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2Applications

DIS kinematics, current fragmentation region

TMD factorization: Tensor-polarized TMD distributions

Higher  harmonics for spin-orbit studiesϕh

DIS kinematics, target fragmentation region

Fracture functions: Factorization theorem, leading-twist structures

Polarized deuteron + spectator nucleon detected: 
Fracture functions calculable from nuclear dynamics!

Finite  kinematics, forward or backward hadron anglesQ2, W2

Quasi-elastic nuclear breakup

Initial-state polarization and final-state interaction effects

Frankfurt, Strikman 1983; Cosyn, Weiss 2020, 2026

 poll l′￼

spin-1  
vector/tensor

X

h

Bacchetta, Mulders 2000; Boer et al 2016, Zhao et al 2025; Kumano, Kuroki 2026

Trentadue, Veneziano 1994; Collins 1998; Anselmino et al 2011

Rekalo et al. 1987+; Dmitrasinovic, Gross 1989; Arenhövel et al 1993+;  
Jeschonnek, Van Orden 2009+; Flores et al. 2023; Grassi et al 2023
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3Kinematics: Basis vectors

Relativistically covariant description Longitudinal subspace {q, P}
Transverse subspace: Electron, produced hadron

eq ≡
q

−q2
eL ≡

P + (eqP)eq

P2 + (eqP)2

Longitudinal basis vectors

eP ≡
P

P2
eL* ≡

q − (ePq)eP

−q2 + (ePq)2

alt. set, aligned with P

ex ≡
lT

−l2
T

ey ≡ ϵ(eLeqex) ex′￼≡
PhT

P2
hT

ey′￼≡ ϵ(eLeqex′￼)

set aligned with q

Transverse basis vectors

set aligned with lepton momentum lT alt.set, aligned with hadron momentum PhT

Complete basis

{eL, eq, ex, ey} alt. {eP, eL*, ex, ey} or with ex′￼, ey′￼
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4Kinematics: Collinear frames
5
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FIG. 1. Azimuthal angles and coordinate systems in the collinear frames. The angles ωh and ωS conform to the Trento
convention [58]. The xyz coordinate system is aligned with the lepton plane, with the z direction opposite to q and the x
direction along lT = l→T . The x→y→z coordinate system is aligned with the hadron plane, with the x→ direction along PhT .

value of qz < 0 serves as a boost parameter selecting a
particular member of the class of collinear frames (other
ways to select a frame based on light-front components
are discussed in Part II [1]). The target momentum can
have components P

z
> 0 or P

z
< 0, depending on the

particular frame.
The components of the longitudinal basis 4-vectors of

Set I, Eq. (2.6), in the collinear frame can be expressed
as

eq = Q
→1(ω, qz ez), eL = Q

→1(→q
z
,→ω ez),

ω ↑

√
(qz)2 →Q2, |q

z
| > Q, q

z
< 0. (2.20)

The components of Set II can be obtained from Eq. (2.8).
The transverse component of the lepton momentum,

together with the collinear axis, defines the lepton plane
(see Fig. 1). We denote the coordinate system aligned
with the lepton plane by xyz, with x along the initial
lepton transverse momentum (which is equal to the fi-
nal transverse lepton momentum, because the momen-
tum transfer is in the longitudinal direction), and y along
the normal direction, such that xyz forms a right-handed
system. In this coordinate system the basis 4-vectors
Eq. (2.14) have components

ex = (0, ex), ey = (0, ey); (2.21)

their spatial components coincide with the 3-dimensional
unit vectors along the directions. The transverse compo-
nent of the final hadron momentum, together with the
collinear axis, defines the hadron plane (see Fig. 1). We
denote the coordinate system aligned with the hadron
plane by x

↑
y
↑
z, with x

↑ along the hadron transverse mo-
mentum, and y

↑ the right-handed normal. The basis 4-
vectors Eq. (2.15) have components

ex→ = (0, ex→), ey→ = (0, ey→). (2.22)

Equations (2.21) and (2.22) describe the transverse basis
vectors in any collinear frame; their form is not a!ected
by boosts along the z-axis.

The angle εh in Eq. (2.16) becomes the angle between
the lepton and the hadron planes in the collinear frame
(see Fig. 1). It is defined according to the Trento conven-
tion [58] and takes values εh ↓ [0, 2ϑ]. In our coordinate
systems εh is the angle of the rotation taking the xy-
to the x

↑
y
↑-axes, measured in the negative mathemati-

cal sense (rotation of the positive x-axis away from the
positive y-axis). Hadron momenta with P

y
h < 0 (> 0)

have azimuthal angles εh < ϑ (> ϑ). Note that the
angle is unambiguously defined in terms of the particle
4-momenta by Eq. (2.17), which does not refer to a co-
ordinate system. Reference [58] and other works use a
coordinate system where the z-axis is along q, which dif-
fers from ours by reversing the direction of the z- and
y-axes (see Fig. 1); the expressions presented in the fol-
lowing could easily be transcribed to that coordinate sys-
tem without changing the definition of εh.

A special collinear frame is the target rest frame, where
P = (M,0). In this frame the longitudinal basis 4-vectors
of Set II Eq. (2.7) have components

eP = (1,0), eL↓ = (0,→ez). (2.23)

The spatial component of eL↓ is the negative of the unit
vector in the z direction. When using the basis 4-vectors
of Set II (together with the transverse basis vectors) to
expand vectors and tensors describing the scattering pro-
cess, one can make a direct connection with the corre-
sponding quantities in the target rest frame. In Sec. III
we use the basis {eP , eL↓, ex→ , ey→} to expand the target
polarization vector and tensor and connect it with the
rest-frame polarization.

It should be noted that in actual experiments the re-
lation between the collinear frame and the lab frame
depends on the final-state lepton and hadron momenta,
which enter in the definition of the basis vectors. Even
for fixed final lepton momentum (i.e., for fixed xA and
Q

2) the orientation of the transverse vectors depends on
the observed hadron momentum.

Frames where q ∥ P

Equivalence class of frames 
connected by boosts

Contains important frames:
Target rest frame P = 0
Photon-target CM frame q + P = 0
Breit frame q0 = 0

Coordinate system

Choose ,  convenient for dynamical calculations with target structureqz < 0

Final state hadron momentum

Ph → Pz
h, |PhT | , ϕh

Angles  defined in Trento convention (even though coordinate system )ϕh, ϕS qz < 0

All components/angles can be expressed as scalar products with basis vectors - invariants

invariant variable   (alt: light cone fractions )Pz
h → zh ζh, ηh
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5Spin-1 target: Density matrix

Spin density matrix in rest frame, (+1,0,-1), 
describes target polarization state

λ =,ρ(λ, λ′￼) ∑
λ

ρ(λ, λ) = 1

ραβ ≡ ∑
λ,λ′￼

ρ(λ, λ′￼) ϵα(λ)ϵβ*(λ′￼) Covariant form of density matrix (any ), 
 spin wave function, 

P
ϵα(λ) Pαϵα = 0

ραβ =
1
3 (−gαβ +

PαPβ

M2 )
+

i
2M

ϵαβγδPγSδ − Tαβ

Parametrization of covariant density matrix

  axial 4-vectorSα

  symmetric traceless tensorTαβ

PαSα = 0

PαTαβ, TαβPβ = 0

Polarization information represented by covariant parameters
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6Spin-1 target: Invariant polarization parameters

Contract polarization vector/tensor with basis vectors: Invariant polarization parameters

{eP, eL*, ex′￼, ey′￼}α,β × Sα, Tαβ

(eL*S) ≡ SL,

−(ex′￼S) ≡ ST cos(ϕS − ϕh),

−(ey′￼S) ≡ − ST sin(ϕS − ϕh),

(eL*TeL*) ≡ TLL,

−(eL*Tex′￼) ≡ TLT cos(ϕTL
− ϕh),

−(eL*Tey′￼) ≡ − TLT sin(ϕTL
− ϕh),

(ex′￼Tex′￼) − (ey′￼Tey′￼) ≡ TTT cos(2ϕTT
− 2ϕh),

(ex′￼Tey′￼) ≡ − 1
2 TTT sin(2ϕTT

− 2ϕh)3 vector polarization parameters 
SL, ST, ϕS

5 tensor polarization parameters 
TLL, TLT, TTT, ϕTL

, , ϕTT

Also possible: Expand polarization vector/tensor covariantly in basis tensors

Expansion coefficients given by invariant polarization parameters

Connection with 3D spherical harmonic tensors in target rest frame
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7Spin-1 target: Preparing target polarization

,Nα Target in pure spin state with polarization  along axis  
(described covariantly, specified in some frame)

Λ Nα
,PαNα = 0 (+1,0,-1)Λ =

Sα = ΛNα

Tαβ =
1
6

W(Λ)(gαβ −
PαPβ

P2
+ 3NαNβ)

Vector and tensor polarization in pure state

Take sums/differences of  statesΛ

(Λ = + 1) + (Λ = − 1) + (Λ = 0)

(Λ = + 1) − (Λ = − 1)

(Λ = + 1) + (Λ = − 1) − 2 (Λ = 0)

(1,-2,1) for (+1,0,-1)W(Λ) ≡ Λ =

:U

:S

:T

Sums/differences can be taken in measurements: Spin asymmetries, normalization conventional

Isolate unpolarized/vector/tensor terms
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8Spin-1 target: Preparing target polarization

Target polarization preparation from pure states is formulated covariantly: Nα, Λ

19

The spin density matrix of the pure spin state with spin
projection ! on the axis N is given by the general ex-
pression Eq. (3.9) with the parameters [39]

S
ω = !Nω

, (5.2a)

T
ωε = 1

6W (!)

(
g
ωε

→
P

ω
P

ε

P 2
+ 3Nω

N
ε

)
, (5.2b)

W (!) ↑ (1,→2, 1) for ! = (+1, 0,→1). (5.2c)

The 4-vector N then can be expanded in the basis vectors
of Set II, Eq. (2.7), as

N =→ cos ωN eL→

+ sin ωN [cosεN ex → sinεN ey] (5.3a)

=→ cos ωN eL→

+ sin ωN [cos(εh → εN ) ex→ + sin(εh → εN ) ey→ ].
(5.3b)

Here the coe!cients are expressed in terms of two angular
parameters, ωN and εN . ωN is defined such that, in the
target rest frame, where N = (0,N) and the basis vectors
are given by Eqs. (2.23), (2.21), and (2.22), ωN is the
polar angle of N relative to the z-axis. The azimuthal
angle εN is defined as specified for εS in Fig. 1. The
invariant polarization parameters generated by the pure
state are then computed by contracting Eq. (5.2) with
the basis vectors, as specified in Eq. (3.12). We obtain

SL = ! cos ωN , (5.4a)
ST = ! sin ωN , εS = εN , (5.4b)
TLL = 1

6W (!)(→1 + 3 cos2 ωN ) (5.4c)
TLT = 1

2W (!) sin ωN cos ωN , εTL = εN , (5.4d)
TTT = 1

2W (!) sin2 ωN , εTT = εN . (5.4e)

One observes that all the three vector polarization pa-
rameters {SL, ST ,εS} and the five tensor polarization
parameters {TLL, TLT , TTT ,εTL ,εTT } can be assigned
nontrivial values through suitable choices of the pure
state polarization parameters {!, ωN ,εN}.

In most experiments the target polarization is prepared
along an axis defined relative to the lepton beam direc-
tion (parallel or perpendicular to it). This includes (i)
fixed-target experiments, where the lepton beam defines
an axis in the target rest frame; (ii) colliding-beam exper-
iments with head-on collisions of the lepton and nuclear
beams (zero crossing angle); this situation is equivalent
to fixed-target when viewed in target rest frame.

For target polarization parallel to the lepton beam axis
(denoted by ↓) the axis 4-vector is given by

N =
→l + (eP · l)eP√

(eP · l)2
, (5.5)

which in the target rest frame becomes the unit vector
along the negative lepton momentum,

N = (0,→l/|l|). (5.6)

!

N

||

N

"
l’

l

Target rest frame
N

FIG. 2. Target polarization relative to the lepton beam axis
in the target rest frame. Shown are the spatial components
of the vector N in the target rest frame. For parallel polar-
ization (→), N points in the direction opposite to the initial
lepton momentum. For perpendicular polarization (↑), the
angle ωN is measured from the plane spanned by the final
lepton momentum in the sense as indicated.

The polarization is thus measured relative to the lepton
beam axis in the target rest frame, with ! = +1(→1)
corresponding to polarization opposite (along) the lepton
momentum (see Fig. 2). For this choice of polarization
axis the coe!cients in Eq. (5.3) are

cos ωN =
1 + ϑ

2
y/2√

1 + ϑ2
(5.7a)

sin ωN =
ϑ
√

1→ y → ϑ2y2/4√
1 + ϑ2

, εN = 0. (5.7b)

For target polarization perpendicular to lepton beam axis
(denoted by ↔) the axis 4-vector is given by

N = cosϖN e↑ → sinϖN ey, (5.8a)

e
ω
↑ ↑

ϱ
ωεϑϖ

eP,εey,ϑ lϖ√
(eP ·l)2

=
(ex ·l)eωL→ → (eL→ ·l)eωx√

(ex ·l)2 + (eL→ ·l)2
, (5.8b)

eP ·e↑, ey ·e↑, e↑ ·l = 0, (5.8c)

which in the target rest frame becomes

N = (0,N), N = cosϖNe↑ → sinϖNey, (5.9a)

e↑ ↑ →ey ↗
l

|l|
=

l
xez → l

zex
|l|

. (5.9b)

In the last expression, ez and ex are the 3-dimensional
components of the basis vectors in the target rest frame
as defined in Sec. II B, and l

z and l
x are the compo-

nents of l along these vectors. e↑ is the unit vector in
the lepton scattering plane perpendicular to l, such that
{e↑, ey,→l/|l|} form a right-handed system (see Fig. 2).
For this choice of polarization axis the coe!cients in
Eq. (5.3) are

cos ωN =
ϑ
√

1→ y → ϑ2y2/4√
1 + ϑ2

cosϖN , (5.10a)

Most relevant: Target polarization along lepton beam axis

Can be specified in any frame where experimental information is available

Fixed-target: Lepton beam axis in target rest frame

Collider: Common axis of colliding beams (zero crossing angle)

Explicit expressions for vector/tensor polarization parameters  and  
for target polarization along lepton beam axis available in CW26

{SL, ST, ϕS} {TLL, TLT, TTT, ϕTL
, , ϕTT

}

Polarization  described by angle : Trento convention⊥ ψN

Depolarization factors: How polarization along lepton beam 
axis converts to polarization in photon-target collinear frame

Polarization directions denoted by  and  ∥ ⊥
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9Cross section: Target spin dependence

Differential cross section

l l′￼

X

hS, T

dσ =
1
4I

4πe2

Q4
Lμν⟨Wμν⟩ρ dΓl′￼dΓh

Wμν(λ′￼, λ) ≡
1

4π ∑
X

(2π)4δ4(P + q − Ph − PX)

× ⟨A(λ′￼) |J†μ |X, h)⟩⟨X, h |Jν |A(λ)⟩

Hadronic tensor for semi-inclusive scattering

Matrix in target spin quantum numbers λ, λ′￼

⟨Wμν⟩ρ ≡ ∑
λ′￼λ

ρ(λ, λ′￼) Wμν(λ′￼, λ) Average with target spin density matrix

Gives rise to dependence on target  
polarization parameters S, T

Entangles target polarization with dependence 
on final-state hadron momentum: Spin-orbit effects
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10Cross section: Structures

Decomposition of hadronic tensor

[kinematic tensor] × [polarization parameter] [structure function]×

formed from  
basis vectors

formed from   
and basis vectors

S, T contains dynamical 
information

Constrained by current conservation ; parity, hermiticityqμWμν, Wμνqν = 0

41 independent structures for spin-1 target. Number confirmed by helicity amplitude analysis

Contraction with leptonic tensor

Expressed through  ϵ ≡
eμ

Leν
LLμν

(eμ
x′￼eν

x′￼+ eμ
y′￼eν

y′￼)Lμν
↔ y L/T ratio of virtual photon flux

Gives rise to harmonic dependence on hadron angle   cos(nϕh), sin(nϕh)

Dependence on lepton helicity λe = ± 1/2
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11Cross section: Results

dσ =
2πy2α2

em

Q4(1 − ϵ)
dxAdQ2 dψl′￼

2π
× (ℱU + ℱS + ℱT) dΓPh

flux factor  
same as inclusive

contains structures  
with  polarizationU, S, T

15

target [53–56]; the last 23 (target tensor-polarized) are
unique to the spin-1 case.

An alternative derivation of the independent structures
can be performed by projecting the hadronic tensor on
photon helicity states and using the symmetry proper-
ties of helicity amplitudes; see Appendix C. It confirms
the number of 41 independent structures and provides
explicit expressions of the structure functions in terms of
helicity amplitudes.

In the last step, we contract the independent structures
in the hadronic tensor with the leptonic tensor Eq. (4.5b).
This produces the independent scalar terms in the cross
section with a definite ωh dependence. It is useful to in-
troduce the parameter describing the ratio of longitudinal
to transverse polarization of the virtual photon,

ε →
g
µω
L Lµω

↑g
µω
T Lµω

=
e
µ
Le

ω
LLµω

(eµLe
ω
L ↑ gµω)Lµω

=
e
µ
Le

ω
LLµω

(eµx→e
ω
x→ + e

µ
y→e

ω
y→)Lµω

, (4.32)

which is expressed in terms of the scaling variables as

ε =
1↑ y ↑ ϑ

2
y
2
/4

1↑ y + y2/2 + ϑ2y2/4
. (4.33)

The contractions with the initial lepton momentum are
then evaluated using the relations

eL ·l =
Q

2

√
1 + ε

1↑ ε
, (4.34a)

(ex→ ·l)2 + (ey→ ·l)2 = ↑l
2
T =

Q
2

2

ε

1↑ ε
, (4.34b)

ex→ ·l = ↑
√

↑l2T cosωh = ↑
Q

2

√
2ε

1↑ ε
cosωh, (4.34c)

ey→ ·l = ↑
√

↑l2T sinωh = ↑
Q

2

√
2ε

1↑ ε
sinωh; (4.34d)

the last two relations follow from Eqs. (2.14), (2.15), and
(2.16). The contraction of the leptonic tensor with the
nine kinematic tensors of Eqs. (4.13)–(4.16) gives

LµωA
µω
L =

Q
2

1↑ ε
ε , (4.35a)

LµωA
µω
T =

Q
2

1↑ ε
, (4.35b)

LµωA
µω
TT →→ =

Q
2

1↑ ε
ϖe

√
1↑ ε2 , (4.35c)

LµωA
µω
LT =

Q
2

1↑ ε

√
2ε(1 + ε) cosωh , (4.35d)

LµωA
µω
LT →→ =

Q
2

1↑ ε

√
2ε(1 + ε) sinωh , (4.35e)

LµωA
µω
TT =

Q
2

1↑ ε
ε cos 2ωh , (4.35f)

LµωA
µω
TT → =

Q
2

1↑ ε
ε sin 2ωh , (4.35g)

LµωA
µω
LT →→→ =

Q
2

1↑ ε
ϖe

√
2ε(1↑ ε) cosωh , (4.35h)

LµωA
µω
LT → =

Q
2

1↑ ε
ϖe

√
2ε(1↑ ε) sinωh . (4.35i)

Using these expressions we can compute the contraction
of the 41 independent tensor structures in the hadronic
tensor and assemble the terms in the cross section.

C. Semi-inclusive cross section

We are now ready to write down the complete di!er-
ential cross section for semi-inclusive scattering on a po-
larized spin-1 target, with the 41 independent structures
identified above. We write it in the form

dϱ =
2ςφ2

emy
2

Q4(1↑ ε)
dxAdQ

2 d↼l→

2ς

↓ (FU + FS + FT ) d!Ph , (4.36)

where FU,S,T contain the terms with a given dependence
on the target polarization (unpolarized, vector-polarized,
tensor-polarized). The terms independent of the target
polarization are

FU = FUU,T + εFUU,L

+
√

2ε(1 + ε) cosωhF
cosεh

UU

+ ε cos 2ωhF
cos 2εh

UU

+ (2ϖe)
√
2ε(1↑ ε) sinωhF

sinεh

LU . (4.37)

The terms dependent on the vector polarization are

FS

= SL

[√
2ε(1 + ε) sinωhF

sinεh

USL
+ ε sin 2ωhF

sin 2εh

USL

]

+ SL(2ϖe)
[√

1↑ ε2FLSL +
√

2ε(1↑ ε) cosωhF
cosεh

LSL

]

+ ST

[
sin(ωh ↑ ωS)

(
F

sin(εh→εS)
UST ,T + εF

sin(εh→εS)
UST ,L

)

+ ε sin(ωh + ωS)F
sin(εh+εS)
UST

+ ε sin(3ωh ↑ ωS)F
sin(3εh→εS)
UST

+
√

2ε(1 + ε) sinωSF
sinεS

UST

+
√
2ε(1 + ε) sin(2ωh ↑ ωS)F

sin(2εh→εS)
UST

]

+ ST (2ϖe)
[√

1↑ ε2 cos(ωh ↑ ωS)F
cos(εh→εS)
LST

+
√
2ε(1↑ ε) cosωSF

cosεS

LST

+
√

2ε(1↑ ε) cos(2ωh ↑ ωS)F
cos(2εh→εS)
LST

]
. (4.38)

The terms dependent on the tensor polarization are

FT

= TLL

[
FUTLL,T + εFUTLL,L

ℱU

15

target [53–56]; the last 23 (target tensor-polarized) are
unique to the spin-1 case.

An alternative derivation of the independent structures
can be performed by projecting the hadronic tensor on
photon helicity states and using the symmetry proper-
ties of helicity amplitudes; see Appendix C. It confirms
the number of 41 independent structures and provides
explicit expressions of the structure functions in terms of
helicity amplitudes.

In the last step, we contract the independent structures
in the hadronic tensor with the leptonic tensor Eq. (4.5b).
This produces the independent scalar terms in the cross
section with a definite ωh dependence. It is useful to in-
troduce the parameter describing the ratio of longitudinal
to transverse polarization of the virtual photon,

ε →
g
µω
L Lµω

↑g
µω
T Lµω

=
e
µ
Le

ω
LLµω

(eµLe
ω
L ↑ gµω)Lµω

=
e
µ
Le

ω
LLµω

(eµx→e
ω
x→ + e

µ
y→e

ω
y→)Lµω

, (4.32)

which is expressed in terms of the scaling variables as

ε =
1↑ y ↑ ϑ

2
y
2
/4

1↑ y + y2/2 + ϑ2y2/4
. (4.33)

The contractions with the initial lepton momentum are
then evaluated using the relations

eL ·l =
Q

2

√
1 + ε

1↑ ε
, (4.34a)

(ex→ ·l)2 + (ey→ ·l)2 = ↑l
2
T =

Q
2

2

ε

1↑ ε
, (4.34b)

ex→ ·l = ↑
√

↑l2T cosωh = ↑
Q

2

√
2ε

1↑ ε
cosωh, (4.34c)

ey→ ·l = ↑
√

↑l2T sinωh = ↑
Q

2

√
2ε

1↑ ε
sinωh; (4.34d)

the last two relations follow from Eqs. (2.14), (2.15), and
(2.16). The contraction of the leptonic tensor with the
nine kinematic tensors of Eqs. (4.13)–(4.16) gives

LµωA
µω
L =

Q
2

1↑ ε
ε , (4.35a)

LµωA
µω
T =

Q
2

1↑ ε
, (4.35b)

LµωA
µω
TT →→ =

Q
2

1↑ ε
ϖe

√
1↑ ε2 , (4.35c)

LµωA
µω
LT =

Q
2

1↑ ε

√
2ε(1 + ε) cosωh , (4.35d)

LµωA
µω
LT →→ =

Q
2

1↑ ε

√
2ε(1 + ε) sinωh , (4.35e)

LµωA
µω
TT =

Q
2

1↑ ε
ε cos 2ωh , (4.35f)

LµωA
µω
TT → =

Q
2

1↑ ε
ε sin 2ωh , (4.35g)

LµωA
µω
LT →→→ =

Q
2

1↑ ε
ϖe

√
2ε(1↑ ε) cosωh , (4.35h)

LµωA
µω
LT → =

Q
2

1↑ ε
ϖe

√
2ε(1↑ ε) sinωh . (4.35i)

Using these expressions we can compute the contraction
of the 41 independent tensor structures in the hadronic
tensor and assemble the terms in the cross section.

C. Semi-inclusive cross section

We are now ready to write down the complete di!er-
ential cross section for semi-inclusive scattering on a po-
larized spin-1 target, with the 41 independent structures
identified above. We write it in the form

dϱ =
2ςφ2

emy
2

Q4(1↑ ε)
dxAdQ

2 d↼l→

2ς

↓ (FU + FS + FT ) d!Ph , (4.36)

where FU,S,T contain the terms with a given dependence
on the target polarization (unpolarized, vector-polarized,
tensor-polarized). The terms independent of the target
polarization are

FU = FUU,T + εFUU,L

+
√

2ε(1 + ε) cosωhF
cosεh

UU

+ ε cos 2ωhF
cos 2εh

UU

+ (2ϖe)
√
2ε(1↑ ε) sinωhF

sinεh

LU . (4.37)

The terms dependent on the vector polarization are

FS

= SL

[√
2ε(1 + ε) sinωhF

sinεh

USL
+ ε sin 2ωhF

sin 2εh

USL

]

+ SL(2ϖe)
[√

1↑ ε2FLSL +
√

2ε(1↑ ε) cosωhF
cosεh

LSL

]

+ ST

[
sin(ωh ↑ ωS)

(
F

sin(εh→εS)
UST ,T + εF

sin(εh→εS)
UST ,L

)

+ ε sin(ωh + ωS)F
sin(εh+εS)
UST

+ ε sin(3ωh ↑ ωS)F
sin(3εh→εS)
UST

+
√

2ε(1 + ε) sinωSF
sinεS

UST

+
√
2ε(1 + ε) sin(2ωh ↑ ωS)F

sin(2εh→εS)
UST

]

+ ST (2ϖe)
[√

1↑ ε2 cos(ωh ↑ ωS)F
cos(εh→εS)
LST

+
√
2ε(1↑ ε) cosωSF

cosεS

LST

+
√

2ε(1↑ ε) cos(2ωh ↑ ωS)F
cos(2εh→εS)
LST

]
. (4.38)

The terms dependent on the tensor polarization are

FT

= TLL

[
FUTLL,T + εFUTLL,L

ℱS

Semi-inclusive structure functions: 
F(x, Q2; ζh, |PhT | )

Notation:  F[𝖺𝗓𝗂𝗆𝗎𝗍𝗁𝖺𝗅]
[𝖻𝖾𝖺𝗆][𝗍𝖺𝗋𝗀𝖾𝗍],[𝗉𝗁𝗈𝗍𝗈𝗇]

 and  structures same as for spin-1/2 targetU S
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The terms dependent on the tensor polarization are

FT

= TLL

[
FUTLL,T + ωFUTLL,L

+
√
2ω(1 + ω) cosεhF

cosωh

UTLL

+ω cos 2εhF
cos 2ωh

UTLL

]

+ TLL(2ϑe)
√

2ω(1→ ω) sinεhF
sinωh

LTLL

+ TLT

[
cos(εh → εTL)

(
F

cos(ωh→ωTL
)

UTLT ,T + ωF
cos(ωh→ωTL

)
UTLT ,L

)

+ ω cos(εh + εTL)F
cos(ωh+ωTL

)
UTLT

+ ω cos(3εh → εTL)F
cos(3ωh→ωTL

)
UTLT

+
√
2ω(1 + ω) cosεTLF

cosωTL
UTLT

+
√

2ω(1 + ω) cos(2εh → εTL)F
cos(2ωh→ωTL

)
UTLT

]

+ TLT (2ϑe)
[√

1→ ω2 sin(εh → εTL)F
sin(ωh→ωTL

)
LTLT

+
√
2ω(1→ ω) sinεTLF

sinωTL
LTLT

+
√

2ω(1→ ω) sin(2εh → εTL)F
sin(2ωh→ωTL

)
LTLT

]

+ TTT

[
cos(2εh → 2εTT )

(
F

cos(2ωh→2ωTT
)

UTTT ,T + ωF
cos(2ωh→2ωTT

)
UTTT ,L

)

+ ω cos 2εTTF
cos 2ωTT
UTTT

+ ω cos(4εh → 2εTT )F
cos(4ωh→2ωTT

)
UTTT

+
√

2ω(1 + ω) cos(εh → 2εTT )F
cos(ωh→2ωTT

)
UTTT

+
√

2ω(1 + ω) cos(3εh → 2εTT )F
cos(3ωh→2ωTT

)
UTTT

]

+ TTT (2ϑe)
[√

1→ ω2 sin(2εh → 2εTT )F
sin(2ωh→2ωTT

)
LTTT

+
√
2ω(1→ ω) sin(εh → 2εTT )F

sin(ωh→2ωTT
)

LTTT

+
√

2ω(1→ ω) sin(3εh → 2εTT )F
sin(3ωh→2ωTT

)
LTTT

]
. (4.39)

The decomposition predicts the dependence of the cross
section on the beam and target polarization and on the
azimuthal angle of the produced hadron. One observes:

(i) The form of the unpolarized and vector-polarized
parts of the cross section for the spin-1 target is
identical to that for the spin-1/2 target [54].

(ii) The ω and εh-dependence of the TLL tensor-
polarized part of the cross section (both for unpo-
larized and polarized lepton) is identical to that of
the unpolarized part.

(iii) The ω and εh-dependence of the TLT tensor-
polarized part of the cross section is analogous to
that of the ST vector-polarized part, only with the
replacement sin ↑ cos because of the di!erent par-
ity of the spin vector and tensor, and with the o!set

angle εS ↑ εTL .

(iv) The azimuthal dependence of the TTT tensor-
polarized part of the cross section is essentially dif-
ferent from that of the ST vector-polarized part.
The first term in the TTT cross section has a
cos(2εh→2εTT ) dependence, in the place where the
ST cross section has sin(εh → εS). A term with
cos(4εh→2εTT ) dependence appears in the TTT part
of the cross section, which has no counterpart in the
ST part. The 4εh dependence is absent in the spin-
1/2 target and represents a unique feature of the
spin-1 target.

We recall that longitudinal and transverse (L and T )
target polarization here are defined covariantly relative to
the basis vectors eL↑ and ex→ , ey→ ; see Eq. (3.12), which
corresponds to the longitudinal and transverse directions

:  and  dependence same as in TLL ϵ ϕh U

:  dependence same as  with replacement 
 for parity and 

TLT ϕh ST
sin → cos ϕS → ϕTL

:  dependence different from TTT ϕh ST

New harmonics , 
unique to tensor polarization

cos(4ϕh), sin(4ϕh)

-independent tensor-pol structure functions  
can be connected with conventional 
ϕh

b1, . . , b4
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Azimuthal average
⟨ℱ⟩w ≡ ∫

2π

0

dϕh

2π
w(ϕh)ℱ(ϕh)/ ∫

2π

0

dϕh

2π
[w(ϕh)]2

,w(ϕh) = 1, cos(nϕh), sin(nϕh) n = 1 − 4

 averages generally contain all  polarized structuresn = 0,1,2 S, T

 averagesn = 3

21

The averages with n = 3 and 4 have fewer terms and
are of particular interest. The n = 3 averages are

→F↑cos 3ωh

= ↓ST ω sinεSF
sin(3ωh→ωS)
UST

+ TLT ω cos(εTL)F
cos(3ωh→ωTL

)
UTLT

+ TTT

√
2ω(1 + ω) cos(2εTT )F

cos(3ωh→2ωTT
)

UTTT

↓ TTT (2ϑe)
√

2ω(1↓ ω) sin(2εTT )F
sin(3ωh→2ωTT

)
LTTT

,

(5.17a)

→F↑sin 3ωh

= ST ω cosεSF
sin(3ωh→ωS)
UST

+ TLT ω sin(εTL)F
cos(3ωh→ωTL

)
UTLT

+ TTT

√
2ω(1 + ω) sin(2εTT )F

cos(3ωh→2ωTT
)

UTTT

+ TTT (2ϑe)
√

2ω(1↓ ω) cos(2εTT )F
sin(3ωh→2ωTT

)
LTTT

.

(5.17b)

They contain terms with transverse vector polarization,
ST , and with mixed and transverse tensor polarization,
TLT and TTT . The terms can be separated through their
dependence on the polarization angles εS and εTL ,εTT .
For example,

→F↑cos 3ωh(εS = 0,εTL = εTT = 0)

= TLT ωF
cos(3ωh→ωTL

)
UTLT

+ TTT

√
2ω(1 + ω)F

cos(3ωh→2ωTT
)

UTTT
, (5.18a)

→F↑sin 3ωh(εS = ϖ/2,εTL = εTT = ϖ/2)

= TLT ωF
cos(3ωh→ωTL

)
UTLT

↓ TTT (2ϑe)
√

2ω(1↓ ω)F
sin(3ωh→2ωTT

)
LTTT

, (5.18b)

which contain only tensor-polarized structures. Such
measurements can be performed in pure target spin states
polarized relative to the lepton beam axis, in which
εS = εTL = εTT = εN ; see Eq. (5.4). The n = 4
averages are

→F↑cos 4ωh = TTT ω cos(2εTT )F
cos(4ωh→2ωTT

)
UTTT

, (5.19a)

→F↑sin 4ωh = TTT ω sin(2εTT )F
cos(4ωh→2ωTT

)
UTTT

. (5.19b)

which contain only the transverse tensor-polarized term.
The n = 4 azimuthal harmonics represent unique features
of the spin-1 target and are absent for spin-1/2.

By computing the azimuthal harmonics and choosing
appropriate target polarization axes, one can separate
vector- and tensor-polarized structures at the cross sec-
tion level. Note that, in the terms of the cross section
where structure functions with T and L photon polariza-
tion appear with the same spin and azimuthal angle de-
pendence, the structure functions can only be separated
through the dependence on ω (Rosenbluth separation).

The discussion here assumes that the azimuthal har-
monics of the cross section are separated by integrating
the angular dependence with appropriate weights. In ac-
tual experiments the harmonics can also be extracted
through fits of the angular dependence, with possibly in-
complete angular coverage, and multidimensional fits in
several kinematic variables.

D. Spin asymmetries

Spin asymmetries are ratios of di!erences and sums of
the cross sections in the lepton and target spin variables
and are standard observables in the analysis of SIDIS.
On the experimental side, the luminosity and detection
e"ciency cancel in the ratios, reducing the systematic un-
certainty. On the theoretical side, the flux factors in the
cross section cancel, reducing the kinematic dependence
and giving direct access to the structure functions. The
theoretical expressions of the asymmetries can generally
be represented in the form

A =
∑

(kinematic factors)

↔ (structure function ratios), (5.20)

where the kinematic factors (depolarization factors) de-
pend on ω and on the invariant polarization parameters,
and the structure function ratios contain the dynamical
information on the target structure (depending on the
details, these ratios may have additional kinematic de-
pendencies). With the complex dependence of the spin-1
SIDIS cross section on the target polarization and the
final-state hadron momentum, a large variety of asymme-
tries can be formed and used for experimental analysis.
The theoretical expressions can be derived from the for-
mulas of the di!erential cross section, Eqs. (4.37)–(4.39),
and the invariant polarization parameters achieved in
measurements with a given pure-state target polariza-
tion, Eq. (5.4) et seq. Here we describe only the basic
asymmetries of the εh-averaged di!erential cross section
for vector and tensor polarization, in order to connect
with earlier results in Ref. [39] and the experimental lit-
erature.

The vector-polarized asymmetry is defined as

A
V
↗

dϱ(++)↓ dϱ(↓+)↓ dϱ(+↓) + dϱ(↓↓)

dϱ(++) + dϱ(↓+) + dϱ(+↓) + dϱ(↓↓)
,

(5.21a)

dϱ(±±) ↗ dϱ(ϑe = ±
1
2 ,! = ±1). (5.21b)

Here the di!erential cross section is assumed to be av-
eraged over εh [given by Eq. (4.36) with F ↘ →F↑1,
Eq. (5.16)], and di!erential in the remaining variables
of the hadron phase space element. The di!erential
cross section depends on the lepton helicity ϑe and the
deuteron spin projection ! along the quantization axis
N ; see Sec. VA. The di!erence of spin-dependent cross
sections in the numerator isolates the vector-polarized
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The averages with n = 3 and 4 have fewer terms and
are of particular interest. The n = 3 averages are

→F↑cos 3ωh

= ↓ST ω sinεSF
sin(3ωh→ωS)
UST

+ TLT ω cos(εTL)F
cos(3ωh→ωTL

)
UTLT

+ TTT

√
2ω(1 + ω) cos(2εTT )F

cos(3ωh→2ωTT
)

UTTT

↓ TTT (2ϑe)
√

2ω(1↓ ω) sin(2εTT )F
sin(3ωh→2ωTT

)
LTTT

,

(5.17a)

→F↑sin 3ωh

= ST ω cosεSF
sin(3ωh→ωS)
UST

+ TLT ω sin(εTL)F
cos(3ωh→ωTL

)
UTLT

+ TTT

√
2ω(1 + ω) sin(2εTT )F

cos(3ωh→2ωTT
)

UTTT

+ TTT (2ϑe)
√

2ω(1↓ ω) cos(2εTT )F
sin(3ωh→2ωTT

)
LTTT

.

(5.17b)

They contain terms with transverse vector polarization,
ST , and with mixed and transverse tensor polarization,
TLT and TTT . The terms can be separated through their
dependence on the polarization angles εS and εTL ,εTT .
For example,

→F↑cos 3ωh(εS = 0,εTL = εTT = 0)

= TLT ωF
cos(3ωh→ωTL

)
UTLT

+ TTT

√
2ω(1 + ω)F

cos(3ωh→2ωTT
)

UTTT
, (5.18a)

→F↑sin 3ωh(εS = ϖ/2,εTL = εTT = ϖ/2)

= TLT ωF
cos(3ωh→ωTL

)
UTLT

↓ TTT (2ϑe)
√

2ω(1↓ ω)F
sin(3ωh→2ωTT

)
LTTT

, (5.18b)

which contain only tensor-polarized structures. Such
measurements can be performed in pure target spin states
polarized relative to the lepton beam axis, in which
εS = εTL = εTT = εN ; see Eq. (5.4). The n = 4
averages are

→F↑cos 4ωh = TTT ω cos(2εTT )F
cos(4ωh→2ωTT

)
UTTT

, (5.19a)

→F↑sin 4ωh = TTT ω sin(2εTT )F
cos(4ωh→2ωTT

)
UTTT

. (5.19b)

which contain only the transverse tensor-polarized term.
The n = 4 azimuthal harmonics represent unique features
of the spin-1 target and are absent for spin-1/2.

By computing the azimuthal harmonics and choosing
appropriate target polarization axes, one can separate
vector- and tensor-polarized structures at the cross sec-
tion level. Note that, in the terms of the cross section
where structure functions with T and L photon polariza-
tion appear with the same spin and azimuthal angle de-
pendence, the structure functions can only be separated
through the dependence on ω (Rosenbluth separation).

The discussion here assumes that the azimuthal har-
monics of the cross section are separated by integrating
the angular dependence with appropriate weights. In ac-
tual experiments the harmonics can also be extracted
through fits of the angular dependence, with possibly in-
complete angular coverage, and multidimensional fits in
several kinematic variables.

D. Spin asymmetries

Spin asymmetries are ratios of di!erences and sums of
the cross sections in the lepton and target spin variables
and are standard observables in the analysis of SIDIS.
On the experimental side, the luminosity and detection
e"ciency cancel in the ratios, reducing the systematic un-
certainty. On the theoretical side, the flux factors in the
cross section cancel, reducing the kinematic dependence
and giving direct access to the structure functions. The
theoretical expressions of the asymmetries can generally
be represented in the form

A =
∑

(kinematic factors)

↔ (structure function ratios), (5.20)

where the kinematic factors (depolarization factors) de-
pend on ω and on the invariant polarization parameters,
and the structure function ratios contain the dynamical
information on the target structure (depending on the
details, these ratios may have additional kinematic de-
pendencies). With the complex dependence of the spin-1
SIDIS cross section on the target polarization and the
final-state hadron momentum, a large variety of asymme-
tries can be formed and used for experimental analysis.
The theoretical expressions can be derived from the for-
mulas of the di!erential cross section, Eqs. (4.37)–(4.39),
and the invariant polarization parameters achieved in
measurements with a given pure-state target polariza-
tion, Eq. (5.4) et seq. Here we describe only the basic
asymmetries of the εh-averaged di!erential cross section
for vector and tensor polarization, in order to connect
with earlier results in Ref. [39] and the experimental lit-
erature.

The vector-polarized asymmetry is defined as

A
V
↗

dϱ(++)↓ dϱ(↓+)↓ dϱ(+↓) + dϱ(↓↓)

dϱ(++) + dϱ(↓+) + dϱ(+↓) + dϱ(↓↓)
,

(5.21a)

dϱ(±±) ↗ dϱ(ϑe = ±
1
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Here the di!erential cross section is assumed to be av-
eraged over εh [given by Eq. (4.36) with F ↘ →F↑1,
Eq. (5.16)], and di!erential in the remaining variables
of the hadron phase space element. The di!erential
cross section depends on the lepton helicity ϑe and the
deuteron spin projection ! along the quantization axis
N ; see Sec. VA. The di!erence of spin-dependent cross
sections in the numerator isolates the vector-polarized
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The averages with n = 3 and 4 have fewer terms and
are of particular interest. The n = 3 averages are

→F↑cos 3ωh

= ↓ST ω sinεSF
sin(3ωh→ωS)
UST

+ TLT ω cos(εTL)F
cos(3ωh→ωTL
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UTLT

+ TTT

√
2ω(1 + ω) cos(2εTT )F

cos(3ωh→2ωTT
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UTTT
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,

(5.17a)
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√
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They contain terms with transverse vector polarization,
ST , and with mixed and transverse tensor polarization,
TLT and TTT . The terms can be separated through their
dependence on the polarization angles εS and εTL ,εTT .
For example,

→F↑cos 3ωh(εS = 0,εTL = εTT = 0)
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UTTT
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which contain only tensor-polarized structures. Such
measurements can be performed in pure target spin states
polarized relative to the lepton beam axis, in which
εS = εTL = εTT = εN ; see Eq. (5.4). The n = 4
averages are
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. (5.19b)

which contain only the transverse tensor-polarized term.
The n = 4 azimuthal harmonics represent unique features
of the spin-1 target and are absent for spin-1/2.

By computing the azimuthal harmonics and choosing
appropriate target polarization axes, one can separate
vector- and tensor-polarized structures at the cross sec-
tion level. Note that, in the terms of the cross section
where structure functions with T and L photon polariza-
tion appear with the same spin and azimuthal angle de-
pendence, the structure functions can only be separated
through the dependence on ω (Rosenbluth separation).

The discussion here assumes that the azimuthal har-
monics of the cross section are separated by integrating
the angular dependence with appropriate weights. In ac-
tual experiments the harmonics can also be extracted
through fits of the angular dependence, with possibly in-
complete angular coverage, and multidimensional fits in
several kinematic variables.

D. Spin asymmetries

Spin asymmetries are ratios of di!erences and sums of
the cross sections in the lepton and target spin variables
and are standard observables in the analysis of SIDIS.
On the experimental side, the luminosity and detection
e"ciency cancel in the ratios, reducing the systematic un-
certainty. On the theoretical side, the flux factors in the
cross section cancel, reducing the kinematic dependence
and giving direct access to the structure functions. The
theoretical expressions of the asymmetries can generally
be represented in the form
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where the kinematic factors (depolarization factors) de-
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and the structure function ratios contain the dynamical
information on the target structure (depending on the
details, these ratios may have additional kinematic de-
pendencies). With the complex dependence of the spin-1
SIDIS cross section on the target polarization and the
final-state hadron momentum, a large variety of asymme-
tries can be formed and used for experimental analysis.
The theoretical expressions can be derived from the for-
mulas of the di!erential cross section, Eqs. (4.37)–(4.39),
and the invariant polarization parameters achieved in
measurements with a given pure-state target polariza-
tion, Eq. (5.4) et seq. Here we describe only the basic
asymmetries of the εh-averaged di!erential cross section
for vector and tensor polarization, in order to connect
with earlier results in Ref. [39] and the experimental lit-
erature.

The vector-polarized asymmetry is defined as
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,
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Here the di!erential cross section is assumed to be av-
eraged over εh [given by Eq. (4.36) with F ↘ →F↑1,
Eq. (5.16)], and di!erential in the remaining variables
of the hadron phase space element. The di!erential
cross section depends on the lepton helicity ϑe and the
deuteron spin projection ! along the quantization axis
N ; see Sec. VA. The di!erence of spin-dependent cross
sections in the numerator isolates the vector-polarized
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The averages with n = 3 and 4 have fewer terms and
are of particular interest. The n = 3 averages are
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√
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They contain terms with transverse vector polarization,
ST , and with mixed and transverse tensor polarization,
TLT and TTT . The terms can be separated through their
dependence on the polarization angles εS and εTL ,εTT .
For example,

→F↑cos 3ωh(εS = 0,εTL = εTT = 0)

= TLT ωF
cos(3ωh→ωTL

)
UTLT

+ TTT

√
2ω(1 + ω)F

cos(3ωh→2ωTT
)

UTTT
, (5.18a)

→F↑sin 3ωh(εS = ϖ/2,εTL = εTT = ϖ/2)

= TLT ωF
cos(3ωh→ωTL

)
UTLT

↓ TTT (2ϑe)
√

2ω(1↓ ω)F
sin(3ωh→2ωTT

)
LTTT

, (5.18b)

which contain only tensor-polarized structures. Such
measurements can be performed in pure target spin states
polarized relative to the lepton beam axis, in which
εS = εTL = εTT = εN ; see Eq. (5.4). The n = 4
averages are

→F↑cos 4ωh = TTT ω cos(2εTT )F
cos(4ωh→2ωTT

)
UTTT

, (5.19a)

→F↑sin 4ωh = TTT ω sin(2εTT )F
cos(4ωh→2ωTT

)
UTTT

. (5.19b)

which contain only the transverse tensor-polarized term.
The n = 4 azimuthal harmonics represent unique features
of the spin-1 target and are absent for spin-1/2.

By computing the azimuthal harmonics and choosing
appropriate target polarization axes, one can separate
vector- and tensor-polarized structures at the cross sec-
tion level. Note that, in the terms of the cross section
where structure functions with T and L photon polariza-
tion appear with the same spin and azimuthal angle de-
pendence, the structure functions can only be separated
through the dependence on ω (Rosenbluth separation).

The discussion here assumes that the azimuthal har-
monics of the cross section are separated by integrating
the angular dependence with appropriate weights. In ac-
tual experiments the harmonics can also be extracted
through fits of the angular dependence, with possibly in-
complete angular coverage, and multidimensional fits in
several kinematic variables.

D. Spin asymmetries

Spin asymmetries are ratios of di!erences and sums of
the cross sections in the lepton and target spin variables
and are standard observables in the analysis of SIDIS.
On the experimental side, the luminosity and detection
e"ciency cancel in the ratios, reducing the systematic un-
certainty. On the theoretical side, the flux factors in the
cross section cancel, reducing the kinematic dependence
and giving direct access to the structure functions. The
theoretical expressions of the asymmetries can generally
be represented in the form

A =
∑

(kinematic factors)

↔ (structure function ratios), (5.20)

where the kinematic factors (depolarization factors) de-
pend on ω and on the invariant polarization parameters,
and the structure function ratios contain the dynamical
information on the target structure (depending on the
details, these ratios may have additional kinematic de-
pendencies). With the complex dependence of the spin-1
SIDIS cross section on the target polarization and the
final-state hadron momentum, a large variety of asymme-
tries can be formed and used for experimental analysis.
The theoretical expressions can be derived from the for-
mulas of the di!erential cross section, Eqs. (4.37)–(4.39),
and the invariant polarization parameters achieved in
measurements with a given pure-state target polariza-
tion, Eq. (5.4) et seq. Here we describe only the basic
asymmetries of the εh-averaged di!erential cross section
for vector and tensor polarization, in order to connect
with earlier results in Ref. [39] and the experimental lit-
erature.

The vector-polarized asymmetry is defined as

A
V
↗

dϱ(++)↓ dϱ(↓+)↓ dϱ(+↓) + dϱ(↓↓)

dϱ(++) + dϱ(↓+) + dϱ(+↓) + dϱ(↓↓)
,

(5.21a)

dϱ(±±) ↗ dϱ(ϑe = ±
1
2 ,! = ±1). (5.21b)

Here the di!erential cross section is assumed to be av-
eraged over εh [given by Eq. (4.36) with F ↘ →F↑1,
Eq. (5.16)], and di!erential in the remaining variables
of the hadron phase space element. The di!erential
cross section depends on the lepton helicity ϑe and the
deuteron spin projection ! along the quantization axis
N ; see Sec. VA. The di!erence of spin-dependent cross
sections in the numerator isolates the vector-polarized

Contain only  polarization!T

Such angles can be achieved with  and   
polarization relative to lepton beam axis

∥ ⊥
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14Observables: Azimuthal averages

21

The averages with n = 3 and 4 have fewer terms and
are of particular interest. The n = 3 averages are

→F↑cos 3ωh

= ↓ST ω sinεSF
sin(3ωh→ωS)
UST

+ TLT ω cos(εTL)F
cos(3ωh→ωTL

)
UTLT

+ TTT

√
2ω(1 + ω) cos(2εTT )F

cos(3ωh→2ωTT
)

UTTT

↓ TTT (2ϑe)
√

2ω(1↓ ω) sin(2εTT )F
sin(3ωh→2ωTT

)
LTTT

,

(5.17a)

→F↑sin 3ωh

= ST ω cosεSF
sin(3ωh→ωS)
UST

+ TLT ω sin(εTL)F
cos(3ωh→ωTL

)
UTLT

+ TTT

√
2ω(1 + ω) sin(2εTT )F

cos(3ωh→2ωTT
)

UTTT

+ TTT (2ϑe)
√

2ω(1↓ ω) cos(2εTT )F
sin(3ωh→2ωTT

)
LTTT

.

(5.17b)

They contain terms with transverse vector polarization,
ST , and with mixed and transverse tensor polarization,
TLT and TTT . The terms can be separated through their
dependence on the polarization angles εS and εTL ,εTT .
For example,

→F↑cos 3ωh(εS = 0,εTL = εTT = 0)

= TLT ωF
cos(3ωh→ωTL

)
UTLT

+ TTT

√
2ω(1 + ω)F

cos(3ωh→2ωTT
)

UTTT
, (5.18a)

→F↑sin 3ωh(εS = ϖ/2,εTL = εTT = ϖ/2)

= TLT ωF
cos(3ωh→ωTL

)
UTLT

↓ TTT (2ϑe)
√

2ω(1↓ ω)F
sin(3ωh→2ωTT

)
LTTT

, (5.18b)

which contain only tensor-polarized structures. Such
measurements can be performed in pure target spin states
polarized relative to the lepton beam axis, in which
εS = εTL = εTT = εN ; see Eq. (5.4). The n = 4
averages are

→F↑cos 4ωh = TTT ω cos(2εTT )F
cos(4ωh→2ωTT

)
UTTT

, (5.19a)

→F↑sin 4ωh = TTT ω sin(2εTT )F
cos(4ωh→2ωTT

)
UTTT

. (5.19b)

which contain only the transverse tensor-polarized term.
The n = 4 azimuthal harmonics represent unique features
of the spin-1 target and are absent for spin-1/2.

By computing the azimuthal harmonics and choosing
appropriate target polarization axes, one can separate
vector- and tensor-polarized structures at the cross sec-
tion level. Note that, in the terms of the cross section
where structure functions with T and L photon polariza-
tion appear with the same spin and azimuthal angle de-
pendence, the structure functions can only be separated
through the dependence on ω (Rosenbluth separation).

The discussion here assumes that the azimuthal har-
monics of the cross section are separated by integrating
the angular dependence with appropriate weights. In ac-
tual experiments the harmonics can also be extracted
through fits of the angular dependence, with possibly in-
complete angular coverage, and multidimensional fits in
several kinematic variables.

D. Spin asymmetries

Spin asymmetries are ratios of di!erences and sums of
the cross sections in the lepton and target spin variables
and are standard observables in the analysis of SIDIS.
On the experimental side, the luminosity and detection
e"ciency cancel in the ratios, reducing the systematic un-
certainty. On the theoretical side, the flux factors in the
cross section cancel, reducing the kinematic dependence
and giving direct access to the structure functions. The
theoretical expressions of the asymmetries can generally
be represented in the form

A =
∑

(kinematic factors)

↔ (structure function ratios), (5.20)

where the kinematic factors (depolarization factors) de-
pend on ω and on the invariant polarization parameters,
and the structure function ratios contain the dynamical
information on the target structure (depending on the
details, these ratios may have additional kinematic de-
pendencies). With the complex dependence of the spin-1
SIDIS cross section on the target polarization and the
final-state hadron momentum, a large variety of asymme-
tries can be formed and used for experimental analysis.
The theoretical expressions can be derived from the for-
mulas of the di!erential cross section, Eqs. (4.37)–(4.39),
and the invariant polarization parameters achieved in
measurements with a given pure-state target polariza-
tion, Eq. (5.4) et seq. Here we describe only the basic
asymmetries of the εh-averaged di!erential cross section
for vector and tensor polarization, in order to connect
with earlier results in Ref. [39] and the experimental lit-
erature.

The vector-polarized asymmetry is defined as

A
V
↗

dϱ(++)↓ dϱ(↓+)↓ dϱ(+↓) + dϱ(↓↓)

dϱ(++) + dϱ(↓+) + dϱ(+↓) + dϱ(↓↓)
,

(5.21a)

dϱ(±±) ↗ dϱ(ϑe = ±
1
2 ,! = ±1). (5.21b)

Here the di!erential cross section is assumed to be av-
eraged over εh [given by Eq. (4.36) with F ↘ →F↑1,
Eq. (5.16)], and di!erential in the remaining variables
of the hadron phase space element. The di!erential
cross section depends on the lepton helicity ϑe and the
deuteron spin projection ! along the quantization axis
N ; see Sec. VA. The di!erence of spin-dependent cross
sections in the numerator isolates the vector-polarized

 averagesn = 4

Contain only  polarizationTTT

Depend on polarization angle as 2ϕTT
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15Observables: Spin asymmetries - vector

Cross section for fixed final lepton ; 
fixed final hadron  or integrated

x, Q2

ζh, PhT, ϕh

AV ≡
σ( + , +1) − σ( − , +1) − σ( + , −1) + σ( − , −1)
σ( + , +1) + σ( − , +1) + σ( + , −1) + σ( − , −1)

Double asymmetry in lepton helicity  
and target spin (  or  polarization)∥ ⊥

σ(λe = ± 1
2 , Λ = ± 1,0)

Involves only  target spin states±1

AV
∥ = D∥[SL]

FLSL

Σ∥F
+ D∥[ST]

Fcos ϕS
LST

Σ∥F

Σ∥F ≡ FUU,T + ϵFUU,L + D∥[TLL] (FUTLL,T + ϵFUTLL,L)

+ D∥[UTLT] Fcos ϕTL
UTLT

+ D∥[TTT]F
cos ϕTT
UTTT

Expansion in structure functions. 
Kinematic factors  functions of D y, x, Q2

Denominator involves tensor polarized SFs
Also version including  spin state in denominator, 
removing tensor polarization

Λ = 0

Used to extract spin SFs

,FLSL
∼ g1 Fcos ϕS

LST
∼ γ(g1 + g2)

Similar form for  polarization; different sensitivity to  and  structures⊥ SL ST
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16Observables: Spin asymmetries - tensor

Cross section averaged over lepton helicity

AT ≡
σ(+1) + σ(−1) − 2σ(0)
σ(+1) + σ(−1) + σ(0)

Tensor-polarized asymmetry in target spin  
(  or  polarization)∥ ⊥

σ(Λ) ≡ 1
2 ∑

λe

σ(λe, Λ)

Involves  and  target spin states±1 0

AT
∥ = 2D∥[TLL]

FUTLL,T + ϵFUTLL,L

FU
Expansion in structure functions. 
Kinematic factors  functions of D y, x, Q2

Denominator involves unpolarized SFs

Can be used to extract tensor-polarized SFs

FUTLL,T, FUTLL,L, Fcos ϕTL
UTLT,L , Fcos 2ϕTTT

UTTT,L

Similar form for  polarization; different sensitivity to  structures⊥ TLL, TLT, TTT

FU ≡ FUU,T + ϵFUU,L

+ 2D∥[UTLT]
Fcos ϕTL

UTLT

FU
+ 2D∥[TTT]

Fcos 2ϕTT
UTTT

FU
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17Dynamics: Target and current fragmentation

Target fragmentation: Polarized deuteron 
breakup due to nuclear dynamics 
("spectator nucleon tagging")
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FIG. 13. The tensor-polarized asymmetry AT
→ in ωp-averaged

tagged DIS in the IA, Eq. (6.12), as a function of the tagged
proton momentum variables εp and ppT . The deuteron is po-
larized parallel to the electron direction. Upper panel: Asym-
metry as a function of ppT , for fixed εp. Lower panel: As a
function of εp, for fixed ppT . The extremal values correspond
to the settings listed in Table II.

AT
→ are attained with ωk = 0 and ωk = ε/2, respectively.

In terms of the LF momentum variables, this corresponds
to |ϑp→1| ↑ 0.3, ppT = 0 and |ϑp→1| = 0, ppT = 0.3 GeV,
respectively. These momentum values are in the domain
where the present treatment of deuteron structure is well
applicable and the results are robust (see below). Our
findings therefore imply that the extremal values AT

→ = 1
and →2 can be achieved in experiments with these kine-
matic settings.

The condition Eq. (6.14) is satisfied only at k ↑ 1
GeV with the AV18 radial wave functions. At such large
momenta the treatment of the deuteron as an NN bound
state becomes questionable and the results are model-
dependent. While formally AT

→ attains extremal values at
this c.m. momentum, we cannot suggest this as a realistic
prediction. Table II summarizes the kinematic settings in
which AT

→ reaches its extremal values in the c.m. variables
k and ωk and the corresponding LF variables ϑp and ppT .

Figure 13 shows the dependence of AT
→ on the tagged

proton momentum variables ϑp and ppT . The extremal
values in the first two lines of Table II can be identified
in the graphs. The functional dependence reflects the

interplay of the two factors in Eq. (6.12). In the lower
panel one sees that, as a function of ϑp, AT

→ always peaks
at ϑp = 1 (maximum of the angular factor at ωk = ε/2),
and always has a minimum at |ϑp→1| ↑ 0.3 (maximum of
the ratio of quadratic forms in the radial wave function).

The tensor-polarized asymmetry for deuteron polariza-
tion along an axis perpendicular to the electron momen-
tum is expressed in terms of the structure functions in
Part I [1], Eq. (5.26). In the DIS limit the kinematic
factors are given by Eq. (6.7). Taking into account the
combined scaling behavior of the kinematic factors and
the structure functions, neglecting power corrections, the
asymmetry becomes

AT
↑ = →

1

3

F[UTLL,T ]D + ϖF[UTLL,L]D

F[UU,T ]D + ϖF[UU,L]D
; (6.15)

the other structures in the original expression in Part
I [1] are power-suppressed either in the kinematic factors
or in the structure functions, see Eq. (6.9). The asym-
metry is independent of the angle of the perpendicular
polarization axis, ϱN . Therefore, in the DIS limit

AT
↑ = →

1

2
AT

→ = →

√
1

6

P[TLL,U ]

P[U,U ]
. (6.16)

The perpendicular asymmetry is →1/2 times the parallel
asymmetry in the IA, Eq. (6.12), and thus contains no
new information. An experimental test of the relation
Eq. (6.16) would test the accuracy of the IA predictions
and quantify possible deviations.

So far we have considered the tensor-polarized asym-
metries of the ςp-averaged di!erential cross section. We
can also compute the tensor-polarized asymmetry of the
ςp-dependent di!erential cross section, defined as in Part
I [1], Eq. (5.24), but with dφ now the full ςp-dependent
di!erential cross section. These asymmetries involve the
ςp-dependent structures of the cross section in both nu-
merator and denominator and exhibit a rich structure. In
particular, certain ςp-dependent structures correspond-
ing to a given tensor polarization (TLL, TLT , TTT ) can be
O(1) in cases where the ςp-averaged structures are sup-
pressed, implying a change in the counting of structures.

Here we illustrate the behavior of the ςp-dependent
tensor polarized asymmetry for deuteron polarization
perpendicular to the initial electron momentum in the
rest frame, at the same angle as the final electron di-
rection (ϱN = 0). For this polarization direction the
ςp-averaged asymmetry is given by Part I [1], Eq. (5.26).
In the ςp-dependent case, the numerator includes the
leading-twist TTT structure functions of Eq. (5.16),

F
cos(2ωp↓2ωTT

)

[UTTT ,T ]D , F
cos(2ωp↓2ωTT

)

[UTTT ,L]D , (6.17)

which qualitatively changes the form compared to
Eq. (6.15). The denominator remains unchanged at the
leading-twist level, as the ςp-dependent structure func-
tions of the U cross section in Eq. (5.12) are O(|ppT |/Q).

Large tensor-pol asymmetries O(1) 
in D-wave dominated kinematics

proton
αp, ppT

deuteron
tensor-pol

X

The tensor g
µω
→ , also referred to as perpendicular projection tensor, is defined by eq. (2.4).

Note that the choice of the coordinate system is di!erent from that in section 2, where the

transverse direction is defined relative to the momenta of the target and the virtual photon

hadron, rather than the momenta of the target and the produced hadron. Further details

on the relations between the two frames have been discussed in refs. [79, 80].

(a) (b)

(c) (d)

Figure 2: Illustration of the hadronic tensor in the 1/Q expansion for SIDIS.

We consider the SIDIS process in the kinematic region in which the target and the

produced hadron are back-to-back with the squared transverse momentum of photon q2T
much smaller than the hard scale Q

2, i.e., q2T → Q
2. In this limit, one can apply the TMD

factorization in which the hadronic tensor is expressed as a hard photon-quark scattering

process convoluting with the nonperturbative functions, namely, the TMD PDFs and TMD

FFs. We restrict the calculation to the leading and first subleading terms in the 1/Q

expansion of the cross section and only consider the graphs with hard scattering at the

tree level. Up to O(1/Q), we need to include the handbag diagrams with an additional

gluon originating from the correlator associated with either the target or the produced

hadron. They are still to be considered as tree-level diagrams. A few remarks on the e!ect

of higher-order diagrams will be mentioned in section 4.4.

– 12 –

Current fragmentation: TMD factorization of 
semi-inclusive structure functions

Quark/gluon correlation functions in  
polarized spin-1 target

The hadronic tensor can then be obtained from the diagrams illustrated in figure 2.

Its corresponding expression is given by [79, 80]

W
µω = 2z

∑

a

e
2
a

∫
d
2pTd

2kT ω
2(pT + qT → kT )Tr

{
!a(x, pT )εµ”a(z, kT )εω

→
1

Q
↑

2

[
ε
ε
/n+ε

ω!̃a
Aε(x, pT )εµ”a(z, kT ) + ε

ε
/n→ε

µ”̃a
Aε(z, kT )εω!a(x, pT ) + h.c.

]}
,

(4.4)

with the light-cone longitudinal momentum fraction defined by xP
+ = P

→
h /z = Q/

↑
2.

Here x equals the scaling variable xd at the leading order when neglecting the target mass.

The pT and kT correspond to the transverse momenta of the quark distributing in the

target and the quark fragmenting into the observed hadron, respectively. The sum over

“a” runs over all active quark and antiquark flavors, and ea denotes the charge in units of

the positron charge. The terms with n+ and n→ in eq. (4.4) arise from fermion propagators

in the quark-photon hard scattering part while neglecting the suppression by Q
2. The

explicit forms of the quark distribution correlator !, the quark fragmentation correlator

”, and the quark-gluon-quark correlators !̃A and ”̃A with an additional gluon leg will

be provided in the following subsections. In eq. (4.4), the first, second, and third terms

correspond to the diagrams shown in figures 2a, 2b, and 2c, where the gluon is transverse

polarized. The h.c. in eq. (3.3) stands for the Hermitian conjugate of figures 2b and 2c,

with the gluon on the opposite side of the final-state cut.

4.2 Quark-quark correlators

Before writing down the explicit expression of the hadronic tensor in the parton model, we

first provide a brief review of the definitions of the tensor-polarized TMD PDFs for spin-1

hadrons.

The quark-quark distribution correlation function is defined as

!ij(x, pT ) =

∫
dϑ

→
d
2ωT

(2ϖ)3
e
ip·ϑ

↓P |ϱ̄j(0)Uc
(0,ϑ)ϱi(ϑ)|P ↔

∣∣∣∣
ϑ+=0

, (4.5)

where p
+ = xP

+ with P
+ being the large component of the target momentum. The

subscripts i and j are Dirac indices, which are suppressed in the rest of the paper. The

gauge link U
c
(0,ϑ), also called the Wilson line, is defined by a path integral

U
c
(0,ϑ) = P exp

[
→ ig

∫ ϑ

0
dϑ · A(ϑ)

]
, (4.6)

which renders the correlation function gauge invariant. Here the superscript c indicates

the path of integral, g represents the strong coupling constant, and A(ϑ) is the gluon field

operator. The antiquark correlation function can be defined by a similar expression with

the quark field replaced by its charge conjugation.

The gauge link in the SIDIS process arises from the exchange of gluons between the

hard scattering and the non-perturbative functions, as shown in figure 2. The explanation

– 13 –
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18Extensions: Beyond spin-1

1/2  3/2 spin transition supports transition vector and tensor→

Semi-inclusive scattering on spin > 1 targets

Structural analysis of hadronic tensor can be generalized to spin > 1 (multipoles, helicity amplitudes)

Expected number of structures 5, 18, 41, 72, 113, ... for spin 0, 1/2, 1, 3/2, 2, ...

Practical relevance:  Spin-3/2 nuclei 7Li, 11B (stable), spin-2 8Li (unstable)

Tensor polarization in  transitionsN → Δ

[GeV-2]

-1000

-100

-10

-1
1

10

100

1000

tensor

1/2 3/2
vector

∆

GPD

N

 transition GPD contains "tensor-polarized" structureN → Δ

Tensor-polarized transition PDF in forward limit Δ+, ΔT = 0

Interesting connection with chiral symmetry breaking,  
quark orbital angular momentum

J-Y. Kim, C. Weiss, PLB 870 (2025) 139924 [INSPIRE]

J-Y. Kim et al. PRD 111, 114010 (2025) [INSPIRE]

https://inspirehep.net/literature/2954235
https://inspirehep.net/literature/2864361


C. Weiss, SIDIS on spin-1 target, Tensor SIDIS Workshop 04-Jun-2026

19Summary

Semi-inclusive spin-1 cross section has rich structure, resulting from "entanglement" 
of measured hadron momentum with target polarization parameters

 structures in spin-1 cross section similar to  structures (present already in spin-1/2), 
 structures have genuinely new  and polarization angle dependence

TLL, TLT U, ST
TTT ϕh

Tensor-polarized structures can be isolated through

 harmonics  at special polarization angles, ϕh cos/sin(3ϕh) cos/sin(4ϕh)

Tensor-polarized asymmetries formed from  and  polarization states±1 0

Large tensor-polarized asymmetries O(1) predicted in DIS on polarized deuteron with spectator tagging:  
Special case of target fragmentation, structures calculable from nuclear dynamics

Useful techniques in kinematics (also for other applications):

Natural basis vectors

Covariant representation of spin density matrix and polarization preparation

Light-front variables for current and target fragmentation
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21Kinematics: Final-state hadron momentum

Various longitudinal momentum variables usedq

P Ph

} q + P

Energy fraction in target rest frame zh ≡ Ph⋅P/q⋅P
Feynman variable xF ≡ − Pz

h /Pz
h,max

Light-front variables in collinear frame

P±
h ≡ P0

h ± Pz
h P+

h P−
h = |PhT |2 + M2

h ≡ M2
hT LF momentum of observed hadron

(q + P)+, (q + P)− LF momentum of total hadronic final state (given in terms of )x, Q2

ζh ≡
P+

h

(q + P)+
ηh ≡

P−
h

(q + P)−
LF momentum fractions of observed hadron

Fractions connected by mass shell condition, 
use one or the other as variable!ζhηh = M2

hT /W2
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22Kinematics: Final-state hadron momentum

ηh ∼ 1,

dΓh ≡
d4Ph

(2π)4
δ(P2

h − M2
h) θ(P0

h)

Current and target fragmentation regions in DIS limit massesW2 ≫

Advantages of light-front variables

ζh ∼ 1,

ζh ∼ M2
hT /W2

ηh ∼ M2
hT /W2

current fragmentation region

target fragmentation region

Invariant phase space element in hadron momentum

= [2(2π)3]−1 dζh

ζh
d2PhT (same form in )ηh

Phase space element separates longitudinal and transverse momenta

Symmetric treatment of current and target fragmentation regions in DIS limit

Simple properties at finite : Kinematic limits, phase space elementW


