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The Fundamental Degrees of Freedom of QCD

Quark Fields Gluon Fields

Y () As()
> Spin-1 fermion field > Spin-1 vector boson field
» Flavor index: f = u,d, s, c,b,t » Lorentzindex: 4 =0,1,2,3
» Colorindex: 1 =1,2,3 » Adjoint color index: a =1,---,8
» Fundamental representation of SU(3), > Adjoint representation of SU(3), 8
3 dimensional dimensional

From Abelian to Non-Abelian Gauge Theory

QED: Abelian symmetry U (1) associated with electric charge.
QCD: non-Abelian symmetry SU(3) associated with color charge.
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SU(3) Global Symmetry

Quark Fields Gluon Fields

Quarks v;(x) transform under global SU (3): The gluon field is A, (z) = Af,(x)T*. Under
a global SU(3) transformation:

Y(x) = Up(x), U ="t
A, —»UAUY, U=e9T".
Generators:
The adjoint generators satisfy
[ta7 tb} _ ifabctc.
(Ta>bc _ —ifabc.
Quarks belong to the fundamental
representation with U being a 3 x 3 matrix. Gluons belong to the adjoint representation
with U being a 8 x 8 matrix.

» Different SU(3) transformations generally do not commute with one another, unlike
the Abelian U (1) group.
» QCD is invariant under global SU(3) color symmetry.
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Group Structure of SU(3)

SU(3) is the group of special unitary transformations. (Recall the SU(2) group for spin)
» UTU = 1: unitary transformations preserve probability.

» det U = 1: “special” condition removing the overall U(1) phase.
There are eight generators t* (a = 1,2, ... 8) satisfying the commutation relation

[ta ] fabctc [Ta Tb] fab('T('

The coefficients 2% are the totally antisymmetric structure constants.
Color matrix identities (for a general SU(N.) group):

1
tr[tt’] = 55“", t9? = Cp1,

tr[T9T%] = C46%,  T°T® = Cal
with Cr = (N2 —1)/2N.and C4 = N,
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Gell-Mann Matrices

The generators of the fundamental representation are t* = *7
The Gell-Mann matrices are

01 0 0 —i 0 1 0 0

M=110 0], x=[i 0 0], x=]0 -1 0],
00 0 0 0 0 0 0 0
00 1 00 —i 000

M=100 0], Xx=[00 0], X=|0o0 1],
1 00 i 0 0 010

0 0 O 1 (1 0 0
=10 0 —i], M=—[(0 1 0.
0 % O V3 0 -2
» Generalization of the SU(2) group where Pauli matrices are the generators.
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Gauge Principle in Quantum Field Theory

Fundamental interactions arise from demanding that global symmetries hold
independently at every spacetime point.

Global Symmetry Local Symmetry
UeSU(3), U =-constant U — Ul(x)
Quark field: 1 (z) — Uy (x) P(x) = Uz)p(z)
Gluon field: A, (x) — UA,(z)UT — Au(z) = U@)Au(2)U (@) + LU (2)0,U" ()

» The same color rotation acts

. . » The color transformation can rotate
everywhere in spacetime.

independently at each spacetime point.
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Local Gauge Invariance and Quark—Gluon Interactions

® To make the free quark Lagrangian locally gauge invariant, replace ordinary
derivatives with covariant derivatives.

8, — D=0, —igAli®

The free quark Lagrangian becomes
P9, —m)y  — (i Dy —m)ih.
Expanding the covariant derivative gives
L= P(iy" 0, —m)p + goy" Aty

Local gauge invariance automatically generates the
interaction between quarks and gluons.
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Local Gauge Invariance and Gluon Self-Interactions

e | ocal gauge invariance also determines the dynamics of the gluon field.

The Yang—Mills field strength tensor is

FY, = 0,A% — 0,A% + gf**c AL A,

The gluon Lagrangian is

1 a papv
Egluon:_iFqu .

Gluon self-interactions: gluons carry color charge and therefore
interact directly with other gluons.
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The Full QCD Lagrangian

QCD Lagrangian

(s 1 a v
Lqcp = Y (v D, —m)y — ZFWF‘W

= P(7" 0 — m)y) + gy ALt
1 a a av vV AQ
— 1 (OuAL - 0, A7)(9" A — 0¥ A"F)
1 1 aoc raae (& ev
— 9P (OuAL — O, AG) AP A — 2 g [ ol AL AL A A

» The last two terms describe three-gluon and four-gluon self-interactions.
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Gauge Covariance of the Quark Derivative

Under a local SU(3) transformation,

V' () = Ulx)(z), Al(z) =UAU" + éU(@uUT).

Using D, = d,, — igA,,, we compute
DL’ = (8, — igAl ).
= (O,U) + U — ig |UALUT + éU(E)ﬂUT) Uy

= (8HU)¢ + U@Hw — igUA,ﬂ/) — (8MU)1/).
= U(8, —igAu) = UD,
Since UUT =1,
(auU)UT = —U(ﬁuUT),

D\ =UD,¢
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Gauge Transformation of the Field Strength Tensor

The non-Abelian field strength tensor can be written compactly as
Fo, =3,A, —9,A, —iglA,, A,
where A, = Aft*. Under a local SU(3) gauge transformation,
A, = AL =UAU + éU(auUT).
Substituting into the definition of F,,,
F;IUJ = GMA:/ - aVAL - Zg[A;p A:/]
=0, (UAVUT + ;U&,UT> — 0, (UAMUT + ;U@uUT) —iglAl, AL,

The derivative terms involving U(z) cancel against contributions from the commutator
term, yielding

F,, =UEF,Ul
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Local Gauge Invariance of QCD

The quark part transforms as

P (i D), —m)y’ = iy Dy, — m).

The field strength transforms covariantly:
Fu — F), =UF,U".

Therefore,
Tr(F), F'") = Te(F,, F"™),

so the gluon part is also gauge invariant.
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Gauge Fixing and Faddeev-Popov Ghosts

Local gauge symmetry is a redundancy of the field
description, not a physical symmetry.

For a massless spin-1 particle:

A, = 4components

but only two transverse polarizations are physical. Manifest Lorentz Invariance!

Gauge redundancy — gauge fixing
— Faddeev-Popov determinant — ghost fields

Ghost fields are not physical particles; they cancel unphysical gauge-field fluctuations in
quantum loops.
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Quantization: Gauge-Fixed QCD Lagrangian

Complete QCD Lagrangian

1 NN 1 a, ~a a
Lgcp = —ZF[LIVF“W + 9" Dy —m)p — i(auA "2 —¢ 3“(Dubcb)~

Here ¢ is the gauge parameter:

¢ =1 Feynman gauge, ¢ =0 Landau gauge.

The Faddeev—Popov ghost term contains adjoint covariant derivative
Dyt =500, + gf* VAL,

Ghost fields are auxiliary Grassmann fields that remove unphysical gauge
fluctuations in quantum loops.
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QCD Feynman Rules: Propagators

Quark propagator: 7 p = p;(f;—;z)ze 84,
Ghost propagator: b _)’_f ___e= kzl? 8%,
Gluon propagator: %5666666(?666666@;1 = %‘wff) 82b
In a covariant Lorenz gauge,
Dy () = g — (1~ )18,

¢ =0: Landau gauge, ¢ =1: Feynman gauge.
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QCD Feynman Rules: Matter Vertices

Quark—gluon vertex: =igy" (i,
I:‘ p+k
Ghost—gluon vertex " Kk a u pabe
(Lorenz gauge only): L =sp+h
p

4

The quark—gluon interaction originates from
Lggg = gi”YuAZt%/)-
The ghost—gluon interaction arises from the Faddeev—Popov term
‘Cghost = _éaau(Dzbcb).
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QCD Feynman Rules: Gluon Self-Interaction Vertices

Three-gluon vertex P v b

abc v,
(all momenta flow = —8f " [(ky — k3)’g"* ) )
into the vertex): p ka +(ky — k1)%8" + (ks — k2)"g™]

—ig2 [fabe fcde (gup gua _ g,ua gvp)
+ face fbde (gy,v gpa _ gpw gvp)
+ fade fbce (g;w gpa _ gup gva)]

Four-gluon vertex:
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Beyond Tree Level: Ultraviolet Divergences

Tree-level calculations are finite, but loop diagrams generally contain divergent momentum

integrals.
/ d4k1 d4k2 -d*kyp,
k3) - (k%)

As the loop momentum k& — oo, these integrals can diverge.

Ultraviolet (UV) Divergences
UV divergences arise from short-distance quantum fluctuations at very large momentum.

Quantum field theory requires a systematic procedure to handle UV divergences.
The divergences are absorbed into redefinitions of fields, masses, and couplings.
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Bare QCD Lagrangian

Bare Gauge-Fixed QCD Lagrangian

1 a LV o . ap a
Lo = =7 FouF6"™ + o(iv* Do — mo)tho — 25 (8, AG")? — 25 0*(Dghch).

with
DOH = 8# — ’L'goAgﬂt

F(;luu = 8#‘481/ - 6VASM + gofabcAguAgu'
The Lagrangian obtained so far is written in terms of bare quantities:
¢07 ASH’ Cgv g0, mo.

These bare quantities are not directly measurable. Physical observables must instead be
expressed in terms of renormalized fields and couplings:

a a
w’ A'UJ c ) g’ m.
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From Bare to Renormalized Quantities

Introduce renormalized fields and parameters:

= V221, Aby =V Z3AY, cb =1\ Zsc",

mo = Zmm, 9o = Zg9, o = Zs€.
Then the bare Lagrangian can be rewritten as

£0 = Ercn + Ect~

Renormalized QCD Lagrangian

1 T/ a =a a
Lron = _ZF;?VFGMV + Z[J(Z’}/MD,L _ m)?/} 25( A M) _ a“(D“bcb).

where
Dy =0, —igAit®,  Ff, =0,A%— 0,A% + gf**° AL AL
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Counterterm Lagrangian

Counterterm Lagrangian

Lot =02 Diy"Oytp — 0 Zy militp + 021 giby AT170)
1 a apy 1 abe a b, cv 1 2 rabc pade pb pc pd ev
— 023 Gy G = 582, gf G, A A — 18Z4q g7 F £ AL AG AT A
— 623882 — 67y gf**°(0Me") A,

Here G§, = 0, A7 — 0, AS,
» The counterterms have the same operator structure as the original QCD Lagrangian.
» Their coefficients are chosen order by order to cancel UV divergences.

» Counterterms do not introduce new physics; they absorb UV divergences into field, mass, and
coupling renormalizations.
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Renormalization Constants in QCD

The counterterm coefficients

§Zy=0y—1,  6Zm=ZoZm—1, 0Z3=25—1, 06Z3=25—1,

521 Z1 — 1 6Z3g = Zgg — 17 5Z4g = Z4g — 1, 521 Zl — 1

The vertex renormalization constants are defined as

7y =Z,2:27,  Zsy= 2,237, Zag= 2272, Iy = 2,232

» Gauge invariance imposes nontrivial relations among these renormalization
constants.
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Dimensional Regularization and the Scale ;.?

» In d = 4 — 2¢ dimensions, the gauge coupling is no longer dimensionless.

> Using the fact that the action S = [ d?zL is dimensionless, the mass dimension of the
quantities are
d—1 3 d—2 4-d

(o] = o T 9 € [AS#L] = o =1-g¢ [mo] =1, [g0] = O =€

v

To define a dimensionless renormalized coupling, introduce an arbitrary mass scale p:
go = H Zgg.

» The factor u¢ keeps the renormalized coupling g dimensionless.

Physical observables cannot depend on the arbitrary scale u. This requirement leads
to renormalization group equations.

v
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Bare and Renormalized Parameters

The scale dependence of the renormalized coupling is governed by the beta function.

Beta Function Definition

In QCD, in d = 4 — 2¢, the bare coupling is related to the renormalized coupling by

50 = 1 Zo (1) s (),
The bare coupling constant is independent of the scale:

d
—as0 = 0.
Mdua’o
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Generalized Beta Function in d = 4 — 2¢

Using a0 = (12 Z (1) as (1), and uﬁas,o = 0, one obtains

L dZe 1 day

0= p*Zyas |2¢ 4+ Z — .
a ol dlnp  agsdlnp

[e3

Define the generalized beta function:

Then

Blas,€) = ag | —2¢€ — z-1

The limit e — 0 recovers the ordinary QCD beta function.
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Calculating the Beta Function

In the MS scheme, the renormalization factor contains only pole terms and the
generalized beta function is expanded in powers of e:

1 oo
Za —1+ka Blas,e) = Blo) + > 8 (a,)
k=1
Requiring cancellation of all X pole terms leads to remarkable exact relations:

BM(a,) = —2a,,  BMl(ay) =0, k>2.

Most importantly,

d
B(O&s) = QQSEZ([}” (Oés).

The QCD beta function is determined entirely by the coefficient of the single 1/¢ pole in Z,.

28/33



One-Loop Beta Function of QCD

At one loop,
_ Bo 2
Z,=1 4ﬂ_eas + O0(a3),
we obtain
Blas) = ~0a? + O(ad)
™

For QCD, By = ¥ Cx — §Tpny, and for SU(3), Ca = 3,Tr = 3.

2

The negative sign of the beta function leads to asymptotic freedom.
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Leading-Order Running of the QCD Coupling

At one loop, the QCD beta function is

dovs(p) - Bo o2

dlnp 2m
One-Loop Running Coupling
ou) = D

1+ 20, Qs

A common reference scale is
Q =myz ~91.19 GeV,

where experimentally
as(myz) =~ 0.118.

30/33



Asymptotic Freedom vs QED Running

» For QCD, 5, > 0 because n; < 17. Therefore,

as(p) decreases at high energies

This phenomenon is called asymptotic freedom.

» In contrast, in QED, 3, < 0, so the electromagnetic coupling slowly increases with
energy.

QCD becomes weak at short distances, while QED becomes slightly stronger.

The discovery of asymptotic freedom in QCD by David J. Gross, H. David Politzer, and
Frank Wilczek in 1973 was awarded the 2004 Nobel Prize in Physics.
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The QCD Scale Aqcp

» The one-loop running coupling can be rewritten as
47

ot (i Vo)

as(p)

» The scale

9 — 020 [ — 4
Aqep = @ep ( ﬂoas(Q))

is generated dynamically through renormalization, when quantum fluctuations
become nonperturbatively important.
> At low energies, 1 — Aqcp, the coupling grows rapidly and perturbation theory

breaks down. Typical value:
AQCD ~ 0.2 GeV.

Low-energy QCD becomes strongly coupled and quarks/gluons are
confined inside hadrons.
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Running Coupling Constant: Theory vs Experiments

0-35 T T T
\ T decay (N3LO)
3 low Q2 cont. (N3LO)
03[ Heavy Quarkonia (NNLO) —+— 7
HERA jets (NNLO) —a—
025 [ e*e jets/shapes (NNLO+NLLA) —v— ]
' e*e Z0 pole fit (N3LO) +o—
o« LHC dijets (NNLO) =
C o2t pp top (NNLO) +—e—
& pp TEEC (NNLO)
0.15 | ]
01} ]
= og(mz?) = 0.1180 £ 0.0009 o
0.05 ' . .
10 100 1000 10000

1
August 2025 Q [GeV]

» Theory: running coupling constant computed at five loops.
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