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Proton Structure Function at Small Bjorken-x

Experimental observation:
> Fy(z,Q?) increases rapidly as
z — 0.
» The growth becomes stronger
at larger Q2.

Implication:
» The proton contains a rapidly
increasing density of small-z
partons, especially gluons.
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Parton Distribution Functions
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Why Does the Gluon Density Grow at Small =?

The singlet DGLAP equations are

i =5 [ % ()3 @ e (2) et

e =g [ () 204 2 (2) stV

At small z, with parent momentum fraction z >> z and £ < 1. The splitting kernels behave
very differently:

ng(g) = 26;;42’ qu(g) = 26:2’ Paq ~ O(1), Pag ~ O(1).

1 . .
P,y ~ - = gluon evolution dominates at small .
T
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Small-z Approximation to Gluon DGLAP Evolution

At sufficiently small z, the gluon contribution dominates:

8g(x,Q2)NaS /1 dz T 5 _aSCAl/l 5
Tmor “ar ) T hw(3)ee@) == [ dee@)

Define the gluon momentum density G(z, Q?) = zg(z, Q?).

oG 2 d sC
6%5? @/ “G(2,Q%), ay= A

The equation can be solved iteratively, yielding

G(z,Q?) ~ exp [2 asln = @ lnl ] )
\ Q5

Therefore DGLAP predicts xg(x, Q%) grows rapidly as z — 0. This explains qualitatively
the strong rise of Fy(z, Q%) observed at HERA.
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Deep Theoretical Message of HERA Small-x Data

HERA measurements showed that F;(x, Q?) rises rapidly as = — 0. This implies a rapidly
growing gluon distribution:
zg(z,Q*) 1 as  wl.

Linear evolution equations such as DGLAP and BFKL predict continued growth of parton
densities at high energy. However, such growth cannot continue indefinitely. Otherwise
scattering amplitudes eventually violate unitarity.

The HERA small-z data suggest that QCD in the high energy limit evolves toward

a regime of extremely high gluon density where nonlinear dynamics and gluon
saturation must eventually become important.
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Gluon Saturation

» In the high energy limit, a saturated gluon state is achieved when gluon splittings and
recombinations reach a dynamic equilibrium.
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Gluons in the DIS Hadronic Tensor
The DIS hadronic tensor is
WiuP.a) = o= [ @2 (Pl ()1, 0)|P).

with electromagnetic current

Ju(x) =cf T/J(x)’ylﬂ?b(x)
The current contains only quark fields, no gluon fields. To expose gluon contributions,
contract the quark fields into a quark propagator in a background gluon field:

62 .
Wi = 32 [ ats o= (PTr [Sa(~2),Sa(2)0] 7).

q a q a q q q 4
+ + +
k k k k k k k k
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Expansion in Background Gluon Fields

» The background-field expansion of quark propagators systematically generates gluon
contributions to DIS.
Expand the quark propagator in powers of the gluon field:

Sa =80+ SoVSy+ SoVSyVSy+---,

with the free quark propagator and the gluon field insertion:

d4p —ip-(x— Z - a pqa
SO(x - y) = / (27’(’)46 P y)pg _zzz()? V(.’IJ) = Zg’}/pt Ap(‘r)7

The first-order term:
S ) =i [ d'Sole )1t A3()So(on — ).
The second-order term:
5542)(957?/) = (ig)Q/d4y1d4y2 So(x — y1)¥"t* Ap(y1)So(y1 — y2) v t" AL (y2) So(y2 — ).

The gluon contribution to DIS first appears at order A2.
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Factorized Form Before Collinear Approximation

After Fourier transforming to momentum space:

4
wi - [ OF "7 (k, P) H (k,q).
iy (271,)4 ab \"™" pv,po\'Vs

The nonperturbative gluon correlator is
w7k P) = [ dlye PP AT O)1P),
The hard part contains the short-distance photon-gluon scattering:

H® (k,q).

wv,po

At this stage the expression is exact (up to power corrections and truncation order).
DIS naturally separates into a hard scattering part and a gluon correlation function.
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Collinear Approximation and Gluon PDF

In the Bjorken limit:

P ~ (P*,0,07), k* ~ xP*.

The hard scattering becomes insensitive to k—, kr, k2.
Projecting onto leading twist gives the gauge-invariant gluon PDF:

1 dyi ixPty~™ 7 a —
o ie) = g [ e PIES OWEL (I
The hadronic tensor factorizes:
1
dzx TR
W(?/) :/ —H v 73Q27MF g(x7MF)
s ey T " ’g( T )

This is the gluon version of collinear factorization.
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Inclusive DIS in the Regge Limit

We now consider the high-energy Regge limit:

Q2
s> Q2 rp =" <1
Instead of directly computing the hadronic tensor W,,,,, it is more convenient to study the

forward virtual Compton amplitude:

T, (q) = ﬁ / d'z e (P|T{J,,(2)7,(0)}| P).

Using the optical theorem,
W (P,q) =2ImT,,(P,q).

* ~F * *

v ! Y v

= 2 Im
P P
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Forward Compton Amplitude in a Background Field

We compute the forward amplitude

i

T (9) = / dtzd @G0 — 20V (P (2) ()| P).

™

In the background gluon fields, Wick contraction gives

T,.[A] = —ﬁ Z e /d4z d*z e 20920 — 2OV (P Tr [Sa(2, 2)7uSa(z, 2 )] | P).
f

z S < z » The problem reduces to finding the
a pu :)\N‘N\' quark propagator S, in background
7 po - 9 o gluon fields.
§ a < ps § b > In the Regge limit, the leading
d 9 d Q 499 component of gluon fields is A* and
J 9 @ d g J multiple gluon exchange can be
resummed into an eikonal Wilson-line.
P P
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Wilson-Line Resummation of the Quark Propagator

At small z, the target is approximated as a shockwave localized near 2~ = 0. In covariant
gauge, the leading background field is

AP~ P AT (27 2.
The quark propagator in this background is approximated by
Sa(z,y) = So(z —y) + SK*(x,y)
with
Sit(z,9) = 6(x7)0(—y ) / d*ud*v So(z — u) V(u,v) So(v — 7).
The eikonal interaction vertex is
V(u,v) =76 ) )o(ut — 06 (uy — vy ) [Uuy) —1].

The Wilson line is

+oo
U(xy) = Pexp [zg/ de™ A} (z 7,2 )t"]| .

— 00
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Wilson Line from Multiple Gluon Exchange

The quark interacts mainly through eikonal couplings to A™. The relevant interaction

vertex becomes v# A, — AT
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Eikonalized free propagator

d'p ipeey) W
e =)= | e "
N/ d'p o~ P (3 =y) in"
) (@m)? 2(p* + de)
.T+ —

:%5( y)oP (@ —y )0 —y)

We used pp ~ p~ " and

p® =2pTp~ —p% ~ 2pTp~. Intermediate quark
propagators between gluon insertions are
eikonalized but incoming and outgoing quark
propagators are not eikonalized.
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Dipole Factorization of Inclusive DIS at Small x

In the Regge limit, the inclusive DIS tensor factorizes as

Dipole Factorization
d2
l“/ :47'('62/ - / g ]__ ZZ\IIVSS f,TJ_ uss (§7TJ-) (TJ_v )

f s,s
+O<Q2 m Mp )

S S S

Here s = s,- p, the center-of-mass collision energy of v* — P.

Small-z DIS naturally separates into a perturbative photon wave function and a
nonperturbative dipole scattering amplitude. The factorization happens in
transverse coordinate space (transverse momentum). Not collinear factorization.
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Ingredients of Dipole Factorization

> r, =x, —yi, the transverse size of the ¢g dipole.
> ¢ 1 — &, the longitudinal momentum fractions of the quark and antiquark.
The photon wave function ¥/ (&,7.1) describes the perturbative splitting v* — ¢g

v,ss’

v

ﬂs”)’yuvs' (q - Z)

f — —
Vi Gl = eer S0 =8 g e - g

» The dipole amplitude

N(z,,y1;Y)=1- Ni (Tr U(xl)UT(yL»Y .

c

The averaging over the target state is defined by

1
e N=— = (P|---|P).
> s.«p =~ 2PTq~, center-of-mass collision energy of the v* — P system.
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Physical Picture of Dipole Factorization

In the Regge limit, the virtual photon fluctuates into a quark-antiquark dipole v* — qq,
which happens long before the interaction with the proton. The quark and antiquark each
scatters eikonally off the proton acquiring Wilson line phases: U(z ), U(y.). The color
structure naturally forms a dipole operator:

o [\ Ulz,) ‘
t
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Physical Meaning of the Dipole Amplitude

In small-z DIS, the target dependence is encoded in

N(zi,y;YV)=1-— NL<TI'U(./L‘J_)UT(yJ_)>Y.

c

This looks like a Wilson-line correlator, but physically it is related to the gluon content of
the proton. The target average is connected to a proton matrix element by

1

How is the dipole correlator related to a gluon distribution?

At small x, the answer is that the dipole correlator is the leading term in the z — 0
expansion of a dipole-type gluon Transverse Momentum Distribution (TMD).
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Dipole Gluon TMD

The dipole-type gluon TMD is defined by

G,dip
91

254 d€=d?¢L o opte— i .
2y ixPTE ik -&
(@ k) = 2 | ‘ vt

- (2m)?

(Pltr [FHOUM0, €l (€U [e, 0] |P).

» future-pointing gauge link /]

x

€9

> past-point gauge link 2/~
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Dipole Correlator as the Small-z Gluon Distribution

Expanding in powers of z yields

4 ki —tk-(§1—C1
s | PRl e O Pl VI

2g$ (0,13 =

2 .
[ e e (T COVIED]) = By g, ).
T
The dipole amplitude

NGesy) =1 - (B0 )0 )

C

is therefore directly connected to the small-z gluon distribution.
Small-z DIS probes gluons through Wilson lines. The dipole amplitude is a

physical gluon distribution in the high-energy limit, expressed in transverse
coordinate space.
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Beyond Tree-Level Dipole Factorization

> At leading order, inclusive DIS at small = factorizes into

Wi ~ |\I/7*qu|2 XN(zL,y1)-

The nonperturbative target structure is encoded in the dipole amplitude N(z,,y,;Y).

This result is obtained from v* — ¢g, followed by eikonal scattering through Wilson
lines.

» Beyond tree level, additional soft gluon emissions appear:
99 — 499 — 9999 — -
These emissions generate large high-energy logarithms o, In 1.
> At sufficiently high energy,
1
asln— ~ 1,
x

and fixed-order perturbation theory breaks down. The large logarithms must be
resummed to all order.
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Rapidity Evolution of the Dipole Amplitude

» In collinear factorization large transverse logs o, In Q? is absorbed into the scale
dependence of PDFs f(x,Q?), leading to DGLAP evolution.

> At small z, the large logarithms o In 1 are instead absorbed into Wilson-line
correlators. The dipole amplitude therefore becomes rapidity dependent:
1
N(xlvyL;Y% Y=In-.
X

The resummation of high-energy logarithms becomes an evolution equation in
rapidity.
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JIMWLK and BK Evolution Equations

» The most general high-energy evolution equation is the JIMWLK equation named
after Jalilian-Marian, lancu, McLerran,Weigert, Leonidov, and Kovner. The JIMWLK
equation describes the rapidity evolution of the probability distribution of color gluon
fields inside proton, or equivalently Wilson-line correlators.

» The JIMWLK equation generates an infinite hierarchy of coupled equations for
Wilson-line correlators. In the large-N. mean-field limit, this hierarchy closes into a
single equation for the dipole amplitude Balitsky—Kovchegov (BK) equation.
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Derivation of BK Equation

» Real gluon emission diagrams and virtual gluon emission diagram.
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BK Equation

The Balitsky—Kovchegov equation

ON(@1,y15Y) _asNe [ o (1 —yu1)?
oY o2 Yo —20)2(z1 —y1)?

—N(z1,y1;Y) — N(xJ_sz_EY)N(ZJ_vyJ_QY)}'

[N($L7ZL;Y) + N(zL,y1;Y)

» The kernel describes dipole splitting (z,,y1) = (x1,21) + (21,y1)-

» The linear terms N(x, z) + N(z,y) — N(x,y) describe gluon splitting and growth of
the dipole density.

» The nonlinear term —N (z, z) N(z,y) describes gluon recombination and multiple
scattering, responsible for Gluon Saturation, which prevents unlimited growth of the
gluon density.

BK evolution balances gluon emission against gluon recombination.
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Dilute Limit: Recovering the BFKL Equation
In the dilute regime:
N(zi,y,Y) <1,

multiple scattering is weak. The nonlinear term becomes negligible N(z, z)N(z,y) < N.
The BK equation reduces to

ON(zy1,y1;Y) _asNe 2 (x1—y1)?
oYy 22 Tl - 2002 (2 —y1)?

[N(IELZL;Y) + N(z1,y13Y) = N(zy,y;Y)|.

Fourier transforming into momentum space, precisely reproduces the
Balitsky—Fadin—Kuraev-Lipatov (BFKL) equation.

| BFKL = linear small-z evolution, |

‘ BK = nonlinear extension including saturation. ‘
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The Saturation Scale from BK Evolution

» The BK equation contains two competing effects: the linear terms generate growth of
gluon density while the nonlinear term suppresses the growth when the gluon density
becomes large.

> As rapidity increases, the BK solution develops a dynamical momentum scale Q4(Y").
called the saturation scale. It is defined implicitly by

¥ ) =4

» The saturation scale is the boundary between linear and nonlinear QCD dynamics.
» For fixed coupling, the asymptotic BK solution gives

Qf(’) = fo (EY :

€T

The evolution exponent is A, = a2 with x(v) = 2¢(1) = ¥(v) — (1 7).
Numerically . ~ 0.3725, As ~ 4.88 @
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QCD Evolutions

Q4(Y)

In 1/x

Y =

as~1 ag €1
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