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➢ Tensor Structure Puzzle



2Structure Functions (SFs) 𝑏1,…,4

Charged-lepton DIS, P. Hoodbhoy, R. L. Jaffe, A. Manohar, NPB 312 (1989) 571

𝑊𝜇𝜈 = −𝐹1𝑔𝜇𝜈 + 𝐹2
𝑝𝜇𝑝𝜈
𝜈

+ 𝑔1
𝑖

𝜈
𝜀𝜇𝜈𝜆𝜎𝑞

𝜆𝑠𝜎 + 𝑔2
𝑖

𝜈2
𝜀𝜇𝜈𝜆𝜎𝑞

𝜆 𝑝 ⋅ 𝑞𝑠𝜎 − 𝑠 ⋅ 𝑞𝑝𝜎

−𝑏1𝑟𝜇𝜈 +
1

6
𝑏2 𝑠𝜇𝜈 + 𝑡𝜇𝜈 + 𝑢𝜇𝜈 +

1

2
𝑏3 𝑠𝜇𝜈 − 𝑢𝜇𝜈 +

1

2
𝑏4 𝑠𝜇𝜈 − 𝑡𝜇𝜈

𝑟𝜇𝜈 =
1

𝜈2
𝑞 ⋅ 𝐸∗𝑞 ⋅ 𝐸 −

1

3
𝜈2𝜅 𝑔𝜇𝜈

𝑠𝜇𝜈 =
2

𝜈2
𝑞 ⋅ 𝐸∗𝑞 ⋅ 𝐸 −

1

3
𝜈2𝜅

𝑝𝜇𝑝𝜈

𝜈

𝑡𝜇𝜈 =
1

2𝜈2
𝑞 ⋅ 𝐸∗𝑝{𝜇𝐸𝜈} + 𝑞 ⋅ 𝐸𝑝{𝜇𝐸𝜈}

∗ −
4

3
𝜈𝑝𝜇𝑝𝜈

𝑢𝜇𝜈 =
1

𝜈
𝐸{𝜇
∗ 𝐸𝜈} +

2

3
𝑀2𝑔𝜇𝜈 −

2

3
𝑝𝜇𝑝𝜈

𝜈 = 𝑝 ⋅ 𝑞
𝜅 = 1 +𝑀2𝑄2/𝜈2

𝐸𝜇： Polarization vector
𝑝 ⋅ 𝐸 = 0,  𝐸2 = −𝑀2

σ𝜆𝐸
𝜇 𝜆 𝐸∗𝜈 𝜆 = − 𝑔𝜇𝜈𝑀2 + 𝑝𝜇𝑝𝜈

𝑠𝜎 = −
𝑖

𝑀2 𝜀
𝜎𝛼𝛽𝜏𝐸𝛼

∗𝐸𝛽𝑝𝜏 

𝑎{𝜇𝑏𝜈} = 𝑎𝜇𝑏𝜈 + 𝑎𝜈𝑏𝜇 

Tensor-polarized
Structure Functions

𝒃𝟏, 𝒃𝟐, 𝒃𝟑, 𝒃𝟒
which vanish under spin average

◼ 𝑏1, 𝑏2: leading-twist
2𝑥𝑏1(𝑥) = 𝑏2(𝑥) in Bjorken limit

◼ 𝑏3, 𝑏4: higher-twist

Symmetric under 𝜇 𝜈
→ Unpolarized lepton beam 

𝑏1 sum rule F.E. Close, S. Kumano, PRD 42 (1990) 2377

𝑑𝑥׬ 𝑏1(𝑥) = −
5

24
lim
𝑡→0

𝑡

𝑀2 𝐹𝑄 𝑡 + σ𝑖 𝑒𝑖
2 𝑑𝑥׬ 𝛿𝑇 ത𝑞𝑖(𝑥)  in parton model

Useful to investigate 𝛿𝑇 ത𝑞𝑖 



3Deuteron 𝑏1

0.5 < 𝑄2 < 5 GeV2, 0.01 < 𝑥 < 0.45

𝒆+ 𝑫
27.6 GeV

⇄, 0
𝑑2𝜎

𝑑𝑥𝑑𝑄2
=

𝑑2𝜎𝑈

𝑑𝑥𝑑𝑄2
1 +

1

2
𝑃𝑍𝑍𝐴𝑍𝑍

𝐷

Tensor asymmetry： 𝐴𝑍𝑍
𝐷

Bjorken limit
𝐴𝑍𝑍
𝐷 = −

2

3

𝑏1
𝐷

𝐹1
𝐷

◼ Finite at 2𝜎 level

Positive at low-𝑥

    Negative at high-𝑥

◼ Finite Sum

න
0.02

0.85

𝑑𝑥 𝑏1
𝐷 𝑥 =

0.0035
±0.0010 (stat)
±0.0018 (sys)

𝛿𝑇 ത𝑞𝑖 ≠ 0 ?

HERMES (2005) A. Airapetian et al. (HERMES), PRL 95 (2005) 242001



4Tensor Structure Puzzle

Convolution model W. Cosyn, Y.-B. Dong, S. Kumano, M. Sargsian, PRD 95 (2017) 074036

𝐷

𝑁

𝑞

𝛾∗

𝑝

𝑛
S + D
waves

𝑏1 𝑥, 𝑄2 = ׬ 𝑑𝑦

𝑦
𝛿𝑇𝑓 𝑦 𝐹1

𝑁(
𝑥

𝑦
,𝑄2)

𝛿𝑇𝑓 𝑦 = 𝑓0 𝑦 − 𝑓+ 𝑦 +𝑓− 𝑦

2
 

= 𝑑3𝑝׬ 𝑦 − 3

4 2𝜋
𝜙0 𝑝 𝜙2 𝑝 +

3

16𝜋
𝜙2 𝑝 2 3 cos2 𝜃 − 1 𝛿 𝑦 − 𝑝⋅𝑞

𝑀𝑁𝜈
 

𝑦 = 𝑀𝑝⋅𝑞

𝑀𝑁𝑃⋅𝑞
≅
2𝑝−

𝑃−

𝑓𝐻(𝑦) = 𝑑3𝑝׬ 𝑦 𝜙𝐻 𝑝
2
𝛿 𝑦 − 𝐸−𝑝𝑧

𝑀𝑁

𝜙𝐻 = 𝜙𝑙=0
𝐻 + 𝜙𝑙=2

𝐻  

Purpose of this study

A quantitative estimate of twist-3 tensor-polarization



Theoretical Framework

➢ Collinear PDFs

➢ Twist-2 Relations



6Collinear PDFs

Collinear Correlation Function (CF)

Φ𝑖𝑗(𝑥, 𝑃, 𝑇) = න
𝑑𝜉−

2𝜋
𝑒𝑖𝑥𝑃

+𝜉− 𝑃, 𝑇 𝜓𝑗 0 𝜓𝑖 𝜉 𝑃, 𝑇
𝜉+=0,𝜉𝑇 =0

0 < 𝑥 < 1,  𝑃𝜇 = 𝑃+ ത𝑛𝜇 +
𝑀2

2𝑃+
𝑛𝜇,  Gauge link is not explicitly written

Spin tensor A. Bacchetta, P.J. Mulders, PRD 62 (2000) 114004

𝑇𝜇𝜈 =
1

2

4

3
𝑆𝐿𝐿

𝑃+ 2

𝑀𝐷
2 𝑛

𝜇
𝑛
𝜈
−
2

3
𝑆𝐿𝐿 𝑛

{𝜇
𝑛𝜈} − 𝑔𝑇

𝜇𝜈
+
1

3
𝑆𝐿𝐿

𝑀𝐷
2

𝑃+ 2
𝑛𝜇𝑛𝜈 +

𝑃+

𝑀𝐷
𝑛
{𝜇
𝑆𝐿𝑇
𝜈}
−
𝑀𝐷

2𝑃+
𝑛{𝜇𝑆𝐿𝑇

𝜈}
+ 𝑆𝑇𝑇

𝜇𝜈

Tensor-polarization parameters： 𝑆𝐿𝐿 , 𝑆𝐿𝑇
𝜇
, 𝑆𝑇𝑇

𝜇𝜈

𝑛 ⋅ 𝑆𝐿𝑇 = 𝑛 ⋅ 𝑆𝐿𝑇 = 0, 𝑛𝜇𝑆𝑇𝑇
𝜇𝜈

= 𝑛𝜇𝑆𝑇𝑇
𝜇𝜈

= 0, 𝑆𝑇𝑇
𝜇𝜈
= 𝑆𝑇𝑇

𝜈𝜇
, 𝑔𝑇𝜇𝜈𝑆𝑇𝑇

𝜇𝜈
= 0

Collinear PDFs

Φ 𝑥, 𝑃, 𝑇 =
1

2
𝑆𝐿𝐿 𝑛 ⋅ 𝛾 𝑓1𝐿𝐿 𝑥 +

𝑀𝐷

𝑃+
𝑆𝐿𝐿1𝑒𝐿𝐿 𝑥 +

𝑀𝐷

𝑃+
𝑆𝐿𝑇 ⋅ 𝛾 𝑓𝐿𝑇 𝑥 +

𝑀𝐷
2

𝑃+ 2 𝑆𝐿𝐿 𝑛 ⋅ 𝛾 𝑓3𝐿𝐿 𝑥

                      Twist-2： 𝑓1𝐿𝐿 Twist-3： 𝑒𝐿𝐿, 𝑓𝐿𝑇 Twist-4： 𝑓3𝐿𝐿
𝑒𝐿𝐿 is chiral-odd

𝑛𝜇 =
1

2
(1,0,0, −1)

𝑛
𝜇
=

1

2
(1,0,0,1)

𝑔𝑇
𝜇𝜈

= 𝑔𝜇𝜈 − 𝑛
{𝜇
𝑛𝜈}

𝑎{𝜇𝑏𝜈} = 𝑎𝜇𝑏𝜈 + 𝑎𝜈𝑏𝜇 

S. Kumano, Q.-T. Song, PRD 103 (2021) 014025



7Twist-2 Relations

e.g., Vector-polarized SF

𝑔2 = 𝑔2
WW + 𝑔2

(HT)

Twist-3 functions = Twist-2 contributions + Pure twist-3 functions

Wandzura-Wilczek (WW)
relation

S. Wandzura, F. Wilczek, PLB 72 (1977) 195

𝑔2
WW 𝑥 = −𝑔1 𝑥 + 𝑥׬

1 𝑑𝑦

𝑦
𝑔1(𝑦)

WW approximation: 𝑔2 = 𝑔2
WW + 𝑔2

(HT)
≈ 𝑔2

WW

Burkhardt-Cottingham (BC)
sum rule

H. Burkhardt, W.N. Cottingham, Annals. Phys. 56 (1970) 453

0׬
1
𝑑𝑥 𝑔2(𝑥) = 0

WW approximation ⇒ BC Sum rule 

0׬
1
𝑑𝑥 𝑔2

WW (𝑥) = 0

Similar relations exist for tensor-polarized PDFs 𝒇𝟏𝑳𝑳 and 𝒇𝑳𝑻



8Twist-2 Relations S. Kumano, K. Kuroki, arXiv:2605.00430

The 𝑛-th moment of a non-local matrix element

න
−1

1

𝑑𝑥𝑥𝑛−1න 𝑑 𝑃⋅𝜉
4𝜋 𝑒𝑖𝑥𝑃⋅𝜉 𝑃, 𝑇 ത𝜓 0 𝛾𝜎𝜓 𝜉 𝑃, 𝑇 𝜉+=0

𝜉𝑇 =0

≅ 𝑆𝐿𝐿 ത𝑛
𝜎න

−1

1

𝑑𝑥𝑥𝑛−1𝑓1𝐿𝐿 𝑥 + 𝑀𝐷
𝑃⋅𝑛𝑆𝐿𝑇

𝜎 න
−1

1

𝑑𝑥𝑥𝑛−1𝑓𝐿𝑇 𝑥

LHS can also be written as

න
−1

1

𝑑𝑥𝑥𝑛−1න 𝑑 𝑃⋅𝜉
4𝜋 𝑒𝑖𝑥𝑃⋅𝜉 𝑃, 𝑇 ത𝜓 0 𝛾𝜎𝜓 𝜉 𝑃, 𝑇 𝜉+=0

𝜉𝑇 =0

= ⋯ =
𝑛𝜇1⋯𝑛𝜇𝑛−1
2 𝑃⋅𝑛 𝑛 𝑃, 𝑇 𝑅𝜎 𝜇1⋯𝜇𝑛−1 𝑃, 𝑇

Local operator

𝑅𝜎 𝜇1⋯𝜇𝑛−1 = 𝑖𝑛−1 ത𝜓 0 𝛾𝜎𝐷{𝜇1⋯𝐷𝜇𝑛−1}𝜓 0 − traces

= 𝑅 𝜎𝜇1⋯𝜇𝑛−1 + 𝑅[𝜎 𝜇1]⋯𝜇𝑛−1

𝑅 𝜎𝜇1⋯𝜇𝑛−1 : twist-2

𝑅[𝜎 𝜇1]⋯𝜇𝑛−1 : twist-3
traces       : twist≥4

𝜕𝜇1⋯𝜕𝜇𝑛−1 σ𝑚=0
∞ 1

𝑚!
𝜉 ⋅ 𝜕 𝑚 = 𝜕{𝜇1⋯𝜕𝜇𝑛−1} 1 + σ𝑚=1

∞ 1

𝑚!
𝜉 ⋅ 𝜕 𝑚

𝑎{𝜇1⋯𝑎𝜇𝑛−1} = 1

𝑛!
𝑎𝜇1⋯𝑎𝜇𝑛−1 + permutations  

𝜓 𝜉 = σ𝑚=0
∞ 1

𝑚!
𝜉 ⋅ 𝜕 𝑚𝜓(𝜉)𝜉=0 
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Expand matrix elements in terms of momentum 𝑃𝜇 and spin tensor 𝑇𝜇𝜈

𝑃, 𝑇 𝑅 𝜎𝜇1⋯𝜇𝑛−1 𝑃, 𝑇 = 2

𝑛
𝑎𝑛𝑀

2 σ𝑖=1
𝑛−1 𝑇𝜎𝜇𝑖 + 𝑇𝜇𝑖𝜎 ς𝑗 ≠𝑖 =1

𝑛−1 𝑃𝜇𝑗 + σ𝑖=1
𝑛−1σ𝑗 ≠𝑖 =1

𝑛−1 𝑇𝜇𝑖𝜇𝑗𝑃𝜎ς𝑘 ≠𝑖,𝑗 =1
𝑛−1 𝑃𝜇𝑘

𝑃, 𝑇 𝑅[𝜎 𝜇1]⋯𝜇𝑛−1 𝑃, 𝑇 = 2

𝑛
𝑑𝑛𝑀

2 σ𝑖=1
𝑛−1σ𝑗 ≠𝑖 =1

𝑛−1 𝑃𝜎𝑇𝜇𝑖𝜇𝑗 − 𝑃𝜇𝑖𝑇𝜎𝜇𝑗 ς𝑘 ≠𝑖,𝑗 =1
𝑛−1 𝑃𝜇𝑘

𝑎𝑛 and 𝑑𝑛 are overall coefficients

LHS becomes

𝑛𝜇1⋯𝑛𝜇𝑛−1
2 𝑃⋅𝑛 𝑛 𝑃, 𝑇 𝑅𝜎 𝜇1⋯𝜇𝑛−1 𝑃, 𝑇 ≅ 𝑆𝐿𝐿 ത𝑛

𝜎 2 𝑛−1
3 𝑎𝑛 + 𝑀𝐷

𝑃⋅𝑛𝑆𝐿𝑇
𝜎 𝑛−1

𝑛 𝑎𝑛 −
𝑛−1 𝑛−2

2𝑛 𝑑𝑛

Moments of PDFs

1−׬
1
𝑑𝑥 𝑥𝑛−1 𝑓1𝐿𝐿 𝑥 = 0׬

1
𝑑𝑥 𝑥𝑛−1 𝑓1𝐿𝐿

± 𝑥 = 2 𝑛−1

3
𝑎𝑛

1−׬
1
𝑑𝑥 𝑥𝑛−1 𝑓𝐿𝑇 𝑥 = 0׬

1
𝑑𝑥 𝑥𝑛−1 𝑓𝐿𝑇

± 𝑥 = 𝑛−1

𝑛
𝑎𝑛 −

𝑛−1 𝑛−2

2𝑛
𝑑𝑛

Twist-3 𝒇𝑳𝑻 contains twist-2 contribution 𝒂𝒏

𝑓± 𝑥 = 𝑓 𝑥 ± ҧ𝑓 𝑥

+ − for

𝑛 = even odd integer

S. Kumano, K. Kuroki, arXiv:2605.00430
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WW-like twist-2 relation
S. Kumano, Q.-T. Song, JHEP 09 (2021) 141

𝑓𝐿𝑇
± twist−2 𝑥 =

3

2
න
𝑥

1
𝑑𝑦
𝑦 𝑓1𝐿𝐿

± (𝑦)

By defining 𝑓2𝐿𝑇 ≔
2

3
𝑓𝐿𝑇 − 𝑓1𝐿𝐿,

 𝑓2𝐿𝑇
± twist−2 𝑥 = −𝑓1𝐿𝐿

± 𝑥 + 𝑥׬
1 𝑑𝑦

𝑦
𝑓1𝐿𝐿
± (𝑦)

𝑓𝐿𝑇
± 𝑥 = 𝑓𝐿𝑇

± twist−2 𝑥 + 𝑓𝐿𝑇
± (HT)

𝑥

Pure twist-3
part

Twist-2
WW part

S. Kumano, K. Kuroki, arXiv:2605.00430

Multiparton Collinear CF

Φ𝐺
𝛼

𝑖𝑗 𝑥1, 𝑥2 = න
𝑑𝜉1

−

2𝜋

𝑑𝜉2
−

2𝜋
𝑒𝑖𝑥1𝑃

+𝜉1
−
𝑒𝑖 𝑥1−𝑥2 𝑃+𝜉2

−

× 𝑃, 𝑇 𝜓
𝑗
0 𝑔𝐺+𝛼(𝜉2

−)𝜓𝑖 𝜉1
− 𝑃, 𝑇

Φ𝐺
𝛼 𝑥1, 𝑥2 =

𝑀

2
ቂ𝑖𝑆𝐿𝑇

𝛼 𝐹𝐺,𝐿𝑇 𝑥1, 𝑥2 − 𝜖𝑇
𝛼𝜇
𝑆𝐿𝑇𝜇𝛾5𝐺𝐺,𝐿𝑇 𝑥1, 𝑥2

൧+𝑖𝑆𝐿𝐿𝛾𝑇
𝛼𝐻𝐺,𝐿𝐿

⊥ 𝑥1, 𝑥2 + 𝑖𝑆𝑇𝑇
𝛼𝜇
𝛾𝜇𝐻𝐺,𝑇𝑇 𝑥1, 𝑥2 ത𝑛 ⋅ 𝛾

𝑓𝐿𝑇
HT

(𝑥) = −𝒫 1−׬
1
𝑑𝑦

1

𝑥−𝑦
ቂ
𝜕

𝜕𝑥
𝐹𝐺,𝐿𝑇 𝑥, 𝑦 + 𝐺𝐺,𝐿𝑇(𝑥, 𝑦)

+ ቃ
𝜕

𝜕𝑥
𝐹𝐺,𝐿𝑇 𝑦, 𝑥 + 𝐺𝐺,𝐿𝑇(𝑦, 𝑥)

න
0

1

𝑑𝑥 𝑥𝑛−1 𝑓𝐿𝑇
± HT

𝑥 = −
𝑛 − 1 𝑛 − 2

2𝑛
𝑑𝑛
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BC-like sum rule
S. Kumano, Q.-T. Song, JHEP 09 (2021) 141

න
0

1

𝑑𝑥 𝑓2𝐿𝑇
± twist−2 𝑥 = 0

S. Kumano, K. Kuroki, arXiv:2605.00430

By integrating WW-like relation over 𝑥,

න
0

1

𝑑𝑥 𝑓2𝐿𝑇
± (𝑥) = න

0

1

𝑑𝑥 𝑓2𝐿𝑇
± twist−2(𝑥) + න

0

1

𝑑𝑥 𝑓2𝐿𝑇
(HT)

(𝑥) =
3

2
න
0

1

𝑑𝑥 𝑓𝐿𝑇
(HT)

(𝑥)

Experimental sum verification

↓

Pure twist-3 𝑓𝐿𝑇
(HT)
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➢ Twist-3 Effects on SFs



13Phenomenological Twist-2 Distribution

Parton model

𝑏1
𝐷 =

1

2
σ𝑞 𝑒𝑞

2 𝛿𝑇𝑞
𝐷 + 𝛿𝑇 ത𝑞

𝐷

𝛿𝑇𝑞
𝐷 = 𝑞𝐷0 −

𝑞𝐷++𝑞𝐷−

2

𝑞𝐷𝜆： Unpolarized quark distribution

inside the spin-𝜆 deuteron

Parametrization S. Kumano, PRD 82 (2010) 017501

  Assumption： 𝑞 = 𝑢, 𝑑, 𝑠, flavor-independent polarization

𝛿𝑇𝑞𝑣
𝐷 𝑥 = 𝛿𝑇𝑤 𝑥 𝑞𝑣

𝐷 𝑥
𝛿𝑇 ത𝑞

𝐷 𝑥 = 𝛼 ത𝑞 𝛿𝑇𝑤 𝑥 ത𝑞𝐷(𝑥)

𝛿𝑇𝑤 𝑥 = 𝑎𝑥𝑏 1 − 𝑥 𝑐(𝑥0 − 𝑥)
𝑞𝑣
𝐷 , ത𝑞𝐷： Unpolarized distribution in nucleon

A.D. Martin et al., EPJ C 63 (2009) 189

Parameters

𝑎, 𝑏

𝑐 = 1 fixed
𝑥0, 𝛼 ത𝑞

𝑎 = 0.221
𝑏 = 0.648
𝑥0 = 0.221
𝛼 ത𝑞 = 3.20

HERMES 𝒃𝟏

𝜒2/d. o. f. = 1.57

◼ Positive   at 𝑥 ≲ 0.22 
Negative at 𝑥 ≳ 0.22

◼ Finite 𝛿𝑇 ത𝑞
𝐷

𝑄2 = 2.5 GeV2



14Twist-2 PDF 𝑓1𝐿𝐿

𝑓1𝐿𝐿
𝑞/𝐷+

𝑥 = 𝑓1𝐿𝐿
𝑞/𝐷

𝑥 + 𝑓1𝐿𝐿
ത𝑞/𝐷+

𝑥

= −
2

3
𝛿𝑇𝑞

𝐷 𝑥 + 𝛿𝑇 ത𝑞
𝐷 𝑥

= −
2

3
𝛿𝑇𝑞𝑣

𝐷 𝑥 + 2𝛿𝑇 ത𝑞
𝐷 𝑥  

𝑄2 = 2.5 GeV2

◼ Negative at 𝑥 ≲ 0.22
Positive  at 𝑥 ≳ 0.22

◼ Magnitude ∼ 𝒪(10−3)

𝑄2 = 2.5 GeV2

Twist-2 𝑓1𝐿𝐿 of deuteron

WW-like twist-2 relation to calculate twist-3 PDF 𝑓𝐿𝑇

S. Kumano, K. Kuroki, PLB 875 (2026) 140348



15Twist-3 PDF 𝑓𝐿𝑇
Twist-2 relation (WW approximation) 

𝑓𝐿𝑇
𝑞/𝐷+

𝑥 ≅ 𝑓𝐿𝑇
𝑞/𝐷+ twist−2

𝑥 =
3

2
න
𝑥

2𝑑𝑦

𝑦
𝑓1𝐿𝐿
𝑞/𝐷+

𝑦

Sum rule

𝑓2𝐿𝑇
𝑞/𝐷+

𝑥 =
2

3
𝑓𝐿𝑇
𝑞/𝐷+

𝑥 − 𝑓1𝐿𝐿
𝑞/𝐷+

𝑥

𝑑𝑥׬    𝑓2𝐿𝑇
𝑞/𝐷+

𝑥 = 0 

Twist-3 𝑓𝐿𝑇 of deuteron

𝑄2 = 2.5 GeV2

𝑄2 = 2.5 GeV2

◼ Negative at 𝑥 ≲ 0.1
Positive  at 𝑥 ≳ 0.1

◼ Magnitude ∼ 𝒪 10−3

About the same as twist-2 𝒇𝟏𝑳𝑳

S. Kumano, K. Kuroki, PLB 875 (2026) 140348

𝑄2 = 2.5 GeV2
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SFs in terms of PDFs up to twist-3
J. Zhao, A. Bacchetta, S. Kumano, T. Liu, Y.-J. Zhou, JHEP 12 (2025) 067

𝑏1 = −
3

4

1

𝛾2+1
σ𝑞 𝑒𝑞

2𝑓1𝐿𝐿
𝑞

𝑏2 = −
3

2

𝑥

𝛾2+1 2
σ𝑞 𝑒𝑞

2𝑓1𝐿𝐿
𝑞

+ 8
𝛾𝑥

𝛾2+1 2

𝑀𝐷

𝑄
σ𝑞 𝑒𝑞

2𝑓𝐿𝑇
𝑞
 

𝛾 =
2𝑀𝐷𝑥

𝑄
 

◼ Magnitudes:  𝑏1 ≫ 𝑏2
Callan-Gross-like relation in Bjorken limit

2𝑥𝑏1(𝑥) = 𝑏2(𝑥)

◼ Significant twist-3 contribution to 𝒃𝟐
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SFs in terms of PDFs up to twist-3
J. Zhao, A. Bacchetta, S. Kumano, T. Liu, Y.-J. Zhou, JHEP 12 (2025) 067

𝐹𝑈 𝐿𝐿 ,𝑇 = σ𝑞 𝑒𝑞
2𝑓1𝐿𝐿

𝑞
𝐹𝑈 𝐿𝐿 ,𝐿 = 0

𝐹𝑈 𝐿𝑇
cos 𝜙𝐿𝑇 =

2𝑀𝐷

𝑄
σ𝑞 𝑒𝑞

2𝑓𝐿𝑇
𝑞
 𝐹𝑈 𝑇𝑇

cos 2𝜙𝑇𝑇 = 0

◼ Magnitudes: 𝐹𝑈 𝐿𝐿 ,𝑇 ≈ 𝐹𝑈 𝐿𝑇
cos𝜙𝐿𝑇

W. Cosyn, C. Weiss, arXiv:2603.23699

𝐹beam target ,photon
azimuthal

Inclusive SFs

𝐹𝑈 𝐿𝐿 ,𝑇 , 𝐹𝑈 𝐿𝐿 ,𝐿, 𝐹𝑈 𝐿𝑇
cos 𝜙𝐿𝑇 , 𝐹𝑈 𝑇𝑇

cos 2𝜙𝑇𝑇
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Numerical estimate of twist-3 tensor-polarization

Magnitude of twist-3 𝑓𝐿𝑇 is the same as twist-2 𝑓1𝐿𝐿

→  Significant contribution to SF 𝑏2

Phenomenological twist-2 𝑓1𝐿𝐿  ← HERMES 𝑏1 data

WW-like twist-2 relation

Twist-3 𝑓𝐿𝑇

Also accessible through

◼ SIDIS J. Zhao, A. Bacchetta, S. Kumano, T. Liu, Y.-J. Zhou, JHEP 12 (2025) 067

◼ Drell-Yan S.-Y. Qiao, Q.-T. Song, PRD 111 (2025) 054026



Backup



20Twist-3 Contribution in SIDIS

J. Zhao, A. Bacchetta, S. Kumano, T. Liu, Y.-J. Zhou, JHEP 12 (2025) 067

𝑃ℎ⊥-integrated SIDIS



21Twist-3 Contribution in Drell-Yan

S.-Y. Qiao, Q.-T. Song, PRD 111 (2025) 054026



22QCD Evolution

P. Hoodbhoy, R. L. Jaffe, A. Manohar, NPB 312 (1989) 571

DGLAP
evolution

S. Kumano, Q.-T. Song, PRD 94 (2016) 054022
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