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Outline

@ Part 1: Derivation of master formula for composite structure in a quark TMD correlator
of a deuteron target

e Part 2: Spin tensorial decomposition of Wigner distribution in master correlator

e Part 3: Extracting b;(x) from the master correlator and prediction
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Part 1: Derivation of master convolution formula

@ Exact Fock-state decomposition of the deuteron TMD correlator

Impulse approximation and QCD lensing

Inclusive light-front wave function v

Single-nucleon Wigner distribution Ws,, s,

@ Master convolution formula
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Starting point: leading-twist quark TMD correlator

The leading-twist TMD correlator for a spin-1 target with momentum P, spin S:

— 42
dr d ry i(k*rfka-rL)

Cb,'j,D(X,kL;P,S) :/W e
% in(P, S[ih;(0)U[0; r] i (r)|P, S)in

e x = k*/P*: quark light-front momentum fraction
e U[O; r]: gauge link (Wilson line)
@ “in" states: Heisenberg picture

resolve the target matrix element via complete sets of Fock states.

Preliminary numerical results

Summary
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Fock-state decomposition

Insert two complete sets of in-states:
d’pi. dp;t
I_Z H/ 27T32p+‘1pn><p1pn|

The target matrix element decomposes:

il P, S| OUD; 1P, Shin = > inlP, SIX)in inl XU Y )in

X, Y
X in<Y|P75>in

Summary

5/29



Part 1: Master correlator Part 2: Wigner decomposition Part 3: Projection onto by Preliminary numerical results Summary

000@000000 0000000 00000000

Active—spectator decomposition

Partition each Fock state into active (struck by the quark bilinear) and spectator sectors:

1X) = {Ph) @ X)

Assumption 1: Impulse approximation

Quark bilinear acts only on active constituents; no quantum-number exchange with spectators.

X[l Y) = {PHOUGIPAY) X il X[V )in

Assumption 2: Spectator gauge link

Wilson line does not scatter off spectators. Spectator interactions are kept in (X'|Y');,.
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Hadronic amplitudes: light-front wave function

Overlap of the target state with a Fock state defines the LFWF:
(Y|P, S)in = (27)* 2P 5(2)(2 Pyii — 'BJ_>5(Z Py — P+)
X Ws({Py;/P*}; {Pyii})
Spectator overlap (kept in full generality):

(XY )i o< S ({Pxi}, {Py})

@ S =1 for free spectators
@ Encodes all interactions among spectator

° restricted to free-particle final states

Summary
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Inclusive light-front wave function

Defined by summing over all spectator configurations:

V5({PL}: P) Us({Pa}: P) = ﬁ 3 / WX (P Ws(Y', (P} S(X', V)

® momentum-conservation deltas ® phase-space factors

Interpretation

|\TI|2 is an inclusive probability density: the probability to find the active constituent with
momentum P, inside the target, summed over all spectator states.

Crucial: the spectator overlap S is retained throughout. Final-state interactions among
spectators are not neglected — they live inside S.
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Single active constituent: nucleon in deuteron

For the nucleonic Fock sector, the active constituent is one nucleon with momentum Py, spin
SN-

“iT / dPd?Py, P+ Pt — Py

C 2P, Py P
) —(1=a)/a
X [Ws(Pn, sn; P)I* - (P, sn|thidei| Py, sn)

in(P, S|UY;|P, S)in

@ Result of NO QCD Lensing
e o= Py /P*: light-front fraction of active nucleon

o (1 —«a)/a: kinematic terms
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Wigner distribution: definition

Fourier transform the inclusive LFWF with respect to a momentum transfer A:

dATPAL o at—b.aL)

W, n(Pu. i P) = [ S50

WS(PN+ 2.5n) Vs(Py — 2.sn)

\/2(P+ +A+)2) \/2 Pi — A+/2)

Two indices:
@ Target spin S: deuteron polarization

@ Constituent spin sp: nucleon spin projection

Projections recover familiar densities:
o [db=d?b, W = |V[2/(2P) (momentum density)
o [dPyd*Py, W = impact-parameter density

Summary
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Embedded vs. intrinsic nucleon correlator

The quark momentum in the deuteron correlator decomposes relative to the active nucleon:
X / ’
X =57 = ki =ki +x Py
@

where k' is intrinsic to the active nucleon.

Embedded correlator

dr=d?r| -k . =
;i n/p(X' ki Pr,sn) :/(2T)3l e/ PUrT kL) Py sy Ui Py, sw)

Intrinsic correlator

i n/p(x' ki Py, sy) = @i n(x, k' ; Py, sy) wrt nucleon
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Master formula

Assembling all pieces:

11—«

& p(x,ki;P,Sp) = Z/dPﬁ d’Py. db™ db, ( ) Ws,,su(Pn, b; P)
Sy

X X
X ¢ij,N(*, ki — —=Pny; PN75N)
a a

@ Nuclear physics: Ws, 5, — Wigner distribution of nucleon in deuteron

e Partonic physics: ®; y — quark correlator in the nucleon

Two assumptions only: impulse approximation + spectator gauge link (removes extra
function in convolution, QCD LENSING!).
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Part 2: Tensorial decomposition and projection to polarization channels

@ Spin structures of Ws,, s, in the rest frame

O(3) + P + T constraints

17 amplitudes: scalar, vector, tensor sectors

Tensor sector: 9 structures, physical meaning
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Wigner structure: vocabulary

In the deuteron rest frame, Ws, ¢, (p, b) is a scalar function of:

Phase-space vectors Symmetries enforced
@ p: nucleon momentum (in deuteron) e O(3) rotational invariance (in rest
@ b: nucleon position (in deuteron) frame)

e Parity: p — —p, b — —b; spins

in structure
Spi uetu unchanged

. . . . 1
@ o: nucleon spin (constituent, spin-3) o Time reversal: no QCD lensing =

@ S: deuteron vector polarization T-even Wigner
o Qj =SS — 16,5 tensor
polarization Allowed scalars

p27 b2’ P b
Allowed axial vector

p x b (orbital direction)
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Spin decomposition: 17 independent amplitudes
NOTATION: F;, G; and H; — coefficients

W(p,b) = Fi+ Fo - (p x b)
N— —
scalar: 2

+GS- (pxb)+Go-S+ G3(o-p)(S-p)+ Gi(o-b)(S-b)

vector: 4

+Gs(p-b)(o-p)(S-b)+ Gs(p-b)(o-b)(S-p)

vector: 2

+ Hy Qypip; + Hz Q;jbib; + Hs (p - b) Q;(pib; + p;bi)

tensor spin-independent: 3

+ Hio-(px b) Qjpip; + Hs o-(px b) Qjjbibj + He Qjoi(p x b);

tensor spin-dependent: 3

+ Hz (p-b) o-(px b) Qipib; + Hs (p-b) Q;j(pxa)ip; + He (p-b) Qij(bx o )ib;

tensor spin-dependent: 3

Total: 2 scalar + 6 vector + 9 tensor = 17 structures.

Preliminary numerical results Summar
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Tensor sector: structural taxonomy

Nine tensor terms organize into patterns:

Spin-independent  Spin-orbit coupling Direct o contraction
(no o) (xo-(pxb)) (oi into Qj)
Momentum proj. Q;ipip; Hy H, —
Position proj. Qjb;b; H, Hs —
Mixed Q;p;b;, radial-weighted Hs H7 Hs, Ho
Direct Qjjoi(---); — — He
e Three tensor contractions: p;p;, b;b;, p;b; + p;b;
@ Three ways the nucleon spin enters: absent, scalar spin-orbit factor, direct o contraction
@ Spin-orbit coupling > base structures via multiplication by o-(px b)
@ Hg, Hg, Hy are . no spin-independent counterpart
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Tensor sector |: spin-independent structures

Three terms with no o. The deuteron quadrupole probed by a spin-blind nucleon.

H: Qjjpipj — momentum quadrupole

Couples the deuteron’s tensor polarization to the nucleon momentum direction.
Physical picture: nucleons in a tensor-polarized deuteron prefer to move along the alignment
axis.

H> Q;ibjb;j — position quadrupole

Couples the deuteron’s tensor polarization to the nucleon spatial direction.

Hs (p - b) Q;i(pib; + pjb;) — mixed quadrupole

Off-diagonal contraction tying nucleon momentum and position, weighted by radial flow.

Summary
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Tensor sector |l: spin-orbit partners

Three terms with the scalar nucleon spin-orbit factor o-(pxb) = on-Ly.

Hyo-(px b) Q;pip;

Nucleon spin-orbit coupling modulated by the deuteron quadrupole along p.

H5 U(pX b) Q,‘jb,‘bj

Same spin-orbit, modulated by quadrupole along b. Partner of H, under p <> b.
Hy (p - b) -(px b) Qypiby
Spin-orbital partner of Hs: radial flow + spin-orbit + mixed quadrupole, all in one.

Each of Hi, Hs, H; = (corresponding spin-indep. term) X o-(px b).

Summary
o
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Tensor sector lll: irreducible spin couplings

Three terms where the nucleon spin enters by contracting directly into Qj.

He Qjoi(px b);

Quadrupole links nucleon spin to its orbital direction.
Spin-1 analog of G, oS (vector polarization): irreducible spin-tensor coupling.

Hg (p - b) Q;j(px a);p;

Quadrupole links the nucleon’s spin-momentum axial vector px o to its momentum.

Ho (p - b) Q;j(bx o );b;

Position-space partner of Hg: quadrupole couples nucleon spin-position axial vector to its
position.
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Part 3: Extracting b;(x) from master convolution formula

Unpolarized quark TMD in the deuteron

Spin-1 tensor combination d7qp,

Constituent spin trace

Spin-1 tensor projection At Qj

b{ master formula and prediction
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Unpolarized quark TMD in the deuteron
Define the v+ projection in a fixed deuteron spin state S:

qZ’)"s(X7 k)= fl‘?D(x, ki ;S)= %Tr['ﬁ oL (x, ki; P, S)] , S=+1,0,—-1.

Inserting the master convolution:

B k)= /dadzPNJ_(

SN,S

Nucleon input in the v channel

£y
o Nz, 005 50) = £/ (z, ) — %f LalN(z 12).

,cJ-q/NZO7 q,5n _fq/N

Unpolarized sector after £, integration: e au™ = qy
Therefore, collinear PDF:

1-— X
S(X):/dzquz’)7 kL /dadszL ( o )Is(a PNL)qN< )
with Zs(a, Py 1) = Zs unp(cv, Pn1) TIssy = [ db™ d?b; Ws, s, (Pn, b; P) 2172
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Building the tensor combination b,
Define the spin-projected deuteron quark PDFs:

- 1
0 __ q,5=0 1 _ 41 —1
a5°() = a°°0).  aB0 =3 (a0 + a5 i)
By parity, ) .
qu, _ qu,

Tensor-polarized quark PDF:
1
01ah(x) = a5°(x) — a5 (). b{(x) = 5 Irah(x).
The corresponding tensor-polarized light-front momentum density is

1
ArZ(a,Pny) = To(o, Pvi) — = [Zya(a, Pyi) +Zo1(o, Pno)] -
2

Fixed-flavor tensor convolution

Summary
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Constituent spin trace

Since the k, integration selects the unpolarized sector, the corresponding sector must be
projected in the Wigner distribution. The constituent spin sum becomes a Pauli trace:

2 Trsl0]=0 = all terms linear in o vanish

The spin-traced Wigner density contains only constituent-spin-independent pieces:

3 Tro W(p, b; S) = F1 + Hy Qpip; + H2 Q;bibj + Hs (p - b) Qi(pib; + pibi)

Six tensor amplitudes drop out at this step

Hy, Hs, Hg, H7, Hg, Hg all carry o = vanish after the trace.
Only Hy, H», H3 survive into the unpolarized-quark projection.

The scalar F; contributes to the ordinary unpolarized deuteron PDF. The Qj; pieces feed into
the tensor-polarized combination d7qp,.
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Polarization channels that contribute to b;(x)

Spin-independent  Spin-orbit coupling Direct o contraction
(no o) (x o-(pxb)) (oi into Qj)
Momentum proj. Q;ipip; M -
Position proj. Q;b;b; )4 -
Mixed Q;pib;, radial-weighted )24 )9 1
Direct Qjjoi(---); — — K

@ [-] — accessible with current data

e | — future predictions

Summary
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Tensor-polarized Wigner sector and the A+ operator
Factor the surviving tensor-polarized Wigner sector as

Wr(p, b) = Q; Ty(p, b), Tij = Hipipj + Ha bib; + H3 (p - b)(pibj + p;bi)

@ Qji: deuteron spin-1 tensor (state-dependent)
e Ti(p, b): spatial Wigner dynamics (scalar coefficient functions)

Spin-1 tensor projection operator:
A7Qy = (0]Qy]0) — [(+1]Qy| + 1) + (~1]Qy] — 1)]

For quantization along Z:

1
= 0 0
3
ArQ;=10 L o0 —  ArQypip; = Lp? — p?
0 0 -1

i

The combination %pi — p? is the only rank-two tensor surviving rotational covariance about 2.
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b; master formula
The spin-1 tensor combination reduces the nuclear weight to:

51Z(p) = Mo [ b A7Q; Ty(p.b)

After the b-integration, rotational covariance collapses Hy, H,, Hs into a single scalar function
Cr(p?):
a? l\/l% -m? - pf_

5rI(p) = Mp (1 p2 — p2) Cr(p?) — pz = e . pr=pi+pt

Substituting into the fixed-flavor tensor convolution: (show integrated here instead bc we need
to integrate to cancel channels)

11—«

b(x) = 1 MD/da d*Py. < > (3 PR — PRz) Cr(PR) % (%)

o Physical structure function: bi(x) = > 7 b{(x)

Summar
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Summary of the b; projection

17 Wigner amplitudes
2 scalar + 6 vector + 9 tensor

'

T projection + [ d?k, + spin-1 tensor combination &7
removes all scalar and vector amplitudes

!

Equivalently, unpolarized intermediate state — %Trgo
removes H4, H57 H6, H7, Hg, H9

!

Surviving: Hy, H,, H;
ONLY Hi and Hs combine into Cr(p?) after b-integration

o Hy (Q;pip;), H2 (Q;bib;), and Hs ((p-b)Q;i(pib; + pjb;)).
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Preliminary: b;(x) with the Paris wave function

T = LF Wigner formula

0.008
== Khan-Hoodbhoy
@ HERMES
0.006
0.004 /\
2 0.002
Rl
)
Q ————
0.000 + e
S~ JEpp——— W
—0.002 1
—0.004
—0.006 T T T T T T
0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7

Xp

Figure: bi(xp) from this formalism vs. Khan—Hoodbhoy, Paris WF and simple PDF

@ Preliminary work, to be reported in upcoming paper 28/20
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Master correlator

o Exact convolution of
nuclear Wigner W with
nucleon correlator ®; y

@ Two assumptions:
impulse approximation
+ spectator gauge link
(no QCD Lensing)

00000000

Wigner decomposition
@ 17 amplitudes: 2 scalar
+ 6 vector + 9 tensor
@ Tensor sector: 3 x 3
taxonomy

@ 14 amplitudes are
predictions for future
programs

Preliminary numerical results Summary
o]

b; projection
o v" + [d?k, + 07
Hi, Hy, Hs
@ Three amplitudes

collapse into two
functions — Cr(p?)

e b] LF master
convolution formula

@ Numerical results with
Paris WF (preliminary)
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