomposition:

quark kinetic energy
A

> . =1 «—> R 0 1
(1) = X Amqaa) + £ 5 (a"a- T q) + | For g+ 1 rep )
q q J |
quark masses gluon energy

Lorcé, Eur Phys ] C 78 (2018) 120
Metz, Pasquini & Rodini, Phys Rev D 102 (2020) 114042
Lorcé, Metz, Pasquini & Rodini, JHEP 11 (2021) 121



https://inspirehep.net/literature/1605756
https://inspirehep.net/literature/1802122
https://inspirehep.net/literature/1927693

I O AT G IO LTI ASS IS QALK MASSY:

Misconception: around 1% Truth: 8-20%

Tr(r)l(a)\ss ~ Z m(]qq
q

Mass = 168x102g

of\ proton mass

1073 102 10~ 10"

# 1% assumes proton is three quarks (uud)

4 ...but we know that’s not true.

<4 There’s sea of quarks & anti-quarks
Metz, Pasquini & Rodini, Phys Rev D 102 (2020) 114042


https://inspirehep.net/literature/1802122

Gleiori ceice aroeriil

# Gluon part of energy tensor is classically traceless:

nuv{ngng n#vFaﬁ ﬁ} _F.UVFa 7 Fgﬁ F _o
# Not true in the quantum theory!

<4 Quantities formally infinite without regularization & renormalization
< In dimensional regularization (d = 4 — 2¢):

F“ﬁ gl = —+ﬁn1te

< Trace becomes:

aﬁ___Fa

apta

1 d G
Wi {ngF;“’ 4 Zn“”pgﬁpgﬁ} = e Fgﬁ ap —5+0©@#0

< Called the trace anomaly or conformal anomaly

# Does this anomalous trace imply an anomalous energy? m



Anomlous eneryy?

# What an anomalous energy would look like:

2 1
[TO(L)IB]R : ; E [Eg + B?]R T Eanomaly

# Complication: field operators have divergences that need to be renormalized
<4 Use dimreg! (d =4 —2¢)
<4 Isolate and subtract % divergences
<4 Caution: not allowed to subtract % or set d = 4 until the very end
< [...]g stands for renormalized quantity

# Actual gluon energy:

TOO

s A ap
R TS o

<4 Can we rewrite in terms of chromoelectric and chromomagnetic fields?

£



Rangrralized glugnigdiers e

Chromoelectric field

Chromomagnetic field

Vector field (d — 1 components) 2-form field (%(d —1)(d - 2) components)

El=F Bl = F1
c

& Gluon energy (assume sum over ¢, even when not repeated):

00 _  Op 0,1 apf
i
# And now we renormalize:
T00 | 1 E2+ B?
[ glue]R_E[ ct C]R

< That’s it. No anomalous energy.
8-




Renorerilized

Chromoelectric field Chromomagnetic field
Vector field (d — 1 components) 2-form field (%(d —1)(d - 2) components)
i_ 0i .. ..
E.=F, BéJZFCl]

& Gluon energy (assume sum over ¢, even when not repeated):

TOO

A e 0 0i ij
o= LR +F JF, +FC”F

# And now we renormalize:

glue

1
la=5[E2+ B,

< That’s it. No anomalous energy.
8-




Renorerilized

Chromoelectric field Chromomagnetic field
Vector field (d — 1 components) 2-form field (%(d —1)(d - 2) components)
i_ 0i .. ..
E.=F, BéJZFCl]

& Gluon energy (assume sum over ¢, even when not repeated):

1 1
00 _ g2 2 2
Tghe = Ei—5 B2+ B
# And now we renormalize:
T00 | 1 E2+ B?
[ glue]R_E[ ct C]R

< That’s it. No anomalous energy.
8-




Rangrralized glugnigdiers e

Chromoelectric field

Chromomagnetic field

Vector field (d — 1 components) 2-form field (%(d —1)(d - 2) components)

El=F Bl = F1
c

& Gluon energy (assume sum over ¢, even when not repeated):

1
0 _ 2 2
Tgue = 3 (E; + BZ)
# And now we renormalize:
1
00 Dl
[Tglue]R = E[Ec +BC]R

< That’s it. No anomalous energy.
8-




Origin of ehe ryeh ofilo kot Sridty ' i

# There’s a common myth in the field that there’s an anomalous gluon energy.

# Arises from inconsistently applying renormalization rules—here’s how:

TOO

_rOp ap
=T et FcaﬁF

Ji, Phys Rev D 52 (1995) 271



https://inspirehep.net/literature/392582

Origin of ehe ryeh ofilo kot Sridty ' i

# There’s a common myth in the field that there’s an anomalous gluon energy.

# Arises from inconsistently applying renormalization rules—here’s how:

0 1
T, = F,%°F, %+ EFmﬁFC“ﬁ + (

glue —

W)

ap
ad Fa,BFC

C

Ji, Phys Rev D 52 (1995) 271



https://inspirehep.net/literature/392582

Origin of ehe ryeh ofilo kot Sridty ' i

# There’s a common myth in the field that there’s an anomalous gluon energy.

# Arises from inconsistently applying renormalization rules—here’s how:

00 _ »0p 0,1
Tglue_FC FCp +EFcaﬁ 4d c

. )

d—4
FC“ﬁ+(—)FaﬁFC“ﬁ

s
traceless part traceful part

Ji, Phys Rev D 52 (1995) 271
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Origin of ehe ryeh ofilo kot Sridty ' i

# There’s a common myth in the field that there’s an anomalous gluon energy.

# Arises from inconsistently applying renormalization rules—here’s how:

i 2 g 1l i (d—4)\(C
Vg 9+=>F,,F%+=F .F”+( )(—+ﬁnite)

00 _
Taiue =1, S S e ad )\e

glue — “ ¢

Ji, Phys Rev D 52 (1995) 271
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Origin of ehe ryeh ofilo kot Sridty ' i

# There’s a common myth in the field that there’s an anomalous gluon energy.

# Arises from inconsistently applying renormalization rules—here’s how:

2 2 =&y [[C
00 _ 2 2 .
e - (1 = E)EC+EBC + (Zd) ( . +ﬁn1te)

Ji, Phys Rev D 52 (1995) 271
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Origin of ehe ryeh ofilo kot Sridty ' i

# There’s a common myth in the field that there’s an anomalous gluon energy.

# Arises from inconsistently applying renormalization rules—here’s how:

1 &
00 2

L@ G
E>+ (5 . +@’(€2)) Bf—g +0 ()

Ji, Phys Rev D 52 (1995) 271
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Origin of ehe ryeh ofilo kot Sridty ' i

# There’s a common myth in the field that there’s an anomalous gluon energy.

# Arises from inconsistently applying renormalization rules—here’s how:

it @
00 2

1 € C
E>+ (5 i +@>(62)) B?—g +0(e)
# The mistake: drop apparent G (€) factors:

1 @
00 _ 2 2
Tglue b E(Ec +Bc) )

Ji, Phys Rev D 52 (1995) 271
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Origin of ehe ryeh ofilo kot Sridty ' i

# There’s a common myth in the field that there’s an anomalous gluon energy.

# Arises from inconsistently applying renormalization rules—here’s how:

" @ 1 € C
00 _ 24| 2 2| p2
Iglue_ (2 4+ﬁ(e ))EC+(2 +4+@(e ))Bc 3 +0(€)

# The mistake: drop apparent O (€) factors:

[ TOO

it @,
glue]R: E[Eg"'BS]R_E

~—~

anomalous energy

Ji, Phys Rev D 52 (1995) 271



https://inspirehep.net/literature/392582

(@I Ve anemalous Srigry

# There’s a common myth in the field that there’s an anomalous gluon energy.

# Arises from inconsistently applying renormalization rules—here’s how:

1 &
00 2

1 € C
E>+ (E 0 +@(€2)) Bf—g +0 ()
# The mistake: drop apparent G (€) factors:

1 ©
glue]R: 5[E62'+BL2‘]R_E

——

anomalous energy

# Correct procedure: recall E2 and B? have % divergences:
1 C
To0, = 5 (E2+B2)+ Z(Bf ~E})- = +0@

glue —

Ji, Phys Rev D 52 (1995) 271
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(@I Ve anemalous Srigry

# There’s a common myth in the field that there’s an anomalous gluon energy.
# Arises from inconsistently applying renormalization rules—here’s how:

T _ (1 06

1 € C
2 2 2
glue — 2 4 EC+(§+Z+@(€ ))BC_§+@(€)

# The mistake: drop apparent G (€) factors:

1 @
(190,15 = 5 B2+ B2 =
——

anomalous energy

@ Correct procedure: recall E2 and B2 have % divergences:

1 € @
T80, = (B2 + B2) + (B2 B2)-
:%FcaﬂFCaﬁ

Ji, Phys Rev D 52 (1995) 271



https://inspirehep.net/literature/392582

(@I Ve anemalous Srigry

# There’s a common myth in the field that there’s an anomalous gluon energy.

# Arises from inconsistently applying renormalization rules—here’s how:

1l &

1 € C
E>+ (E i +@’(62)) Bf—g +0(e)
# The mistake: drop apparent G (€) factors:

1 @
glue]R = E[Eg +B§]R -

8
—~—

anomalous energy

@ Correct procedure: recall EZ and B2 have 1 divergences:

il e(C @
e SRS e, S o oA
Tt 5 (EZ+B)+ 4 (26 + ﬁmte) A

Ji, Phys Rev D 52 (1995) 271
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(@I Ve anemalous Srigry

# There’s a common myth in the field that there’s an anomalous gluon energy.

# Arises from inconsistently applying renormalization rules—here’s how:

1l &

1 € C
E>+ (E i +@’(62)) Bf—g +0(e)
# The mistake: drop apparent G (€) factors:

1 @
glue]R = E[Eg +B§]R -

8
—~—

anomalous energy

@ Correct procedure: recall EZ and B2 have 1 divergences:
1 € C
T% ==(E?+B%)+ (E +@(e)) b

glue — 2

Ji, Phys Rev D 52 (1995) 271



https://inspirehep.net/literature/392582

(@I Ve anemalous Srigry

# There’s a common myth in the field that there’s an anomalous gluon energy.

# Arises from inconsistently applying renormalization rules—here’s how:

1553 3 I e C
00NN 24| 2 2| p2
Iglue_ (2 4+ﬁ(e ))EC+(2 +4+6’(€ ))Bc 3 +0(€)

# The mistake: drop apparent @ (€) factors:

1 ©
(190,15 = 5 B2+ B2 =
——

anomalous energy

#@ Correct procedure: recall EZ and B2 have 1 divergences:

oo _1

glue = o (Ecz‘ a5 B?)

Ji, Phys Rev D 52 (1995) 271



https://inspirehep.net/literature/392582

(@I Ve anemalous Srigry

# There’s a common myth in the field that there’s an anomalous gluon energy.

# Arises from inconsistently applying renormalization rules—here’s how:

1553 3 I e C
00NN 24| 2 2| p2
Iglue_ (2 4+ﬁ(e ))EC+(2 +4+6’(€ ))Bc 3 +0(€)

# The mistake: drop apparent @ (€) factors:

1 ©
(190,15 = 5 B2+ B2 =
——

anomalous energy

#@ Correct procedure: recall EZ and B2 have 1 divergences:

1
[Tl =5 B2+ B2,

Ji, Phys Rev D 52 (1995) 271



https://inspirehep.net/literature/392582

Prorgn wiags decorgeiisio e

# The most sensible proton mass breakdown has three terms:

uark kinetic

quark mass
quark kinetic energy

—i — 1
g0 :quQq+27qTa- @q+F2ngo+Z ZﬁF,‘;ﬁ
q q N s

e luor?erner gluon energy
quark masses & &Y

Scenario A, MS from MPR PRD
# In terms of mechanical form factors ...

(T = m(Ag@) +E4(0)) (T = m(Ag(0) +4(0)

<+ Mechanical form factors insufficient to separate quark mass & kinetic energy
Lorcé, Eur Phys ] C 78 (2018) 120

Metz, Pasquini & Rodini, Phys Rev D 102 (2020) 114042
Lorcé, Metz, Pasquini & Rodini, JHEP 11 (2021) 121



https://inspirehep.net/literature/1605756
https://inspirehep.net/literature/1802122
https://inspirehep.net/literature/1927693




Wlornertuen eensivies a

# Momentum densities are the top row of the energy-momentum tensor

Momentum densities

TOO (x) TO] (%) TOZ (x) TOS (x)
TIO(x) Tll(x) T12(x) T13 (x)
TZO (x) TZl (%) T22 (x) T23 (x)
T30 (%) T31 (%) T32 (%) T33 (x)

TH(x) =

# Classically, (orbital) angular momentum given by:
L=rxp

# Define (orbital) angular momentum density via:

Li(x) = €37 T% (x)
Leader & Lorcé, Phys Rept 541 (2014) 163


https://inspirehep.net/literature/1254431

Bewsire of ewisrecl orefte) o ' J

# Caution: pI‘OtOI’l ‘wave packet can carry angular momentum!

<+ Need to avoid this when building spin sum rules
<% Use spherical wave packets, zero average momentum

(PILi ) = €35k f d®xxd (P17 () P)

# Use a spin-up (z-axis) state; in terms of mechanical form factors:

iy, ARBE =7 (1) — 5 ()

< Different energy tensors imply different proton spin breakdowns
< Caution: what’s meant by J4,¢(0) and S ¢(0) can also differ between energy tensors!

£



Beyire of eyisrecl orotees a

# Caution: proton wave packet can carry angular momentum!

<4 Need to avoid this when building spin sum rules
<4 Use spherical wave packets, zero average momentum

A . b3 E) d3p’ A
(WILIW) = ;5 f &l f T f 5E o (P ST, 9 1)
p p'

# Use a spin-up (z-axis) state; in terms of mechanical form factors:

b RIS ) — ()

< Different energy tensors imply different proton spin breakdowns
< Caution: what’s meant by J4,¢(0) and S ¢ (0) can also differ between energy tensors!

£



Beyire of eyisrecl orotees a

# Caution: proton wave packet can carry angular momentum!

<4 Need to avoid this when building spin sum rules
<4 Use spherical wave packets, zero average momentum

dp /dsxx] 1o 8 ,AEt(p,SITOk(O)Ip,s)

WILiIW) =Y eijk | ——3
(YIL;|'P) Zel]k 2m)3 (27-[)3 4EpEp/

s, s’

v (p',sh¥(p,s)

# Use a spin-up (z-axis) state; in terms of mechanical form factors:

< Different energy tensors imply different proton spin breakdowns
< Caution: what’s meant by J; ¢(0) and Sg,¢(0) can also differ between energy tensors!

£



Beyire of eyisrecl orotees a

# Caution: proton wave packet can carry angular momentum!

<4 Need to avoid this when building spin sum rules
<% Use spherical wave packets, zero average momentum

ingt PSR QP 9)

v

A d&é3p r d3a R
PILiPY=—i) €ijx | —= dxe ¥ —
( | ll > lgel]k (27_[)3 (2”)3f xe aAJ €

# Use a spin-up (z-axis) state; in terms of mechanical form factors:

i NG ) — 5, (0

< Different energy tensors imply different proton spin breakdowns
< Caution: what’s meant by J; ¢(0) and Sy, ¢(0) can also differ between energy tensors!

£



Beyire of eyisrecl orotees a

# Caution: proton wave packet can carry angular momentum!

<4 Need to avoid this when building spin sum rules
<% Use spherical wave packets, zero average momentum

d&é3p r d3a
@n)3J 2n)3

Gitet PLS1 T @I, 9

(PILi|W) =—i) €k N8

Susi

d
21)°6®) (4) —
@6 @A)

# Use a spin-up (z-axis) state; in terms of mechanical form factors:

i NG ) — 5, (0

< Different energy tensors imply different proton spin breakdowns
< Caution: what’s meant by J; ¢(0) and Sy, ¢(0) can also differ between energy tensors!

£



Beyire of eyisrecl orotees a

# Caution: proton wave packet can carry angular momentum!

<4 Need to avoid this when building spin sum rules
< Use spherical wave packets, zero average momentum

d3
(271)3 AT

e'2e 1w (p/, ) ¥ (p, )
4EpEpl

(PIL; Py =—i) €k

ISsk

[(p $'17%0) p, 52

A=0

# Use a spin-up (z-axis) state; in terms of mechanical form factors:

b, AR ) — ()

< Different energy tensors imply different proton spin breakdowns
< Caution: what’s meant by J4,¢(0) and S ¢(0) can also differ between energy tensors!




Bewsire of ewisrecl orefte) o

# Caution: proton wave packet can carry angular momentum!

<+ Need to avoid this when building spin sum rules
< Use spherical wave packets, zero average momentum

lAEt\II* (pl, S,)\P(p, S)
AEpEy

(PIL)W) = —i) €5k

Gash

(2 )3 ] [(p,s 171,

A=0

e
stationary at A = 0 for spherical wave packet

# Use a spin-up (z-axis) state; in terms of mechanical form factors:

R =0T ) 8,0

< Different energy tensors imply different proton spin breakdowns

< Caution: what’s meant by J; ¢(0) and Sg,¢(0) can also differ between energy tensors! i



Beyire of eyisrecl orotees a

# Caution: proton wave packet can carry angular momentum!

<4 Need to avoid this when building spin sum rules
<% Use spherical wave packets, zero average momentum

P o
(2m)3 aAJ

(p',s'| T 0)|p, s)
2Ep

(PIL;| Py =—i) €k

SyS A

A=0

# Use a spin-up (z-axis) state; in terms of mechanical form factors:

i NG ) — 5, (0

< Different energy tensors imply different proton spin breakdowns
< Caution: what’s meant by J; ¢(0) and Sy, ¢(0) can also differ between energy tensors!

Y*(P,s"V(P,s)

£



Bewsire of ewisrecl orefte) o ' J

# Caution: proton wave packet can carry angular momentum!

<4 Need to avoid this when building spin sum rules
<% Use spherical wave packets, zero average momentum

(p,s'|T°%0)|p, s)
2m

" . 0
(‘PILil‘I’>——l§€ijkE

A=0

# Use a spin-up (z-axis) state; in terms of mechanical form factors:

i NG ) — 5, (0

< Different energy tensors imply different proton spin breakdowns
< Caution: what’s meant by J; ¢(0) and Sy, ¢(0) can also differ between energy tensors!

£



A uile of eyo suen cules &

L' Jaffe-Manohar sum rule

g g .
J= Zfd3xx x qT(—iV)q+Zfd3quZq+fd3an x Aa+fd3xE;(x x V)AL
Tt Y F2 )-8 4, & 5 & 2
2Ly Sq Ly Sg
<4 Motivated by canonical energy tensor
<4 Not gauge-invariant, but correct rotation generators

+ Chen decomposition picks out Coulomb gauge

2’ Ji sum rule

g
s Zfd?’xx x q*(—i@)q+2fd3xquq+fd3xx x (Eg x Bp)
q ¢ S ISRARY PR s
Ly Sq Jg
<4 Motivated by kinetic energy tensor
< Gauge—invariant, but not rotation generators

Jaffe & Manohar, Nucl Phys B 337 (1990) 509
Ji, Phys Rev Lett 78 (1997) 610
Leader & Lorcé, Phys Rept 541 (2014) 163



https://inspirehep.net/literature/277754
https://inspirehep.net/literature/416559
https://inspirehep.net/literature/1254431

[aite-NLinigbiir cleco uieferisto! a

]:Zfd%xx q*(—iV)q+Zfd3qu%q+fd3anan+fd3fol(xxV)A;
q ¢ R b

<, % S
# Orbital pieces come from €;jkx! Can(x)
# Spin pieces come from (missing) Belinfante improvement terms
# All pieces obey [J;, ;1 = i€; ji ] individually

# Dieces act like rotation generators:

[(Lg,i,q] =i(xxV)iq

1
[Sq,i»ql = __Ulq
[gg,i,A?] = (5% 5 V)l'A;-l
[Sg,i, A7) = i€iji Af

Jaffe & Manohar, Nucl Phys B 337 (1990) 509
Leader & Lorcé, Phys Rept 541 (2014) 163

I didn’t make a pie chart because the numbers are basically unknown.



https://inspirehep.net/literature/277754
https://inspirehep.net/literature/1254431

[i dlecorgasition

]=;fd3xx><qT(—i@)q+;fd3qu%q+fd3xxx(EaxBa)

Lq Sq J, 4
# Gluon piece and quark orbital piece come from €; jxx/ TOK (x)

# Quark spin piece comes from (missing) Belinfante improvement term

quark spin

# Gauge-invariant breakdown!

# ..but pieces are not rotation generators

quark orbital

Ji, Phys Rev Lett 78 (1997) 610
Leader & Lorcé, Phys Rept 541 (2014) 163
Alexandrou ez al., Phys Rev D 101 (2020) 094513 (numbers for pie chart)

£


https://inspirehep.net/literature/416559
https://inspirehep.net/literature/1254431
https://inspirehep.net/literature/1787020




Thie seress tengor

# 3 x 3 sub-matrix of the energy-momentum tensor.

TOO (x) TOl (%) T02 (%) T03 (%)
TlO (x) Tll(x) le(x) T13(x)
T20 (x) T21 (x) T22 (%) T23 (x) x—x—&(x)
T30 (x) T31 (%) T32 (%) T33 (%)

Stress tensor
# Work needed to deform a system:

stress tensor strain torsion
D AR

SN 28 . . o = > .
Wlx—x-§&x)] =~ f et b0 (5 (8:€7 () +8;¢* () + 3 (8,87 (%) — 3¢ (x)D
< Stress: internal forces resisting spatial deformation
4 Deformations are a virtual pressure gauge

Lorcé, Metz, Pasquini & Rodini, JHEP 11 (2021) 121
AF,PRD 113 (2026) 016011



https://inspirehep.net/literature/1927693
https://inspirehep.net/literature/2929752

Seress @7 monericuicilebeelapisie

# Continuity equation (integral form);

d ; .5
—[f d3xTOJ(x,t)]=—y§ dsa;TH(x,r) THMX=
dt\ 74 ) Jov

V)

~- ~~
Momentum in region Flux out of region

& Stresses are momentum flux densities
<4 Include particle fluxes & forces

Particle flux

# Kinetic pressure is pressure
< It’s the microscopic origin of gas & fluid pressure
< Photon flux is the origin of radiation pressure

Sisyphus image: Miikka Holkeri (website)

Tl() (x)
TZO (x)
T30 (x)

T02 (%) T03 (x)
T12 (x) T13 (%)
T22 (x) T23 (%)
T32 (x) T33 (%)


https://holkeri.fi/2021/04/23/the-myth-of-sisyphus.html

Pogitiye or newitive 3oeagye

Hanglng monkeys

# Negative stress / negative “pressure”

Tension

# Tension / pulling / stretching

# Highest monkey under most tension

Vi Tij = _pgzj = fg]rav

Compression

Image: MikeRun (Wikimedia), very modified

Monkey image by Angie Freese (Instagram)

Stacked Turtles

# DPositive stress / positive “pressure”

# Compression / pushing / squishing

# More compression at bottom of pile

Vi Tij = _pgzj = fg]rav

Turtle image by FoxKids1302 (DeviantArt)



https://upload.wikimedia.org/wikipedia/commons/2/2a/Different-types-of-mechanical-stress_EN.svg
https://www.instagram.com/wolical
https://www.deviantart.com/foxkids1302/art/Turtle-stacking-602959976

(@ATChyanementLumtcauation &

AFup =+3Mg wﬂtmnequ\aﬁom an open, static system:
= — VT (x,0) =0

J
fexternal (%, 1)

alance between external forces & internal forces
< Can infer exterfial forces from stress tensor!

¢ @ Works for

pectation values in quantum systems!

<f:3{(ternal(x’ A Vi(Tij (x, 1))

y
Fiown =—2Mg 4 Schrédinger, Ann. Phys. 387 (1927) 265
<4 Nielsen & Martin, PRB 32 (1985) 3780

<4 Polyakov & Son, JHEP 09 (2018) 156

& Stress tensor in atom returns Coulomb force law!
4 AF,PRD 111 (2025) 034047

<+ Could map out strong nuclear forces via stress tensor!
Monkey image by Angie Freese (Instagram)



https://doi.org/10.1002/andp.19273870211
https://inspirehep.net/literature/224009
https://inspirehep.net/literature/1684634
https://inspirehep.net/literature/2859392
https://www.instagram.com/wolical

VT = —pgsl

<4 Only their D-term (donkey term?) differs.
< Divergence-free part describes (potentially large) mutually-cancelling internal stresses.

< This is physical and can be felt.




Sriric jrress rensor

# Define a static stress tensor:

; d3A
¢l sf— 4,5/ Tp0)]-4,5)e74"
d.g(") 2Ea/2(2m)3 <2 L >
< This is a definition—not derived

<% The definition is controversial—we’ll get to that next lecture
4 Let’s roll with it for now

# In terms of mechanical form factors:
; d3A (ATAT - 51T A% . ;
1 o 2 = % —iA-
tq,g(r)_f (277:)3 ( 4m Dq’g(A )_m(sl]qug(A ))e i
< Dq(Az) and Eq(AZ) form factors describe internal stresses!

# Cauchy momentum equation gives average force felt by quarks or gluons:

(Fl.)y=-mV; ds—AE AV
9,8 % J @2m)3 9.8
Polyakov, Phys Lett B 555 (2003) 57
Polyakov & Schweitzer, Int ] Mod Phys A 33 (2018) 1830025
Polyakov & Son, JHEP 09 (2018) 156



https://inspirehep.net/literature/599384
https://inspirehep.net/literature/1673717
https://inspirehep.net/literature/1684634

shear str ess normal stresses (pressures)

y ¥4 pr 0 0
9y . . 0 p: 0
tzx tzy tZZ 0 0 pt
\ )
— Y p —_—

shear strain A local rotation

# Normal stresses induce compression or expansion (tension)

# Shear stresses cause medium to shear

# Shear stresses eliminated by diagonalization—get principal stresses
C.S. Jog, Continuum Mechanics
Polyakov & Schweitzer, Int ] Mod Phys A (2018)



https://www.google.com/books/edition/Continuum_Mechanics_Volume_1/lN1wCgAAQBAJ
https://inspirehep.net/literature/1673717

Sirnele oreggeire ol

# Start with a closed system (sum quarks & gluons—no ¢):

d3A AiAf—5ifA2D(A2)e_iA,r il —V;V; +6,;V2  d®A
(2m)3 4m 4m ) (2m)3
-9(r)

Polyakov pressure potential

tij(r) = D(AZ) e—iA-r

-4 Simple tripole (denominator cubed) model:

D(A2) = Do 2 D(r) = 204
T (1+A2/A2)3 T 327

< Pretend this is a homework problem

(1+71A) BrAg

(Hint: Fourier transform a dipole first, then differentiate with respect to A)

< Tripole from perturbative QCD; Dy & A from experiment or lattice

& Stress tensor becomes:

Do {(#

s 7 2 y
PRl — %G’J)Ar +=(3-Ar)6" }e b
128mm SRTER o
N A T D isotropic pressure
shear stresses

¢ (r)=—



[Sorrovic uregstire &

r2p(r) (x102 GeV fm~1)

o

o

0

t(r)=-

el

128tm

Repulsive
pressure

Confining
pressure

| I ) A

@2 048 OEF @5 5.0 P28 141 WGkt
r (fm)

s
piel - %6”)Ar+ %(S—Ar)

shear stresses isotropic pressure

~ =
5t }e—Ar

The JLab Nature paper

# Burkert, Elouadrhiri & Girod, Nature (2018)
# Assumed tripole form for D(A?)

# Fit D" =~ ~1.66 from CLAS DVCS data

# Isotropic pressure: average over directions

# Caution: has only quarks, but missing ¢, (A?%)

£



https://inspirehep.net/literature/1673606

[Gotrgpic yresjuire

4nrP(r) (GeV/fm)

shear stresses ISOtl‘Oplc pressure

-

#=== /y-007 gluon (hQCD)
0.15 == Lattice gluon
—— Lattice quark

r (fm)

- 16')ar+2 (3 Ar) 6 }

The other JLab Nature paper

# Duran &al., Nature (2023)
# Gets the gluon Dg(Az)!

@ D® = -1.8, A ~1.12 GeV from Hall C data

(using Mamo-Zahed approach)

# Figure from Joosten &al., 2602.14416

(same experiment— J/1-007)

v

£


https://inspirehep.net/literature/2110821
https://inspirehep.net/literature/3120607

[Sorrovic uregstire &

shear stresses isotropic pressure
i SR N 2 A
t(r) =- et o (A e
3
1287m 3
0.4 Combined tripole form
) 5
£ _ DoA —-Ar
00 PO = =g mm B AT)e
)
1w _ n@ (8) _
£ » Do=Dy" + D = -3.46
E ; A=1.12 GeV
i
Burkert, Elouadrhiri & Girod, Nature (2018)
—0.2 : : : : Duran &al., Nature (2023)
v

0.0 0.5 1.0 1.5 2.0 Dk
2 £


https://inspirehep.net/literature/1673606
https://inspirehep.net/literature/2110821

Stienr seress

shear stresses isotropic pressure
=
i Do/ e y 2 -
t(r) =- Prl— 15 Ar+ = (3= Ar) 6% te D7
& 1287rm{( 2 ) 3( ) }
Combined tripole form

N0M

g 5

= DOA —
54 s(r)=- e M

E4 "= 28mm

S

—0.2 (9) 8

~ - - _
;;3/ Dy = DO + D0 =-3.46

E 0.1 A=1.12 GeV
~t
Burkert, Elouadrhiri & Girod, Nature (2018)
0.0 Duran &al., Nature (2023)
0.0 0.5 1.0 1.5 2.0 2o <


https://inspirehep.net/literature/1673606
https://inspirehep.net/literature/2110821

Shenir seress o

shear stresses isotropic pressure
y Do A 5 % s
ij R oz s Zim ij Ar
t () 128”m{(rr 30 )Ar+3(3 Ar)é }e
04
=
=00.3
[)
S
=20:2
=
£ 0.1
<t
0.0
0.0 0.5 110 19 2.0 2t

r (fm)

# Recall: shear stress comes from misalignment with principal axes




tangential stresses
e

radial stress
e

i DoA®
t(r)=-
128nm

Combined tripole form

DOA5 e AT
64nm

pr(r)=-

Do =D +D® = -3.46
A=1.12GeV

Burkert, Elouadrhiri & Girod, Nature (2018)
Duran &al., Nature (2023)

# Radial pressure is strictly positive in the proton (but not in all systems)

{27177 + (2= Ar) (671 = 7177 ) A"

0.5 1.0 W5 R
r (fm)



https://inspirehep.net/literature/1673606
https://inspirehep.net/literature/2110821

Tangential IICSsTeIand tension

bl tangential stresses
5 = s 3

. DoA 2 om L
¢y = - {271 + (2= A7) (67 - 177 ) f AT
128mm
Combined tripole form
— 0.2
D A5 Lg
0 —Ar -
=- 2-A
P == e B Ar)e 2 0.0
o
Dy=D +D¥ = -3.46 =
0 0 s —0.2
A=1.12 GeV RS
=
<
Burkert, Elouadrhiri & Girod, Nature (2018) —0.4
Duran &al., Nature (2023) ‘ ‘ ‘ ‘
0.0 0.5 1.0 135 2.0 2:5

r (fm)
# Diffuse tangential tension
# Proton is like a liquid drop with a very fuzzy, diffuse boundary



https://inspirehep.net/literature/1673606
https://inspirehep.net/literature/2110821

St conditonsavon lLalic condition

¥
g :
£ f d°rp(r)=0
% 0.2
b ¢ # Satisfied for every hadron
~
= # Can be shown from:
A 0.0
= ..
3 (pITY©O)py=0
—0.2 .
0.0 0.5 1.0 1.5 2.0 9.5 vonLaue, Annalen Phys 340 (1911) 524
r (fm) Polyakov & Schweitzer, Int ] Mod Phys A 33 (2018) 1830025

£


https://inspirehep.net/literature/1703313
https://inspirehep.net/literature/1673717

Seabilicy eornelicions: Welbyzl <o €onijeartire

r (fm)

Polyakov’s conjecture

D(0) = mder ?p(r)<0

& Seems to be true for hadrons

& Seems intuitive:

<4 Compression against collapse
< Tension against disintegration

# Is false for some systems!

Perevalova, Polyakov & Schweitzer, PRD 94 (2016) 054024
Polyakov & Schweitzer, Int ] Mod Phys A 33 (2018) 1830025

¥y


https://inspirehep.net/literature/1477829
https://inspirehep.net/literature/1673717

Sign of ehe D-rari

Hydrogen atom

0.00 0.25 0.50 0.75
r (pm)
Ji, Yang & Liu, PRD 110 (2024) 114045
AF, Phys Rev D 111 (2025) 034047

1.00

r (pm)



https://inspirehep.net/literature/2134228
https://inspirehep.net/literature/2859392

Sign of ehe D-rari

Hydrogen atom

M
D0)=—-1>0
U

Other counterexamples

# TPhoton

AF & Cosyn, PRD 106 (2022) 114014
# Electron in QED

Metz, Pasquini & Rodini, PLB 820 (2021) 136501
# Proton with QED turned on!

Mejia & Schweitzer, PR 113 (2026) 054016

r (pm)
Ji, Yang & Liu, PRD 110 (2024) 114045
AF, Phys Rev D 111 (2025) 034047



https://inspirehep.net/literature/2121018
https://inspirehep.net/literature/1857568
https://inspirehep.net/literature/3087417
https://inspirehep.net/literature/2134228
https://inspirehep.net/literature/2859392




Ny seeess in chie derrare s a
[mj = 0, isoradial pressure}

# Deuteron is a non-relativistic system
< Can put off debate about relativistic densities
<+ Can use old-fashioned quantum mechanics 9
&
&
0 (83
—1
—2

# Spin one — richer stress tensor

# Connection to nuclear force

# Visualizations are really cool
0
Z
(fln) 1 g

0.01 0.02

Pressure (GeV/fm?)

—0.02 —0.01 0.00

Cosyn, AF & Sosa, Phys Rev C 113 (2026) 055208
AF & Sosa, deupack (code to make plots)


https://inspirehep.net/literature/3122080
https://github.com/adamfreese/deupack

Wlectinieial foren Bierorss etizer

# Energy-momentum tensor parametrized using mechanical form factors (MFFs)

K pv ; AHAY — gyvAZ
el R e

. 12
(P11 0)Ip) = 2m{ Dy (4% + mgchq,g(Az)}

m

# General form from Lorentz covariance

@ MFFs encode hadron structure

Pt = %(p ok
AT

Kobzarev & Okun, Sov Phys JETP 16 (1963) 1343
H. Pagels, Phys Rev 144 (1966) 1250
X.Ji, PRL78 (1997) 610



https://inspirehep.net/literature/42872
https://inspirehep.net/literature/50537
https://inspirehep.net/literature/416559

Wlectuinieil foren Frero i g0 iodobile &

# Spin-half has new vector-polarized/dipole Mechanical form factors:

. I Y ARAY — ghv A2 _
P, sTL1p,s) = u(p',s'){ = Ag (4% + 4—qu,g(A2) +még,g(A°)
iplhgvia ,  iPkg¥A 5
" T]q,g(A ) _qu,g(A ) }U(P, s)

=~
7 antisymmetric structure
<+ New structures related to spin/angular momentum Y

<+ Antisymmetric part related to elementary fermion spin

# Non-relativistic formula (for stress tensor):

v Pan AaAh ' 6ahA2
(P11 O)p,s) = Ag(A)8ys+ ————D (A6 g - mE™Pey (A6
_ilAxgg)leph ity s oys)@pl S4(4?)
2m

Won & Lorcé, PRD 111 (2025) 094021
AF, PRD 112 (2025) 034037


https://inspirehep.net/literature/2898781
https://inspirehep.net/literature/2919771

Foren raeror breslzeclo e eito e

(P, ST 0)p, sa) = Mdga":’;{

PLP ab B, 17 o A 2 L (cali ab_ sbii na) pil 10 A2
59 Ay (A?) + Y (A)—AT(A) — (6 Ab _gblip )P 7(A2)
y M; d
lA]_(sijAz 6ab 2 ab A A 2 6ij 6ab 2 ab A A 2
Dy(A°)+ Y, (A)——=D711 (A - cy(AT)+ Y, (A)——=cr1(A
4M§z u(A%)+ Y, ( )ZMZ 11(A%) u(A%)+ Y, ( )ZMZ 11(A%)
1 ; A 4 o R e il £ o i3
+W Q]lahYzll(A)+lebY2”(A)—leabYZkI(A)5”—EQ”ab DTZ(AZ)_Q”abETZ(AZ)
d

(611[1Ab 6h[lAtl) P]]S(AZ) + = (60![1 Y}]h(A) +6b[l Y]]u(A))S(Az) }
d 4Md
antisymme:gc structure

# Unpolarized/monopole (j = 0)
# vector-polarized/dipole (j = %) Uiy =pipl - 15”  hTrntete e

# tensor-polarized/quadrupole (j = 1)

Y,
ijab _ 1 ij sab 1 ali sjib .
Cosyn ez al., EPJC 79 (2019) 476 O G rs 0N A0 : quadrupole tensor
Polyakov & Sun, PRD 100 (2019) 036003
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8% Ay (A?) + Y (A)—AT(A) — (6 Ab _gblip )P 7(A2)
y M; d
lA]_(sijAz 6ab 2 ab A A 2 6ij 6ab 2 ab A A 2
Dy(A°)+ Y, (A)——=D711(A - cy(AT)+ Y, (A)——=cri (A
4M2 u(A%) + Y, ( )ZMZ 11(A%) u(A%)+ Y, ( )ZMZ 11(A%)
1 ; A 4 o R e il £ o i3
+W Q]lahYzll(A)+lebY2”(A)—leabYZkI(A)5”—EQ”ab DTZ(AZ)_Q”abETZ(AZ)
d

(611[1Ab 6h[lAtl) P]]S(AZ) + = (60![1 Y}]h(A) +6b[l Y]]u(A))S(Az) }
d 4Md
antisymme:gc structure

# Unpolarized/monopole (j = 0)
# vector-polarized/dipole (j = %) Uiy =pipl - 15”  hTrntete e

# tensor-polarized/quadrupole (j = 1)

Y,
ijab _ 1 ij sab 1 ali sjib .
Cosyn ez al., EPJC 79 (2019) 476 O G rs 0N A0 : quadrupole tensor
Polyakov & Sun, PRD 100 (2019) 036003
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Foren raeror breslzeclo e eito e

(P, ST 0)p, sa) = Mdga":’;{

PLP ab B, 17 o A 2 L (cali ab_ sbii pa) pi} 10 A2
59 Ay (A?) + Y (A)—AT(A) — (6 Ab _gblip )P 7(A2)
y M; d
lA]_(sijAz 6ab 2 ab A A 2 6ij 6ab 2 ab A A 2
Dy(A°)+ Y, (A)——=D711 (A - cy(AT)+ Y, (A)——=cr1(A
4M§z u(A%)+ Y, ( )ZMZ 11(A%) u(A%)+ Y, ( )ZMZ 11(A%)
1 ; A 4 o R e il £ o i3
+W Q]lahYzll(A)+lebY2”(A)—leabYZkI(A)5”—EQ”ab DTZ(AZ)_Q”abETZ(AZ)
d

(6a[1Ah 5b[1Aa) P]]S(Az) = (654[1 Y]]h(A) +6b[1 Y]]u(A))s(Az) }
d 4Md
antisymm;gc structure

# Unpolarized/monopole (j = 0)
# vector-polarized/dipole (j = %) Uiy =pipl - 15”  hTrntete e

# tensor-polarized/quadrupole (j = 1)

Y,
ijab _ 1 ij sab 1 ali sjib .
Cosyn ez al., EPJC 79 (2019) 476 O G rs 0N A0 : quadrupole tensor
Polyakov & Sun, PRD 100 (2019) 036003
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Foren raeror breslzeclo e eito e

(P, ST 0)p, sa) = Mdga‘e’;{

PLP 5 . 2 L (cati b _ sbli na) pj} 17 A2
89 Ay (A?) + ¥ (A)—AT(A 1B (6 Ab _gblip )Pf 7(4%)
d d d

lA]_(sl'jAz . AZ . 2
5Dy (%) + Y2 (A) — D11 (8%) | -6 | 6906y (A%) + Y2 (A —c A?
4M2 u(A%)+Y, ()ZME 11(A%) (A7) (A) Md Cc11(A%)

1 .. As

+2M2 Q]lahYzl(A)+QllabYl](A) leuszkl(A)5” 3Qt]ab DTZ(AZ)—Q”ahETz(AZ)

(6“[’Ab 6h[’A“) Pils(A?) + — (5““ v (A) + 6% Y]]“(A))S(Az) }
d 4Md
antisymm;gc structure

# Unpolarized/monopole (j = 0)
# vector-polarized/dipole (j = %) Uiy =pipl - 15”  hTrntete e

# tensor-polarized/quadrupole (j = 1)

Y,
ijab _ 1 ij sab 1 ali sjib .
Cosyn et al., EPJC 79 (2019) 476 Q 35 6 —55 67"+ quadrupole tensor
Polyakov & Sun, PRD 100 (2019) 036003
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Foren raeror breslzeclo e eito e

(', sy T (), sq) = Mdeasif{

PlP
5% Ay (A%) + YP (A)—AT(AZ)
d

1
MZ (6a{l 31) 51){1 3&1) P]}]( 12)
d d

IAT — 51T A2

4M2 o

. A?
8Pey (A% + bem)ménmz)

o AP
8" Dy (A% + Yf”(A)WDn(AZ)
2 d

d

+

> M2 Dra(8%) - Q1 er,(4%)

lj Raiodl ey
Q]lahyll(A)+leabY j(A) leahYZkl(A)6”—§Q”ab

2M (6a[lAb 6h[lAa) P]]S(AZ) Pl 4M (6a[lyf]b(A) +6h Y]]a(A))S(AZ) }
d d
A-like — mass density 3 5 ~-

’4 antlsymmetrlc structure
# ]I S-like — spin density
# D-like — pressures

& C-like — forces

Cosyn et al., EPJC 79 (2019) 476
Polyakov & Sun, PRD 100 (2019) 036003

J
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Foren raeror breslzeclo e eito e

(', sy T (), sq) = Mdeaséf{

P‘P
8% Ay (A% + YZ”b(A)—AT(Az)
d

1 ali ab _ sbii pa) pj} 70 A2
+2M3(6 AP A)P 7(4%)

d
lA]_5ijA2

4M2 o

. A?
8 ey (A% + Y1 (A) VAL (A%

o AP
8" Dy (A% + Yzab(A)WDTl(AZ)
2 d

d

+

> MZ Dra(8%) - Q1 er,(4%)

lj Raiodl ey
Q]lahyll(A)+leabY ](A) leahYZkl(A)5”—§Q”ab

2M (6a[lAh 6h[1Aa) P]]S(AZ) Pl e (6a[lyj]b(A) +6h Y]]a(A))S(AZ) }
d d
A-like — mass density 3 5 ~-

’4 antlsymmetrlc structure
# ]I S-like — spin density
# D-like — pressures

& C-like — forces

Cosyn et al., EPJC 79 (2019) 476
Polyakov & Sun, PRD 100 (2019) 036003
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Foren raeror breslzeclo e eito e

(', sy T (), sq) = Mdeaséf{

P‘P
8% Ay (A% + YZ”b(A)—AT(Az)
d

1
Mg (6a{l 31) 51){1 3&1) P]}]( 12)
d d

IAT — 510 A2

4M2 o

. A?
8 ey (A% + Y1 (A) VAL (A%

. A?
8" Dy (A% + Yz“b(A)WDn (4%
2 d

d

+

5 M2 Dra(8%) - Q' ery(4%)

T NS S
Q]laszl(A)+leabY j(A) leabYZkl(A)(Sl]—gQ”ab

2M (6a[1Ab 6h[lAa) P]]S(AZ) Pl e (6a[lyj]b(A) +6h Y]]a(A))S(AZ) }
d d
A-like — mass density 3 5 ~-

’4 antlsymmetrlc structure
# ]I S-like — spin density
# D-like — pressures

& C-like — forces

Cosyn et al., EPJC 79 (2019) 476
Polyakov & Sun, PRD 100 (2019) 036003
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Foren raeror breslzeclo e eito e

(', sy T (), sq) = Mdeasif{

PZP 1
59 Ay (A?) + Yz”b(A)—AT(Az) — (6“{’Ab 5”“4“) Pl (A%
d d Md
A — 5ijA2 ® Az 2
8% Dy (A%) + Y (A) — D71(A%) | - 6 | 6Py (A%) + Y2 (A —c (A?)
4M2 U > )ZMczi 11(A%) cul( 5 (4) Md T1
Al ag W iaa A
e N 2M2 Q]lahyll(A) T lebyl] (A) leahYZkl(A)6” - th]ab DTZ(Az) ¥ Ql]abéTz(Az)
521 Ab — 581 29) pIIs(42) + — (69 1P () + 671 v (4) | 5(4%) }
2Md ( ) 4Md ( )
@ Alike — mass dGHSity antisymme;ic structure
# ]I S-like — spin density
# D-like — pressures # c-like give forces via Cauchy momentum equation:

& C-like — forces

fj = V; T = ¢-like terms
Cosyn et al., EPJC 79 (2019) 476
Polyakov & Sun, PRD 100 (2019) 036003


https://inspirehep.net/literature/1722844
https://inspirehep.net/literature/1724054

Suten ruiles ; p

& Momentum sum rule:

(n) ) —
WAL =1
constituents
# Angular momentum sum rule (generalized Ji sum rule):
constituents

& Local momentum conservation:
% ART= D el N e (S (2=
n n n 7

< Violated for open sub-systems
<+ Non-zero ¢-like form factors quantify forces—Cauchy momentum equation!

i d3A L .
J I —-iAb _ =1.
(fysb)) = vlf @3 (p',s'| T (0)|p,s)e™ """ ~ ¢-like terms

< Called non-conserved form factors — quantify local conservation violation %




INTE COTN GO IS L0, the deuteron

# Stress tensor breaks down into one-body and two-body contributions

interaction contribution
A l] = A l] A l] A l]
i = TP 37 T” + Tinteraction

one-body (impulse approximation)

< Only considering one-body contributions for now
<4 Nucleons are an open sub-system of the deuteron (neglects pions etc.)
< Interaction contributions (future work) include pion exchange, etc.
# Matrix element evaluated via two-particle completeness relations:
~ij 3 jAr  *(sl;8),,5n)
(p,d,S;llTp”Pd»Sd): Z fdre’z N

SprSn,Sp

(Sa;Sp,sn)

v, P ST 1P sV (r)

nucleon stress tensor

Py=3(P4~i V)

< Use non-relativistic spin-half breakdown formula for nucleon matrix element
<+ Use realistic nucleon MFFs from lattice, holography, meson dominance, ...

Cosyn, AF & Sosa, Phys Rev C 113 (2026) 055208


https://inspirehep.net/literature/3122080

Svtritriecric congeryecio)cil Elere) i

1o )
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—-— He and Zahed
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Cosyn, AF & Sosa, Phys Rev C 113 (2026) 055208
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(Gronn oM AsONs: A- ke fonm fAcCtors

1.0( prossssmsmas ‘ AU(AQ) ‘
0.75 20
0.50 @
— urs
-=== Freese and Cosyn o
0.25 :
—:— He and Zahed
------- Panteleeva et al.
0.001- 0
10-¢ 10~ 1072 10° 10-° 10 102 10° L1080 10 R 10°
A? (GeV?) A? (GeV?) A? (GeV?)

& Ay(0) =1 — momentum sum rule
# J(0) =1 — spin sum rule

Z Ar(0)=(2mpn)?Qg =25 — quadrupole moment

< Different wave functions = different quadrupole moments

Cosyn, AF & Sosa, Phys Rev C 113 (2026) 055208
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(Gronncomparasonss [)-like formifactors

0.0 — Ous W 500 e | Dry(4?)
-=== Freese and Cosyn . ~
—2.51 —— He and Zahed 250 i '\‘\
"""" Panteleeva et al. A
_50 0 0.2 \
B \
X , 2 - 0.0 : )
7100 mmmmmmmmmmmm —— ‘ DU(AZ) ‘ _500 ”/ - ~:';~~——’
10-° 10~ 1072 10° 10°° il 1072 10° 1089 05 1072 10°
A? (GeV?) A? (GeV?) A? (GeV?)

Z Dy(A?) all agree
# Dr11(0) = 4Dy(0)(2my)2 Qg — is finite
<+ We agree with Panteleeva ez 2/. (but have different Q)
< Older Freese & Cosyn result unstable for very small A2
<% Blowup in He & Zahed from their substitution:
(A-Pp)
A2
Z D1y(A%) all disagree — sensitive to minor differences in dynamics
@osyn AR & Sosa: Phys ReviC 1181(2026)1055208

A u
ph — Pk A
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Nori-eongeryeel forereiare)es

.
— AVI8 '/":‘ //1,/7\:\\
—— CDBonn Y FYARY
0.0001 0.03 J PR
0.004 s N
i \
—0.002) — Dipole nucleons 0.02 < ,’, ‘\\‘\
----Point nucleons / ‘.‘\
—0.004 0.002 \“ “‘
0.01 n
’ N R N\ p N “ \\
—0.006 Y _ _ |
YY) o) \o_ | 0.000f er(4) |
102 1o)== 1072 10° 1070 104 -2 10° 10S 104 102 10°
A? (GeV?) A2 (GeV?) A2 (GeV?)
# New calculation
# Quantifies nuclear force on nucleons

<+ Depends on deuteron wave function

# Incorporates finite nuclear size (smearing)

<+ Depends on nucleon form factors

Cosyn, AF & Sosa, Phys Rev C 113 (2026) 055208
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A pieigynnecric fo b Eeo s K

0.751

0.501

S(A?%) quantifies spin density

(via Fourier transform)

5(4%) quantifies torsion stress

(via Fourier transform)

—— Dipole nucleons

0.15

---- Point nucleons
0.10
0.05
et ‘ ‘ 0.00
—6 10—4 10_2 100 10_6
A? (GeV?)

Cosyn, AF & Sosa, Phys Rev C 113 (2026) 055208
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Whass cdengioy: okl a

# Mass density given by 3D Fourier transform:

. d3A

# Can be turned into 1D Bessel transforms:

e—tA-b

A? %
6% Ay (A% + — Y (A) Ar(4%)
2 “2
2M?

M (e.0]
auth) = 5% [ da s ay(ah jo(ba)
27 Jo

My [° . At ~
=224 [ A2 Ar (A ja(bA
ar(b) anfo dA - Ar(A%) (bA)

d

# Mixtures of U and T give specific pure states:
18 1
Om;=£1(B) = au D)+ (E cos” () - 5) ar(b)

1(3 1
Um;=0(b) = ay(b)—7 (5 cos” () - 5) ar(b)

Cosyn, AF & Sosa, Phys Rev C 113 (2026) 055208
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Wy clensiog: 2

-2 N

S 1 7
R (fzn) 1 TS

0.150 0.175 0.200

0.100 0.1(25
Mass density (GeV/fm?)

0.075

\
0.000 0.025 0.050
# m;j = 0 state has famous donut shape

# mj = =£1 has slight dumbbell-like shape
# Shapes arise from quantum interference of S and D waves

Cosyn, AF & Sosa, Phys Rev C 113 (2026) 055208


https://inspirehep.net/literature/3122080

Wy clensic

=,

—0.15 —0.10 —0.05 0.00 0.05 0.10 0.15
Mass density contribution (GeV/fm?)

Cosyn, AF & Sosa, Phys Rev C 113 (2026) 055208
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Wlornencu €2 sy eleheelenisivtess o eenvlis

# Momentum & mass flux densities — as Bessel transforms

o B foe)
Pys1 (B) = £ [~ dAS® (J&P) - S(4%) ju(b)

472

A~ B fos)
st (0) = £ 57 | dA 0% (7082 5a%) i by

# Mass flux # momentum—for asymmetric EMT

# Momentum density has Jy(A%) — Sy(A?)

<+ Quark spin doesn’t carry momentum

# Mass flux density has J N(A%) + Sy (A%)
<% Quark spin does transport mass (and energy)

Cosyn, AF & Sosa, Phys Rev C 113 (2026) 055208


https://inspirehep.net/literature/3122080

Vet meEass Huxdensiticss 31Dl ots

[Momentum density (m; = 1)] [.\’Iass flux density (m; = I)J

0.000 0.005 0.010 0.015 ) 0.020
¢ projection of density (GeV/fm?)

& Momentum & mass flux concentrated in D-wave
# Mass flux # momentum—for asymmetric EMT
# Mass flux > momentum—quark spin carries mass & energy flux without momentum

Cosyn, AF & Sosa, Phys Rev C 113 (2026) 055208


https://inspirehep.net/literature/3122080

o

nreceal seresses: Canrastinhyasgdnerienl coorelinre:

symmetric shear stress
antisymmetric torsion stress
AR A A pr s -1 0
t=[pr ¢y g
TLE T AT 2

0
(pZ
\ normal stresses (pressures)
1Y

spherical coordinates 0 0

Y A £ S Y
p shear strain

# Normal stress induces compression or expansion (tension)

@ Shear stress causes medium to shear m



Priricionl sreesses

# Symmetric part of stress tensor can be diagonalized

Pr s=1 0 eopEE 0
s +7T  pe 0 0
local rotation
0 0 Po 0 0 Po

< Diagonalized stresses are principal stresses

# Amounts to local change of frame — eliminates shear stresses
\ :

Y Mol b - b
p local rotation

C.S. Jog, Continunm Mechanics



https://www.google.com/books/edition/Continuum_Mechanics_Volume_1/lN1wCgAAQBAJ

# Local frame deformed from
spherical coordinates

# Deformation follows deuteron

(donut/dumbbell) shape

# Isoradial principal stress (radial-like)

<4 Positive (compressive)
< Like radial pressure in proton

Pressure (GeV /fm?)

S

# Tsopolar principal stress (polar-like)
<+ Compressive near center
< Tensile further out
< Diffuse surface tension

—1.0f== 4
Isoradial, m; =
-1 0 1 -1 0 1
z (fm)  (fm)
Cosyn, AF & Sosa, Phys Rev C 113 (2026) 055208

‘ Isopolar, m; = 1&)‘{
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—0.02 —0.01 0.00 0.01 0.02
Pressure (GeV /fm®)

Cosyn, AF & Sosa, Phys Rev C 113 (2026) 055208
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Torsion seress
# Antisymmetric stresses cannot be diagonalized

4 Antisymmetric stresses are non-normal

<% These stresses are circulating
<4 Induce torsion strain

# Caused by reorientation of quark spins

<+ Nucleon spin flips from S- to D-wave
< Spin must continuously move through Block sphere

S -



‘2“([‘31)

—0.0010 —0.0005 0.0000 0.0005 0.0010
Torsion stress (GeV /fm?)
# DPresent at boundary of D-wave
& Reorients nucleons from m; = +1 in S-wave to m; = —1 in D-wave
(in mj = +1 state, as an example)

Cosyn, AF & Sosa, Phys Rev C 113 (2026) 055208
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Foree cligecibeicions &

# Nucleon is an open system
# Cauchy momentum equation gives average force distribution on nucleon:

(FB)) = Vil Ty, (b))

# Non-radial tensor and spin-orbit forces

z (fm)

Force denéity (GeV /fm*)

Kim & Kim, PRD 112 (2025) 074014
Cosyn, AF & Sosa, Phys Rev C 113 (2026) 055208
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Posicions ariel syeiye

# Quantum objects have two kinds of spatial extent:

(7 . .
&E Distance between constituents
& Wave packet size

Y (R) y(r)

v

We want this!
# Reduce to overall wave packet and internal structure

Viotal(11, 12, 1) =V (R, Dy (r, 1)
< Internal structure is the interesting part



[inaging it Fouricsegingros

# We measure structure via scattering
# This gives momentum info

# Get position info with Fourier transform:

s ol
v,0= [ e

# Only works when wave packets factorize:

Wtotal(rly rz, t) = \F(Rr t)u/(ry t)

Image credit: Jefferson Lab

# Relativity makes this break down




Dyrvienic el incerreilSeressaieei-rdbiciyiseic cage

dynamic pressures barycentric flux
X o

I l

Vivi RO TR
<\y|T”(x,r)|\y>=Zfd3R{“P§r(R,r)V LR, Dags e R —— bl &R

s,s

!
Am? [ 2m 5SS
internal mass density internal momentum density

barycentric flux
PN

—

V5ROV IR, D) =i el 7%
_ L (= R) + W5 (R, DY, (R, 0t (x - R)}
R N> LAY

barycentric probability

2m

internal mass flux internal stresses

# Internal densities smeared out by barycentric distributions
# Dynamic pressures due to barycentric motion & wave packet dispersion
# Internal stress due to internal motions and forces

<4 Smeared by barycentric probability

# Strictly non-relativistic breakdown
< Afforded by Galilei symmetry (absoluteness of simultaneity)

Image: dynamic pressure from wind

AF, Phys Rev D 112 (2025) 034037
Cosyn, AF & Sosa, Phys Rev C 113 (2026) 055208



https://inspirehep.net/literature/2919771
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# Momentum-space wave packet contains boosted versions of composite system
<4 Boosts mix up planes of simultaneity
< Internal constituents get boosted to different times

i Jll = A T>>>
MM 0—p j At2??
W I ;

# Cannot decompose structure to overall wave packet ® internal structure at fixed ¢

# Light front coordinates fix this by defining a new, boost-invariant time variable!

A. Einstein, Annalen Phys 17 (1905) 891


https://inspirehep.net/literature/4181

Ligkic frorne cgoreliniges

# Light front coordinates reparametrize spacetime.

1

xT= —(t+ soft =lr xt =
\/z( Z) L ( .V)
——

. , conve?tional factor e R ) .
# Fixed-time surface given by light front moving in —z direction.

t B
X

(t+z) = time

oL,
V2

Instant form coordinates Light front coordinates
P.A.M. Dirac, Rev Mod Phys 21 (1949) 392 m

AF, A friendly introduction to the light front (lecture series)


https://inspirehep.net/literature/26316
https://www.youtube.com/playlist?list=PLWB50RFxjvdsRY_1GOaiLNdxcZz6s-3yx

Clooreliteire conyersions ' 3

# Contravariant (upper-index) four-vector:

(5x,9,2) — (2% x!, 2%, x%) = x#

# Conversion between instant form & light front coordinates:

+_ 1 0,3
xt=—(x"+x°) B et
0k x=—(x"+x7)
x_=i(x0—x3) 3 \{z
7 aa e )
x1=x1 xlle
D
xX“=x .

# Symmetric inversion formulas are why % is nice

P.AM. Dirac, Rev Mod Phys 21 (1949) 392
AF, A friendly introduction to the light front (lecture series)



https://inspirehep.net/literature/26316
https://www.youtube.com/playlist?list=PLWB50RFxjvdsRY_1GOaiLNdxcZz6s-3yx

orocliiers el chidhtaerie

# Rule for four-products:

xy=x"p0—x3y3 - xlyl - x2)?




orocliiers el chidhtaerie

# Rule for four-products:

1 = el 5 &
x-y=s (@ + 1)y +y)-5 (" = x) " -y) -2y -y




orocliiers el chidhtaerie

# Rule for four-products:

1 . Vg 1 By 0
x-y:E(x+y++x y +xTy +x y+)—5(x+y++x y =xty —xTyT) - xlyt - X2y

£



Forir-grocliiers sl chidbinaie ' y

# Rule for four-products:

XY=X'y tx ¥ —xi-yL

5%
# Defines the metric in light front coordinates:

x-y=guvxt'x"

(A OS5 ()
[ @ #e0), - =3k 590
1P=2:0) 0

< Metric is off-diagonal in x* and x7! e o &
<% Normally list coordinates as (x"; 2L, x%; x7). B0 AL

P.A M. Dirac, Rev Mod Phys 21 (1949) 392
AF, A friendly introduction to the light front (lecture series)


https://inspirehep.net/literature/26316
https://www.youtube.com/playlist?list=PLWB50RFxjvdsRY_1GOaiLNdxcZz6s-3yx

EEhEnR T RteTecn tun frame!

# Light front coordinates are
valid in any frame.

.ll‘l‘;'li‘wh_;, g J
Light poroerhm b, ' <4 They’re not a reference frame.
ght front coordinates o NIT e

nfinite momenhum from
o ) ATE
e et e zj # Light front coordinates are

nfinite momentum frooe. 5 i

N BHI e not the infinite-momentum frame.
wgn 2 AL =1 a

infinite momenhum fome - <4 A common misconception.

# You can’t change the metric with boosts.

< Lorentz transforms are isometries.

# Light front coordinates redefine
synchronization convention.

<4 What we mean by “simultaneous.”

AF, A friendly introduction to the light front (lecture series)



https://www.youtube.com/playlist?list=PLWB50RFxjvdsRY_1GOaiLNdxcZz6s-3yx

Befil-Srigne” surficagbire ezl gnyericion

4

4

N\ N

Relativity requires round-trip speed of light to
be invariant.

Convention that one-way speed of light be c is
a definition, not an empirical fact.

< Pointed out in Einstein’s original paper.

Redefining “time” coordinate means changing
this definition.

<4 Light front coordinates do exactly this!

894 A. Einstein.

B durch einen in B befindlichen Beobachter moglich. Es ist
aber ohne weitere Festsetzung nicht miglich, ein Ereignis in
A mit einem Ereignis in B zeitlich zu vergleichen; wir haben
bisher nur eine , d4-Zeit“ und eine ,,.B-Zeit*, aber keine fir 4
und B gemeinsame ,Zeit* definiert. Die letztere Zeit kann
nun definiert werden, indem man durci Definition festsetzt, daB
die ,,Zeit*, welche das Licht braucht, um von 4 nach B zu
gelangen, gleich ist der ,,Zeit*, welche es braucht, um von B
nach 4 zu gelangen. Es gehe nimlich ein Lichtstrahl zur
»d-Zeit“ ¢4 von 4 nach B ab, werde zur ,,B-Zeit“ t5 in B
gegen A zu reflektiert und gelange zur ,,4-Zeit* ¢; nach 4
zuriick. Die beiden Uhren laufen definitionsgeméB synchron,
wenn
ty—tyg =11 — g

Einstein, Annalen Phys 17 (1905) 891

Didactic overview: Veritasium, “Why No One Has Measured The Speed of Light” (YouTube)

Technical review: Anderson, Stedman & Vetharaniam, Phys. Rept. 295 (1998) 93



https://inspirehep.net/literature/4181
https://www.youtube.com/watch?v=pTn6Ewhb27k
https://inspirehep.net/literature/485463

Svrichironizarion conyeneio
Einstein synchronization

y

Light front synchronization

t P x* :
IBg . 3 TLF = IB
| fixed \/Li (t+2)
T= % fixed x*
ta ‘ %
pas 7 -t
Alice Bob Alice Bob “

# Einstein synchronization defined to be isotropic.
# Light front synchronization defines hyperplanes with fixed ¢ + z to be “simultaneous.”
< Light travels instantaneously in —z direction by definition.

<% We take what we see as literally happening now.
A. Einstein, Annalen Phys 17 (1905) 891
AF & Miller, Phys Rev D 107 (2023) 074036


https://inspirehep.net/literature/4181
https://inspirehep.net/literature/2634715

HransyersenostsEnd lerrell rotations

# Lorentz-boosted objects appear rotated.

<4 Terrell rotation
<4 Optical effect: contraction + delay

# Light front transverse boost
undoes Terrell rotation:

BEP = 1 (K, + 1)

<4 Standard boost + counter-rotation
<4 Leaves x™ (time) invariant

< Part of the Galilei subgroup

Dice images by Ute Kraus,

https://www.spacetimetravel.org/

J. Terrell, Phys Rev 116 (1959) 1041
M. Burkardt, Int ] Mod Phys A 18 (2003) 173


https://www.spacetimetravel.org/
https://inspirehep.net/literature/46640
https://inspirehep.net/literature/589769

Galileisubgroup  WPACEENUENE.

# Poincaré group has a (2+1)D Galilei subgroup.
4 xtistimeand x| is space under this subgroup.
4 P* =E, + p_ is the central charge.
<4 x" and P* are invariant under this subgroup!

# Light front time gives fully relativistic 2D picture that looks a lot like non-relativistic physics.

dPL _ P+ dzxL
ST A -,
2
H = Hyes t o2
V), = F

G. Pinski, ] Math Phys 9 (1986) 1927
M. Burkardt, Int ] Mod Phys A 18 (2003) 173



https://pubs.aip.org/aip/jmp/article/9/11/1927/1031140/Galilean-Tensor-Calculus
https://inspirehep.net/literature/589769

<4 Works thanks to the Galilei subgroup

# Apparently stuck with 2D spatial densities

# Can restore third dimension via Abel transform—in special cases
< Need spherically symmetric & static density

AF & Miller, Phys Rev D 108 (2023) 034008


https://inspirehep.net/literature/2163186

Lighie frorir seress rargor ' 3

dynamic pressures barycentric flux
P
PP ) ATl AEPR j
fR dx™ (W| T (0 W) = f @R, 1w 4(P+)2 ¥ gt~ Rl @ —R))
s, S, \—v_l
internal P* density internal momentum density

barycentric flux
) — barycentric probablhty
l‘"P:, VI/y S . r—M
O i (o B R t (x1—Ry)
R TTRE \*J
internal P* flux internal stresses

# Echoes non-relativistic breakdown—light front Galilei symmetry!
& MFFs D(Ai) and E(Ai) in stress tensor.

—iA; ‘b,

2 _m_2 i
D(A7) P+6 c(A)) |e

d2A, (AL A -89 A%
(2m)? 4p+

Image: dynamic pressure from wind

Lorcé, Moutarde & Trawinski, Eur Phys ] C 79 (2019) 89
AF & Miller, Phys Rev D 108 (2023) 094026



https://inspirehep.net/literature/1699964
https://inspirehep.net/literature/2679261

Siole oressure moddbrayiicdel

# Start with a closed system (sum quarks & gluons—no ¢):
d3A, AIAT - 517 A —ViV;+6;;V? rd?A;

¢ () =
e (P) (2m)? 4P+ 4P+ J @m)?

D(Ai)e—lAJ_’bJ_ = D(Ai)e—lAJ_bJ_

J

=P (b
# Simple tripole model (revisited): 1r(b1)

D DoA*b?
D(A%) = g P1r(by) = prlial. L Ky(Aby)
o

a0 AR —
(1+ A% /A?)3 167
< Bit harder than 3D case—extra credit problem? O

Combined tripole form

Do =Dy + DY = -3.46
A=112GeV

Burkert, Elouadrhiri & Girod, Nature (2018)
Duran &al., Nature (2023)
v



https://inspirehep.net/literature/1673606
https://inspirehep.net/literature/2110821

Oregstire irielplesl s nress

[3ocrouie

shear stresses

isotropic pressure

Do, {(AbLKo(AbL) - 2K (A L))’g’?—ZAb LKo(Ab1) (b7 - 1677}

thb) = =
LF T 1o p
RN Isotropic pressure Combined tripole form
—~ / \
\
é 0.6 / \, =~ Shear stress
o ! \ _n@ (& _
% | \ Dy = DO + DO =-3.46
o041 \ A=1.12GeV
= | N .
=0.21[1! AN Burkert, Elouadrhiri & Girod, Nature (2018)
35: ”’ \\\ Duran &al., Nature (2023)
~ v
1 SS
00—\ ——==
i \/f

0.5 1.0 1L 20 20
by (fm)
Lorcé, Moutarde & Trawinski, Eur Phys ] C 79 (2019) 89 m

AF & Miller, Phys Rev D 103 (2021) 094023


https://inspirehep.net/literature/1673606
https://inspirehep.net/literature/2110821
https://inspirehep.net/literature/1699964
https://inspirehep.net/literature/1844411

Priricicrl seresses on oole e

shear stress normal stresses (pressures)

” 0
tl]= pr ]
0 p:
$
S Vp e

shear strain A local rotation

# Normal stresses induce compression or expansion (tension)
# Shear stresses cause medium to shear
# Shear stresses eliminated by diagonalization—get principal stresses

C.S. Jog, Continuum Mechanics
Polyakov & Schweitzer, Int ] Mod Phys A (2018)



https://www.google.com/books/edition/Continuum_Mechanics_Volume_1/lN1wCgAAQBAJ
https://inspirehep.net/literature/1673717

Priricionl sreesses ' 3

radial pressure tangential stresses

i DyA%b;
tp(by) =
0.50 :

N —— Radial pressure
E —-==- Tangential stress
o> 0.257 A

- \

% \

o \

=~ ALY ‘\‘ o

.% ‘\ ///
& 025 A e

& \ 4

N \ /

\\‘,

bJ_ (fm)

Lorcé, Moutarde & Trawinski, Eur Phys ] C 79 (2019) 89
AF & Miller, Phys Rev D 103 (2021) 094023

T

——
<5~ KiAbDE'Y +(AbyKo(Aby) - Ki(Aby) (57 - 5D )}

Combined tripole form

Do =Dy + D = -3.46
A=1.12GeV

Burkert, Elouadrhiri & Girod, Nature (2018)
Duran &al., Nature (2023)

# Radial pressure positive again

# Tangential tension again

L0


https://inspirehep.net/literature/1673606
https://inspirehep.net/literature/2110821
https://inspirehep.net/literature/1699964
https://inspirehep.net/literature/1844411

ALElransiorEl ating 210)and 519

# 3D and light front are related:

Dir(b,) = f dzAD(AZ )e iALb.
@em? Tt

Panteleeva & Polyakov, Phys Rev D 104 (2021) 014008 (the idea)
AF & Miller, Phys Rev D 105 (2021) 014003 (the notation)



https://inspirehep.net/literature/1847763
https://inspirehep.net/literature/1901586

ALElGanstonntel ating 210/and 31D g
# 3D and light front are related:

d3a;
(2m)3

(b)) = f D(A?)(2m)5(A ;) e A+ De

Panteleeva & Polyakov, Phys Rev D 104 (2021) 014008 (the idea)
AF & Miller, Phys Rev D 105 (2021) 014003 (the notation)



https://inspirehep.net/literature/1847763
https://inspirehep.net/literature/1901586

ALElransiorEl ating 210)and 519

# 3D and light front are related:

d3A
(2m)3

Drx(by) = f db, D(A2)eia®

Panteleeva & Polyakov, Phys Rev D 104 (2021) 014008 (the idea)
AF & Miller, Phys Rev D 105 (2021) 014003 (the notation)



https://inspirehep.net/literature/1847763
https://inspirehep.net/literature/1901586

ALElransiorEl ating 210)and 519

# 3D and light front are related:

2 d3A See b
Drx(by) = f b, f S DaYe

Panteleeva & Polyakov, Phys Rev D 104 (2021) 014008 (the idea)
AF & Miller, Phys Rev D 105 (2021) 014003 (the notation)



https://inspirehep.net/literature/1847763
https://inspirehep.net/literature/1901586

ALElGanstonntel ating 210/and 31D ' y

# 3D and light front are related:

Z1r(b)) =f db, 23p(b)

# Relationship given by Abel transform
@ Assuming the 3D case is spherically symmetric ...

Z1r(by) =f dz23p(r)

D S
r’=b; +z

Panteleeva & Polyakov, Phys Rev D 104 (2021) 014008 (the idea)
AF & Miller, Phys Rev D 105 (2021) 014003 (the notation)



https://inspirehep.net/literature/1847763
https://inspirehep.net/literature/1901586

ALElGanstonntel ating 210/and 31D ' y

# 3D and light front are related:

Z1r(b)) =f db, 23p(b)

# Relationship given by Abel transform
@ Assuming the 3D case is spherically symmetric ...

P1r(by) =2f0 dz93p(r)

D T
r=b]+z

Panteleeva & Polyakov, Phys Rev D 104 (2021) 014008 (the idea)
AF & Miller, Phys Rev D 105 (2021) 014003 (the notation)



https://inspirehep.net/literature/1847763
https://inspirehep.net/literature/1901586

ALElGanstonntel ating 210/and 31D ' y

# 3D and light front are related:

I1e(b)) =f db; Z3p(b)

# Relationship given by Abel transform
@ Assuming the 3D case is spherically symmetric ...

[e's) dz
@LF(bJ_) = 2[ dr —@gD(F)
p, dr

DL I
zZé=r*—b;

Panteleeva & Polyakov, Phys Rev D 104 (2021) 014008 (the idea)
AF & Miller, Phys Rev D 105 (2021) 014003 (the notation)



https://inspirehep.net/literature/1847763
https://inspirehep.net/literature/1901586

ALElGanstonntel ating 210/and 31D ' y

# 3D and light front are related:

i [ db, Psp(b)

# Relationship given by Abel transform
@ Assuming the 3D case is spherically symmetric ...

> r
D1eby)=2| dr ———=—%3p(r)

bJ_ /rz_bi

Panteleeva & Polyakov, Phys Rev D 104 (2021) 014008 (the idea)
AF & Miller, Phys Rev D 105 (2021) 014003 (the notation)



https://inspirehep.net/literature/1847763
https://inspirehep.net/literature/1901586

ALElGanstonntel ating 210/and 31D

# 3D and light front are related:

i [ db, Psp(b)

# Relationship given by Abel transform
@ Assuming the 3D case is spherically symmetric ...

Zip(b)=2| dr ;@31)0) =/ [P5p(1)](b1)

bl /rz_bi

il s d
D3p(r) = ——f db,
T Jr

# This can be inverted:

Z1r(b)) 1
dby SN

<4 Proofis difficult; I won’t reproduce here

Panteleeva & Polyakov, Phys Rev D 104 (2021) 014008 (the idea)
AF & Miller, Phys Rev D 105 (2021) 014003 (the notation)



https://inspirehep.net/literature/1847763
https://inspirehep.net/literature/1901586

Abel rornoure 3

Z1r(by) 1

dbL 7 2

# Iflight front stress is valid, shouldn’t its 3D reconstruction be too?
# Caution: this doesn’t always work—need spherical symmetry.

Ik ree d
D3p(r) = ——f db,
TJr

< Both of these shapes have 2D circular cross sections
# Proton has a spin direction—might break spherical symmetry.
< Shape of proton depends on its polarization direction!
Panteleeva & Polyakov, Phys Rev D 104 (2021) 014008 (the idea)
AF & Miller, Phys Rev D 105 (2021) 014003 (criticism of the idea)



https://inspirehep.net/literature/1847763
https://inspirehep.net/literature/1901586

WogueSgger 50inors a

d2A, (AiAi—é‘ijAz

2
ij _ S Dy T i @
tLF(bJ_) =] Gn2 AD" D(A]) - o U c(A])

# 1skipped the spin dependence before.
# On light front, use Kogut-Soper spinors

V2p* 0
1 .
D = RSt

\/§p+ m \/§p+
0 V2p*

< For spin up & down along z-axis
< Found via light front boosts of rest frame spinors

Kogut & SOpCI’, phyS RevD 1 ( 1 970) 2901 (mistakenly calls light front the “infinite momentum frame”, but great paper anyway)

AF, A friendly introduction to the light front (lecture series)


https://inspirehep.net/literature/54789
https://www.youtube.com/playlist?list=PLWB50RFxjvdsRY_1GOaiLNdxcZz6s-3yx

Wharrix alerrienes of IOguESOpEr SPINoLS

ZZ(P+, %, T) u(P+,—%, T) =2m

a(Pt 41 u(P -4 1) = Ac-ia,
a(P+, A 1) u(Pi—%, T) =—A,—iA,
a(P*, 4 1) u(P, -4 1) =2m

Kogut & Soper, Phys Rev D 1 (1970) 2901

V2pt

—px+ipy
V2p*

’}/:

(=]
©c = O O
— o o O

S(ID1D)
s(I il D)

S ol

=2 @ 9 =

o O = O



https://inspirehep.net/literature/54789

Wharrix alerrienes of IOguESOpEr SPINoLS

L DA%y - —6’1c(A2)

a4, (AL AT -6 A%
@2m)? 4P+

(b)) =

a(Pt 1) u(Pt=g1) =2m |se=x3)=J5(1D D)

a(P*, 41 u(P, -4 1) = Ac-ia, |sy=23)=J5(IDxil])

a(P* 4 1 u(P, -4 1) =-a,-ia, )
a(P* 41 u(P, -4 1) =2m

Kogut & Soper, Phys Rev D 1 (1970) 2901


https://inspirehep.net/literature/54789

# For any polarization:

- dzA Ai Aj _6ijA2
trh(b)) = i( —

(2m)? 4P+

<4 When § = Z, the extra term drops out

Combined tripole form

Do=D{" +D® = -3.46
A=1.12GeV

Burkert, Elouadrhiri & Girod, Nature (2018)

M ATISVCISCI0) Atdation: the 1ol yakoy pressiite

I 2, M Wi A2

Duran &al., Nature (2023)

AF & Miller, Phys Rev D 104 (2021) 014024
AF & Miller, Phys Rev D 107 (2023) 074036

gorencial

SRS 2)'3) eiAL by
2m

# Polyakov pressure potential:

41,2

DoA*b
D(b) = ———=K(Ab))
167 —

modified Bessel function

L5


https://inspirehep.net/literature/1673606
https://inspirehep.net/literature/2110821
https://inspirehep.net/literature/1856530
https://inspirehep.net/literature/2634715

Transyerse oolirizicigneenel¥elzlo v oressire gor

# For any polarization:

o, 8] -548,

(b)) =
N T

<% When § = Z, the extra term drops out
<4 Let’s assume sum over quarks & gluons (drop ¢)

Combined tripole form

Do=D{" +D® = -3.46
A=1.12GeV

Burkert, Elouadrhiri & Girod, Nature (2018)
Duran &al., Nature (2023)

AF & Miller, Phys Rev D 104 (2021) 014024
AF & Miller, Phys Rev D 107 (2023) 074036

i(Ap x2)-8\ _;
D(A?l)(l——( Loto )e"“l"’l

2m

# Polyakov pressure potential:

41,2

DoA*b
D(b) = ———=K(Ab))
167 —

modified Bessel function

L5


https://inspirehep.net/literature/1673606
https://inspirehep.net/literature/2110821
https://inspirehep.net/literature/1856530
https://inspirehep.net/literature/2634715

ricial

Transyerse oolirizicigneenel¥elzlo v oressire gor

# For any polarization:

D(A%)e iAvby

.. _v.v.+6ijv2 \v} 5). 8 dZA
o= TR @urg) i,

4p+ 2m (2m)?

<4 When § = Z, the extra term drops out
<4 Let’s assume sum over quarks & gluons (drop ¢)

Combined tripole form
# Polyakov pressure potential:

) (8 _
Dy = Do + D0 =-3.46 D0A4b2

A=1.12GeV P(b) = ———=Kp(Aby)
1671 —

modified Bessel function
Burkert, Elouadrhiri & Girod, Nature (2018)
Duran &al., Nature (2023)

AF & Miller, Phys Rev D 104 (2021) 014024
AF & Miller, Phys Rev D 107 (2023) 074036



https://inspirehep.net/literature/1673606
https://inspirehep.net/literature/2110821
https://inspirehep.net/literature/1856530
https://inspirehep.net/literature/2634715

# For any polarization:

-V;V;+6'v?

M ATISVCISCI0) Atdation: the 1ol yakoy pressiite

vorenrial

ij 2

<4 When § = Z, the extra term drops out
<4 Let’s assume sum over quarks & gluons (drop ¢)

Combined tripole form

Do =Dy + D = -3.46
A=112GeV

Burkert, Elouadrhiri & Girod, Nature (2018)
Duran &al., Nature (2023)

AF & Miller, Phys Rev D 104 (2021) 014024
AF & Miller, Phys Rev D 107 (2023) 074036

Vi x2)-§
(1+( 1%X2)-8
2m

)@LF(bJ_)

# Polyakov pressure potential:

DoA*D?
D(b) = ———L Ky (Aby)
1671 —

modified Bessel function

L5


https://inspirehep.net/literature/1673606
https://inspirehep.net/literature/2110821
https://inspirehep.net/literature/1856530
https://inspirehep.net/literature/2634715

# For any polarization:

-V,;V;+6'/v?

M ATISVCISCI0) Atdation: the 1ol yakoy pressiite

vorenrial

ij 7
tpb1) = AP+

(1 + (Vi xa): S)@LF(bJ_)
m J

[

=215(by,8) (we’re gonna look at this)

<4 When § = Z, the extra term drops out
<+ Let’s assume sum over quarks & gluons (drop ¢)

Combined tripole form

Do=D{" +D® = -3.46
A=1.12GeV

Burkert, Elouadrhiri & Girod, Nature (2018)
Duran &al., Nature (2023)

AF & Miller, Phys Rev D 104 (2021) 014024
AF & Miller, Phys Rev D 107 (2023) 074036

# Polyakov pressure potential:

41,2

DoA*b
D(b) = ———=K(Ab))
167 —

modified Bessel function

L5


https://inspirehep.net/literature/1673606
https://inspirehep.net/literature/2110821
https://inspirehep.net/literature/1856530
https://inspirehep.net/literature/2634715

Trangverse ookiciziciomn angular modulatiens

DoA*hS A .
P1p(b,8) = ———=<K(Ab,)—— (b x2)-SKi(Ab
Le(b,$) 6 { 2(Aby) 2m( 1L x 2)- 8Ky ( J.)}
1.0 -
g \\\
Py ’ S
N —===-
0.5 L
(<)
S
El =)
S OX() =
u 501
+
Ql; —— Unpolarized
=0.5 > -=-- Modulations
—0.2
0.5 1.0 1.5 2.0 2.0
—1.0 b (fm)

=10 —0.5 0.0 0.5 1.0

fm
Spin-up along x-axis y ( )
AF & Miller, Phys Rev D 104 (2021) 014024


https://inspirehep.net/literature/1856530

Teangyerse vokirizarigibeinguibidgelikicions

DoA*b? A .
Digby,§) = ———= {KZ(AbJ_) - —(bL x2)-3K; (AbJ_)}
6 2m

Ay # Significant (up to 54%) modification

A=1.12GeV

m =0.938 GeV

A
— =~ 0.6
2m

0.5

0.0

z (fm)

# Proton isn’t spherically symmetric

=08 # Abel tomography doesn’t work

4 Isatbestan approximation
4 Works better when m > A

—191.0 T 00 05 To <4 Large m: massive target

<% Small A: non-relativistic system
= . y (fm)
pin-up along x-axis
AF & Miller, Phys Rev D 104 (2021) 014024



https://inspirehep.net/literature/1856530

“Thie relarivigrie whesl

# Static wheel has regularly-placed spokes

# Spinning wheel has distortions

# Spokes moving away are redshifted.
<+ Appear to move slower, pile up

# Spokes moving towards are blueshifted.

<% Appear to move faster, become sparse

# These same distortions are present in the proton!
<4 The proton is a relativistic wheel!

# Also see videos at:
https://www.spacetimetravel.org/rad
(green wheel is relevant case)

George Gamow, Mr. Tompkins in Wonderland
AF, A friendly introduction to the light front (lecture series)

Static wheel

}

Spinning wheel

&y,


https://www.spacetimetravel.org/rad
https://www.google.com/books/edition/Mr_Tompkins_in_Wonderland/xbU8AAAAIAAJ
https://www.youtube.com/playlist?list=PLWB50RFxjvdsRY_1GOaiLNdxcZz6s-3yx

Various gersoecrives otbrakieipieie clorigivies

# Polyakov & Schweitzer: define the static EMT densities in terms of Breit frame:

£a G018 o,
(2m)3

pv [
tstatic (r)=

2my/ 1+ =—
<4 Most widely-used approach.
<% hep—ph/0207153, PLB 555 (2003) 57, JMPA (2018) 1830025

# Lorcé et al.: use Wigner phase-space formalism to set R =0and P = 0.
<+ Gives Polyakov & Schweitzer’s static EMT.
& EDPCJ 79 (2019) 89
<4 Negative probabilities = energy condition violations; see Dumitru & Noronha, 2505.09720

# Yang Li et al.: expand expectation values as tower of multipole moment densities:

o (b) + corrections

V| THY (x, 1)) ~ [ d°R (llf* (R,1)i 0, V(R, t))t’”

<4 Use spatially diffuse wave packet, zero average momentum.

<4 Gives Polyakov & Schweitzer’s static EM T as leading contribution.
<4 PLB 838 (2023) 137676, 2405.06892


https://inspirehep.net/literature/590456
https://inspirehep.net/literature/599384
https://inspirehep.net/literature/1673717
https://inspirehep.net/literature/1699964
https://inspirehep.net/literature/2921474
https://inspirehep.net/literature/2101770
https://inspirehep.net/literature/2785927

versgectives orerdbiniyietel sy ele nsivies

# Lorcé et al. / AF & Miller: use light front densities.

@a, (P* %] 0

P*, -

(b)) =
LF( J-) (27[)2 2p+

<% Only i, j € {1,2}; only get 2D densities.
< Galilei symmetry allows barycenter/internal separation.
4 EPCJ 79(2019) 89, PRD 103 (2021) 094023

# Panteleeva et al.: use localized, zero average momentum wave packets.

< Similar result to light front, but restore third dimension.
& EDJC 83 (2023) 617, JHEP 07 (2023) 237

# AF & Miller: use light front time + Cartesian space.
< Still only 2D densities, but get 3 x 3 stress tensor.

<4 Separate wave packet & internal densities with factorization/smearing relations.

4 PRD 107 (2023) 074036, PRD 108 (2023) 094026



https://inspirehep.net/literature/1699964
https://inspirehep.net/literature/1844411
https://inspirehep.net/literature/2183397
https://inspirehep.net/literature/2656002
https://inspirehep.net/literature/2634715
https://inspirehep.net/literature/2679261




ST &

# The energy-momentum tensor is central Energy density
to many open questions & controversies

Momentum densities
Proton mass l

Proton spin T9G) TO'(x) T2(x) T3 (x)

TlO (x) Tll (x) TIZ(x) T13 (x)
T20 (x) TZl (x) T22 (x) T23 (x)
T30 (x) T3l (x) T32 (x) T33 (x)

Proton pressure

Nuclear forces

W by (W (e (e

Proton densities

& T've given an overview & my own opinions
# Reasonable people have opposing opinions

# Science is exciting when exploring unknowns! Stress tensor

Thank you for your time! m
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