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vector polarization

where we introduced the (rank-one) spin vector Si.
To parameterize the density matrix of a spin-1 particle we can choose a Cartesian basis of 3 → 3 matrices, formed

by the identity matrix, three spin matrices Σ
i (generalization of the Pauli matrices to the three-dimensional case)

and five extra matrices Σij . These last ones can be built using bilinear combinations of the spin matrices. In three
dimensions these combinations are no more dependent on the spin matrices themselves, as it would be for the Pauli
matrices. We choose them to be (see [10] and [11] for a comparison)
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where we introduced the symmetric traceless rank-two spin tensor T ij .
We choose the following way of parameterizing the spin vector and tensor in the rest-frame of the hadron,
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In App. A we give some explicit forms and other details of the density matrices and parameters involved in Eq. (5).
In an arbitrary frame, different from the rest-frame, the spin vector and tensor satisfy the conditions PµSµ = 0 and
PµT µν = 0, where Pµ is the momentum of the hadron. In App. B we also discuss how the tensor polarization of a
produced ρ-meson can be extracted from the angular distribution of the decay products π+π→.

III. CORRELATION FUNCTIONS

Cross sections of DIS events are proportional to the contraction between a purely leptonic tensor and a purely
hadronic tensor. While the leptonic tensor can be calculated theoretically, we are not able to do the same for the
hadronic tensor, because we lack knowledge of the inner, non-perturbative structure of hadrons.
In the Bjorken limit, it is possible to separate the hadronic tensor into a hard part (virtual photon-quark scattering)

and a soft part, containing the information on the parton distribution inside the hadron. This soft part is a correlation
function, defined as the matrix element of quark fields between hadronic states. In one-particle inclusive processes
we need two correlation functions, one describing the quark distributions in the target hadron and one describing the
hadronization of a quark into the detected final state hadron.
In leading order in 1/Q (also referred to as “leading twist” or “twist-2”) we are concerned only with quark-quark

correlation functions entering the handbag diagram in Fig. 1. They are defined as follows (using Dirac indices α and
β):

Φαβ(p, P, S, T ) =

∫

d4ξ

(2π)4
e→ip·ξ〈P, S, T |ϕβ(ξ)ϕα(0)|P, S, T 〉, (6)

∆αβ(k, Ph, Sh, Th) =

∫

d4ξ

(2π)4
e+ik·ξ〈0|ϕα(ξ)|Ph, Sh, Th〉〈Ph, Sh, Th|ϕβ(0)|0〉, (7)

and describe the quark distribution and fragmentation, respectively. Here, p is the momentum of the quark emerging
from the target, while k is the momentum of the quark decaying into an outgoing hadron after being struck by a
virtual photon (see Fig. 1). The vector P (Ph) is the momentum of the hadronic target (outgoing hadron), the
quantities S (Sh) and T (Th) are the spin vector and tensor.
The correlation functions can be expressed in several terms, each one being a combination of the Lorentz vectors p

(k) and P (Ph), the Lorentz pseudo-vector S (Sh), the Lorentz tensor T (Th) and the Dirac structures

1, γ5, γ
µ, γµγ5, iσµνγ5.
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In this paper we analyze deep inelastic one-particle inclusive processes for the case of spin-one
targets or for the case of spin-one produced hadrons, such as ρ mesons. This allows the measurement
of new distribution and fragmentation functions not available in the spin-half case, and provides new
ways to probe functions otherwise difficult to measure. We will analyze only contributions leading
order in 1/Q, but we will include effects of the transverse momentum of partons. We also include
time-reversal odd functions.

I. INTRODUCTION

Cross-sections in deep inelastic scattering (DIS) can be expressed in terms of distribution and fragmentation func-
tions, which provide information on the quark and gluon structure of hadrons. The energy scale of the process is
given by Q2 = →q2, q being the four-momentum transfer of the lepton. Depending on the number of observables one
is able to measure, one can extract a variety of functions. The functions appearing in leading order in 1/Q can be
interpreted as partonic probability densities.
We will study the case of one-particle inclusive experiments, which require measurement of one hadron among the

ones produced in the scattering event. We will emphasize the importance of including transverse momenta of partons.
We will also include T-odd functions. We will give a systematic list of the various functions that come into play up
to leading order in 1/Q when we deal with either spin-1 targets or spin-1 outgoing hadrons. The second case is of
interest to analyze vector meson production.
To properly study the distribution and fragmentation functions including transverse momentum dependence, we

will start from a field-theoretical formalism, as outlined in [1]. This approach has been fully exploited only to study
spin- 12 targets and spin- 12 outgoing hadrons. After an overview of the general properties of spin-1 particles and of the
general formalism needed to deal with them (Sec. II), we turn to the most general parameterization of the correlation
functions when spin-1 is included and we define the distribution and fragmentation functions (Sec. III). Distribution
and fragmentation functions integrated over transverse momenta have been partially studied already in a number of
papers [2–4]. An incomplete treatment of transverse momentum dependent functions has been performed in [5].
The distribution functions for a spin-1 target could be used for the deuteron, but is not the main goal of our study as

the deuteron is in essence a weakly bound system of two spin- 12 nucleons. The spin-1 distribution functions are useful
as a passage to the fragmentation functions for spin-1 hadrons. The latter, however, require final state polarimetry
of the produced hadron, i.e. the study of the angular distribution of its decay products. The most common of such
hadrons is the ρ meson. It is abundantly produced in leptoproduction experiments, e.g. at HERA, and it should be
possible to measure its polarization in a detailed, as it has already been done in diffractive production [6–8] and in
hadronic Z0 decay [9]. Another possibility is observation of polarization in inclusive leptoproduction of φ mesons, for
which there should be less hadronic background.
In the last section we focus more specifically on deep-inelastic leptoproduction of spin-1 hadrons and we list all the

possible cross-sections for different polarization conditions in terms of the usual spin- 12 distribution functions and the
newly defined spin-1 fragmentation functions.

II. THE DESCRIPTION OF SPIN-ONE PARTICLES

The description of particles with spin can be attained by using a spin density matrix ρ in the rest-frame of
the particle. The parameterization of the density matrix for a spin-J particle is conveniently performed with the
introduction of irreducible spin tensors up to rank 2J. For example, the density matrix of a spin- 12 particle can be
decomposed on a Cartesian basis of 2× 2 matrices, formed by the identity matrix and the three Pauli matrices,

ρ =
1

2

(

1+ Siσi
)

, (1)
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virtual photon (see Fig. 1). The vector P (Ph) is the momentum of the hadronic target (outgoing hadron), the
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In this paper we analyze deep inelastic one-particle inclusive processes for the case of spin-one
targets or for the case of spin-one produced hadrons, such as ρ mesons. This allows the measurement
of new distribution and fragmentation functions not available in the spin-half case, and provides new
ways to probe functions otherwise difficult to measure. We will analyze only contributions leading
order in 1/Q, but we will include effects of the transverse momentum of partons. We also include
time-reversal odd functions.

I. INTRODUCTION

Cross-sections in deep inelastic scattering (DIS) can be expressed in terms of distribution and fragmentation func-
tions, which provide information on the quark and gluon structure of hadrons. The energy scale of the process is
given by Q2 = →q2, q being the four-momentum transfer of the lepton. Depending on the number of observables one
is able to measure, one can extract a variety of functions. The functions appearing in leading order in 1/Q can be
interpreted as partonic probability densities.
We will study the case of one-particle inclusive experiments, which require measurement of one hadron among the

ones produced in the scattering event. We will emphasize the importance of including transverse momenta of partons.
We will also include T-odd functions. We will give a systematic list of the various functions that come into play up
to leading order in 1/Q when we deal with either spin-1 targets or spin-1 outgoing hadrons. The second case is of
interest to analyze vector meson production.
To properly study the distribution and fragmentation functions including transverse momentum dependence, we

will start from a field-theoretical formalism, as outlined in [1]. This approach has been fully exploited only to study
spin- 12 targets and spin- 12 outgoing hadrons. After an overview of the general properties of spin-1 particles and of the
general formalism needed to deal with them (Sec. II), we turn to the most general parameterization of the correlation
functions when spin-1 is included and we define the distribution and fragmentation functions (Sec. III). Distribution
and fragmentation functions integrated over transverse momenta have been partially studied already in a number of
papers [2–4]. An incomplete treatment of transverse momentum dependent functions has been performed in [5].
The distribution functions for a spin-1 target could be used for the deuteron, but is not the main goal of our study as

the deuteron is in essence a weakly bound system of two spin- 12 nucleons. The spin-1 distribution functions are useful
as a passage to the fragmentation functions for spin-1 hadrons. The latter, however, require final state polarimetry
of the produced hadron, i.e. the study of the angular distribution of its decay products. The most common of such
hadrons is the ρ meson. It is abundantly produced in leptoproduction experiments, e.g. at HERA, and it should be
possible to measure its polarization in a detailed, as it has already been done in diffractive production [6–8] and in
hadronic Z0 decay [9]. Another possibility is observation of polarization in inclusive leptoproduction of φ mesons, for
which there should be less hadronic background.
In the last section we focus more specifically on deep-inelastic leptoproduction of spin-1 hadrons and we list all the

possible cross-sections for different polarization conditions in terms of the usual spin- 12 distribution functions and the
newly defined spin-1 fragmentation functions.

II. THE DESCRIPTION OF SPIN-ONE PARTICLES

The description of particles with spin can be attained by using a spin density matrix ρ in the rest-frame of
the particle. The parameterization of the density matrix for a spin-J particle is conveniently performed with the
introduction of irreducible spin tensors up to rank 2J. For example, the density matrix of a spin- 12 particle can be
decomposed on a Cartesian basis of 2× 2 matrices, formed by the identity matrix and the three Pauli matrices,

ρ =
1

2

(

1+ Siσi
)

, (1)

1
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Spin 1

vector polarization tensor polarization

Beware that there are different conventions for the tensor 

where we introduced the (rank-one) spin vector Si.
To parameterize the density matrix of a spin-1 particle we can choose a Cartesian basis of 3 → 3 matrices, formed

by the identity matrix, three spin matrices Σ
i (generalization of the Pauli matrices to the three-dimensional case)

and five extra matrices Σij . These last ones can be built using bilinear combinations of the spin matrices. In three
dimensions these combinations are no more dependent on the spin matrices themselves, as it would be for the Pauli
matrices. We choose them to be (see [10] and [11] for a comparison)
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)
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1 δij . (2)

With these preliminaries, we can write the spin density matrix as

ρ =
1

3

(

1+
3

2
Si
Σ

i + 3T ij
Σ

ij
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, (3)

where we introduced the symmetric traceless rank-two spin tensor T ij .
We choose the following way of parameterizing the spin vector and tensor in the rest-frame of the hadron,
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T , SL) , (4)
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In App. A we give some explicit forms and other details of the density matrices and parameters involved in Eq. (5).
In an arbitrary frame, different from the rest-frame, the spin vector and tensor satisfy the conditions PµSµ = 0 and
PµT µν = 0, where Pµ is the momentum of the hadron. In App. B we also discuss how the tensor polarization of a
produced ρ-meson can be extracted from the angular distribution of the decay products π+π→.

III. CORRELATION FUNCTIONS

Cross sections of DIS events are proportional to the contraction between a purely leptonic tensor and a purely
hadronic tensor. While the leptonic tensor can be calculated theoretically, we are not able to do the same for the
hadronic tensor, because we lack knowledge of the inner, non-perturbative structure of hadrons.
In the Bjorken limit, it is possible to separate the hadronic tensor into a hard part (virtual photon-quark scattering)

and a soft part, containing the information on the parton distribution inside the hadron. This soft part is a correlation
function, defined as the matrix element of quark fields between hadronic states. In one-particle inclusive processes
we need two correlation functions, one describing the quark distributions in the target hadron and one describing the
hadronization of a quark into the detected final state hadron.
In leading order in 1/Q (also referred to as “leading twist” or “twist-2”) we are concerned only with quark-quark

correlation functions entering the handbag diagram in Fig. 1. They are defined as follows (using Dirac indices α and
β):

Φαβ(p, P, S, T ) =

∫

d4ξ

(2π)4
e→ip·ξ〈P, S, T |ϕβ(ξ)ϕα(0)|P, S, T 〉, (6)

∆αβ(k, Ph, Sh, Th) =

∫
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(2π)4
e+ik·ξ〈0|ϕα(ξ)|Ph, Sh, Th〉〈Ph, Sh, Th|ϕβ(0)|0〉, (7)

and describe the quark distribution and fragmentation, respectively. Here, p is the momentum of the quark emerging
from the target, while k is the momentum of the quark decaying into an outgoing hadron after being struck by a
virtual photon (see Fig. 1). The vector P (Ph) is the momentum of the hadronic target (outgoing hadron), the
quantities S (Sh) and T (Th) are the spin vector and tensor.
The correlation functions can be expressed in several terms, each one being a combination of the Lorentz vectors p
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In this paper we analyze deep inelastic one-particle inclusive processes for the case of spin-one
targets or for the case of spin-one produced hadrons, such as ρ mesons. This allows the measurement
of new distribution and fragmentation functions not available in the spin-half case, and provides new
ways to probe functions otherwise difficult to measure. We will analyze only contributions leading
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m = +1 and m = −1 in the direction of the arrow itself, while dashed lines denote spin state m = 0 again in the
direction of the line itself.

x transverse plane

z

y

SLL =
2

12



Spin-1 density matrix

time-reversal odd fragmentation function, H1LT (z). Unlike the situation involving spin 1/2 particles, this does not
require any azimuthal asymmetries, although the function H1LT itself is not known.

ACKNOWLEDGMENTS

We would like to thank Daniel Boer and Elliot Leader for fruitful discussions. This work is supported by the
Foundation for Fundamental Research on Matter (FOM) and the Dutch Organization for Scientific Research (NWO).

APPENDIX A: INTERPRETATION OF THE COMPONENTS OF THE SPIN TENSOR

A particular component of the spin tensor measures a combination of probabilities of finding the system in a certain
spin state (defined in the particle rest frame).
As “analyzing” spin states we can choose the eigenstates of the spin vector operator in a particular direction. We

can write the spin vector operator in terms of polar and azimuthal angles,

Σ
in̂i = Σx cos θ cosϕ+Σy cos θ sinϕ+Σz sin θ, (A1)

and we can denote its eigenstates as |m(θ,ϕ)→, m being their magnetic quantum number. The probability of finding
one of these states can be calculated as

P
(

m(θ,ϕ)

)

= Tr
{

ρ |m(θ,ϕ)→〈m(θ,ϕ)|
}

. (A2)

Inserting in Eq. (3) the spin tensor, Eq. (5), and the spin vector, Eq. (4), the explicit form of the spin density
matrix ρ turns out to be

ρ =









1
3 + SLL

3 + SL

2
Sx
LT→iSy

LT

2
√
2

+
Sx
T→iSy

T

2
√
2

Sxx
TT→iSxy

TT

2
Sx
LT+iSy

LT

2
√
2

+
Sx
T+iSy

T

2
√
2

1
3 − 2SLL

3
→Sx

LT+iSy
LT

2
√
2

+
Sx
T→iSy

T

2
√
2

Sxx
TT+iSxy

TT

2
→Sx

LT→iSy

LT

2
√
2

+
Sx
T+iSy

T

2
√
2

1
3 + SLL

3 − SL

2









. (A3)

From this explicit formula one can check that

SLL =
1

2
P
(

1(0,0)
)

+
1

2
P
(

−1(0,0)
)

− P
(

0(0,0)
)

,

Sx
LT = P

(

0(→π
4
,0)

)

− P
(

0(π
4
,0)

)

,

Sy
LT = P

(

0(→π
4
,π
2
)

)

− P
(

0(π
4
,π
2
)

)

,

Sxx
TT = P

(

0(π
2
,→π

4
)

)

− P
(

0(π
2
,π
4
)

)

,

Sxy
TT = P

(

0(π
2
,π
2
)

)

− P
(

0(π
2
,0)

)

.

Below, we suggest a diagrammatic interpretation of these probability combinations. Arrows represent spin states
m = +1 and m = −1 in the direction of the arrow itself, while dashed lines denote spin state m = 0 again in the
direction of the line itself.

x transverse plane

z

y

SLL =
2

12

time-reversal odd fragmentation function, H1LT (z). Unlike the situation involving spin 1/2 particles, this does not
require any azimuthal asymmetries, although the function H1LT itself is not known.

ACKNOWLEDGMENTS

We would like to thank Daniel Boer and Elliot Leader for fruitful discussions. This work is supported by the
Foundation for Fundamental Research on Matter (FOM) and the Dutch Organization for Scientific Research (NWO).

APPENDIX A: INTERPRETATION OF THE COMPONENTS OF THE SPIN TENSOR

A particular component of the spin tensor measures a combination of probabilities of finding the system in a certain
spin state (defined in the particle rest frame).
As “analyzing” spin states we can choose the eigenstates of the spin vector operator in a particular direction. We

can write the spin vector operator in terms of polar and azimuthal angles,

Σ
in̂i = Σx cos θ cosϕ+Σy cos θ sinϕ+Σz sin θ, (A1)

and we can denote its eigenstates as |m(θ,ϕ)→, m being their magnetic quantum number. The probability of finding
one of these states can be calculated as

P
(

m(θ,ϕ)

)

= Tr
{

ρ |m(θ,ϕ)→〈m(θ,ϕ)|
}

. (A2)

Inserting in Eq. (3) the spin tensor, Eq. (5), and the spin vector, Eq. (4), the explicit form of the spin density
matrix ρ turns out to be

ρ =









1
3 + SLL

3 + SL

2
Sx
LT→iSy

LT

2
√
2

+
Sx
T→iSy

T

2
√
2

Sxx
TT→iSxy

TT

2
Sx
LT+iSy

LT

2
√
2

+
Sx
T+iSy

T

2
√
2

1
3 − 2SLL

3
→Sx

LT+iSy
LT

2
√
2

+
Sx
T→iSy

T

2
√
2

Sxx
TT+iSxy

TT

2
→Sx

LT→iSy

LT

2
√
2

+
Sx
T+iSy

T

2
√
2

1
3 + SLL

3 − SL

2









. (A3)

From this explicit formula one can check that

SLL =
1

2
P
(

1(0,0)
)

+
1

2
P
(

−1(0,0)
)

− P
(

0(0,0)
)

,

Sx
LT = P

(

0(→π
4
,0)

)

− P
(

0(π
4
,0)

)

,

Sy
LT = P

(

0(→π
4
,π
2
)

)

− P
(

0(π
4
,π
2
)

)

,

Sxx
TT = P

(

0(π
2
,→π

4
)

)

− P
(

0(π
2
,π
4
)

)

,

Sxy
TT = P

(

0(π
2
,π
2
)

)

− P
(

0(π
2
,0)

)

.

Below, we suggest a diagrammatic interpretation of these probability combinations. Arrows represent spin states
m = +1 and m = −1 in the direction of the arrow itself, while dashed lines denote spin state m = 0 again in the
direction of the line itself.

x transverse plane

z

y

SLL =
2

12



Spin-1 density matrix

time-reversal odd fragmentation function, H1LT (z). Unlike the situation involving spin 1/2 particles, this does not
require any azimuthal asymmetries, although the function H1LT itself is not known.

ACKNOWLEDGMENTS

We would like to thank Daniel Boer and Elliot Leader for fruitful discussions. This work is supported by the
Foundation for Fundamental Research on Matter (FOM) and the Dutch Organization for Scientific Research (NWO).

APPENDIX A: INTERPRETATION OF THE COMPONENTS OF THE SPIN TENSOR

A particular component of the spin tensor measures a combination of probabilities of finding the system in a certain
spin state (defined in the particle rest frame).
As “analyzing” spin states we can choose the eigenstates of the spin vector operator in a particular direction. We

can write the spin vector operator in terms of polar and azimuthal angles,

Σ
in̂i = Σx cos θ cosϕ+Σy cos θ sinϕ+Σz sin θ, (A1)

and we can denote its eigenstates as |m(θ,ϕ)→, m being their magnetic quantum number. The probability of finding
one of these states can be calculated as

P
(

m(θ,ϕ)

)

= Tr
{

ρ |m(θ,ϕ)→〈m(θ,ϕ)|
}

. (A2)

Inserting in Eq. (3) the spin tensor, Eq. (5), and the spin vector, Eq. (4), the explicit form of the spin density
matrix ρ turns out to be

ρ =









1
3 + SLL

3 + SL

2
Sx
LT→iSy

LT

2
√
2

+
Sx
T→iSy

T

2
√
2

Sxx
TT→iSxy

TT

2
Sx
LT+iSy

LT

2
√
2

+
Sx
T+iSy

T

2
√
2

1
3 − 2SLL

3
→Sx

LT+iSy
LT

2
√
2

+
Sx
T→iSy

T

2
√
2

Sxx
TT+iSxy

TT

2
→Sx

LT→iSy

LT

2
√
2

+
Sx
T+iSy

T

2
√
2

1
3 + SLL

3 − SL

2









. (A3)

From this explicit formula one can check that

SLL =
1

2
P
(

1(0,0)
)

+
1

2
P
(

−1(0,0)
)

− P
(

0(0,0)
)

,

Sx
LT = P

(

0(→π
4
,0)

)

− P
(

0(π
4
,0)

)

,

Sy
LT = P

(

0(→π
4
,π
2
)

)

− P
(

0(π
4
,π
2
)

)

,

Sxx
TT = P

(

0(π
2
,→π

4
)

)

− P
(

0(π
2
,π
4
)

)

,

Sxy
TT = P

(

0(π
2
,π
2
)

)

− P
(

0(π
2
,0)

)

.

Below, we suggest a diagrammatic interpretation of these probability combinations. Arrows represent spin states
m = +1 and m = −1 in the direction of the arrow itself, while dashed lines denote spin state m = 0 again in the
direction of the line itself.

x transverse plane

z

y

SLL =
2

12

time-reversal odd fragmentation function, H1LT (z). Unlike the situation involving spin 1/2 particles, this does not
require any azimuthal asymmetries, although the function H1LT itself is not known.

ACKNOWLEDGMENTS

We would like to thank Daniel Boer and Elliot Leader for fruitful discussions. This work is supported by the
Foundation for Fundamental Research on Matter (FOM) and the Dutch Organization for Scientific Research (NWO).

APPENDIX A: INTERPRETATION OF THE COMPONENTS OF THE SPIN TENSOR

A particular component of the spin tensor measures a combination of probabilities of finding the system in a certain
spin state (defined in the particle rest frame).
As “analyzing” spin states we can choose the eigenstates of the spin vector operator in a particular direction. We

can write the spin vector operator in terms of polar and azimuthal angles,

Σ
in̂i = Σx cos θ cosϕ+Σy cos θ sinϕ+Σz sin θ, (A1)

and we can denote its eigenstates as |m(θ,ϕ)→, m being their magnetic quantum number. The probability of finding
one of these states can be calculated as

P
(

m(θ,ϕ)

)

= Tr
{

ρ |m(θ,ϕ)→〈m(θ,ϕ)|
}

. (A2)

Inserting in Eq. (3) the spin tensor, Eq. (5), and the spin vector, Eq. (4), the explicit form of the spin density
matrix ρ turns out to be

ρ =









1
3 + SLL

3 + SL

2
Sx
LT→iSy

LT

2
√
2

+
Sx
T→iSy

T

2
√
2

Sxx
TT→iSxy

TT

2
Sx
LT+iSy

LT

2
√
2

+
Sx
T+iSy

T

2
√
2

1
3 − 2SLL

3
→Sx

LT+iSy
LT

2
√
2

+
Sx
T→iSy

T

2
√
2

Sxx
TT+iSxy

TT

2
→Sx

LT→iSy

LT

2
√
2

+
Sx
T+iSy

T

2
√
2

1
3 + SLL

3 − SL

2









. (A3)

From this explicit formula one can check that

SLL =
1

2
P
(

1(0,0)
)

+
1

2
P
(

−1(0,0)
)

− P
(

0(0,0)
)

,

Sx
LT = P

(

0(→π
4
,0)

)

− P
(

0(π
4
,0)

)

,

Sy
LT = P

(

0(→π
4
,π
2
)

)

− P
(

0(π
4
,π
2
)

)

,

Sxx
TT = P

(

0(π
2
,→π

4
)

)

− P
(

0(π
2
,π
4
)

)

,

Sxy
TT = P

(

0(π
2
,π
2
)

)

− P
(

0(π
2
,0)

)

.

Below, we suggest a diagrammatic interpretation of these probability combinations. Arrows represent spin states
m = +1 and m = −1 in the direction of the arrow itself, while dashed lines denote spin state m = 0 again in the
direction of the line itself.

x transverse plane

z

y

SLL =
2

12

Sx
LT = Sy

LT =

Sxy
TT = Sxx

TT = .

The probabilistic interpretations suggest straightforward bounds on the values the spin tensor parameters can
achieve, namely

→1 ≤ SLL ≤ 1
2 ,

→1 ≤ Si
LT ≤ 1,

→1 ≤ Sij
TT ≤ 1,

(A4)

where i, j = x, y.
Finally, it is possible to define a total degree of polarization

d =
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2
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whose value ranges between 0 and 1.

APPENDIX B: MEASUREMENT OF SPIN TENSOR VIA DECAY ANALYSIS

In this appendix we show how it is possible to reconstruct the correspondence between spin tensor and analyzing
powers of a ρ meson by studying its decay into two pions.
In general the decay distribution of a spin-1 particle in two spin-0 particles is given by

W (θ,ϕ) = Tr {ρR(θ,ϕ)}, (B1)

where θ and ϕ are the polar and azimuthal angles of one of the decay products in the parent particle’s rest-frame.
The decay matrix R is defined as

Rmn(θ,ϕ) = M†
m→ 0(θ,ϕ)Mn→ 0(θ,ϕ). (B2)

The decay amplitudes can be written in terms of Wigner rotation functions

M1→ 0(θ,ϕ) =
√

3
4π D1 ∗

10 (ϕ, θ,→ϕ) = →
√

3
8π sin θ eiφ,

M0→ 0(θ,ϕ) =
√

3
4π D1 ∗

00 (ϕ, θ,→ϕ) =
√

3
4π cos θ,

M−1→ 0(θ,ϕ) =
√

3
4π D1 ∗

−10(ϕ, θ,→ϕ) =
√

3
8π sin θ e−iφ.

(B3)

As it can be checked by explicit comparison, Eq. (B2) can be rewritten as

R(θ,ϕ) =
1

4π

[

1+ 3Σij

(

1

3
δij → p̂icm(θ,ϕ)p̂

j
cm(θ,ϕ)

)]

, (B4)

where p̂icm is the flight direction of one of the produced pions.
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+ |STT |ω cos(2εTT )F cos(2ωTT )
U(TT )

}
, (3.20)

where the integrated structure functions, no longer dependent on Ph→, are given by

FU(LL),T (xd, z, Q
2) =

∫
d
2Ph→FU(LL),T (xd, z, P

2
h→, Q

2). (3.21)

This relation is also applicable to the other structure functions in eq. (3.20). These inte-

grated functions can be used to study the collinear PDFs or FFs.

The general di!erential cross section of the inclusive DIS o! a tensor-polarized target

can be obtained by integrating eq. (3.20) over the longitudinal momentum fraction z,

∑

h

∫
dzz

dϖ(ϱd ↑ ϱhX)

dzdxddydς
=

1

φ

∑

h

∫
dEh Eh

dϖ(ϱd ↑ ϱhX)

dEhdxddydς
=

φ + M

φ

dϖ(ϱd ↑ ϱX)

dxddydς
,

(3.22)

where Eh = (P · Ph)/M is the energy of the produced hadron in the target rest frame.

When summing over all hadrons in the final state, the total energy is given by φ + M .

Factoring out the overall kinematic factor, (φ + M)/φ = 1 + ↼
2
/(2xd), originated from the

integration over z and the sum over hadrons, we have

dϖTens

dxddydς
=

2↽
2

xdyQ2

y
2

2 (1 → ω)

{
SLL

(
FU(LL),T + ωFU(LL),L
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, (3.23)

where the structure functions, as the functions of xd and Q
2, are defined for inclusive

process,

FU(LL),T (xd, Q
2) =

∑

h

∫
dz z FU(LL),T (xd, z, Q

2), (3.24)

with analogous definitions for the other structure functions. We note that the time reversal

invariance requires [53]

∑

h

∫
dz z F

sinωLT

L(LT ) (xd, z, Q
2) = 0. (3.25)

Historically, four tensor-polarized structure functions for inclusive DIS, denoted as

b1↑4, were first introduced in 1989 in ref. [34] by utilizing an alternative approach to

decompose the hadronic tensor. The relations between these two sets of structure functions

were established in ref. [53]. We report them here for convenience:

FU(LL),T = →
2

3

[
2
(
1 + ↼

2
)
b1 →

↼
2

xd

(
1

6
b2 →

1

2
b3

)]
, (3.26)

– 10 –

analogous to b1, b2, b3, b4
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decompose the hadronic tensor. The relations between these two sets of structure functions

were established in ref. [53]. We report them here for convenience:

FU(LL),T = →
2

3

[
2
(
1 + ↼

2
)
b1 →

↼
2

xd

(
1

6
b2 →

1

2
b3
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, (3.26)
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analogous to b1, b2, b3, b4

For twist-2 structure functions, the inclusion of higher-order QCD corrections leads to

two main changes to the results presented here: the TMD PDFs and FFs will acquire a

dependence on two scales, usually denoted by µ and
→

ω, the convolution in the structure

functions must be multiplied by a hard factor that depends on Q
2 and µ. TMD factorization

guarantees that the complete structure functions depend only on Q
2 and leads to specific

evolution equations for the involved TMDs [11]. The e!ect of higher-order corrections on

twist-3 structure functions has been studied recently and leads to similar changes [93–95].

Integrating eqs. (4.82)-(4.104) over the transverse momentum of the produced hadron,

Ph→, one can express the integrated structure functions in eq. (3.20) as
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a
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2
af
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1(z), (4.105)

FU(LL),L(xd, z) = 0, (4.106)

F
cosωLT

U(LT ) (xd, z) = ↑x

∑

a

e
2
a
2M

Q
f
a
LT (x)Da

1(z), (4.107)

F
cos(2ωTT )
U(TT ) (xd, z) = 0, (4.108)

where the T-odd functions vanish after the integration over the transverse momentum.2

FU(LL),T (xd) = x

∑

a

e
2
af

a
1LL(x), (4.109)

FU(LL),L(xd) = 0, (4.110)

F
cosωLT

U(LT ) (xd) = ↑x

∑

a

e
2
a
2M

Q
f
a
LT (x), (4.111)

F
cos(2ωTT )
U(TT ) (xd) = 0, (4.112)

where we use the sum rule
∑

h

∫
dz z D

a
1(z) = 1. We find that only two structure functions

contribute to the inclusive DIS cross section up to twist-3 and can be used to investigate the

tensor-polarized dependent collinear PDFs for a spin-1 particle. According to eqs. (3.26)-

(3.29), we can express b1↑4 as (cf. ref. [53])

b1 = ↑
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2(ε2 + 1)

(3

2
FU(LL),T + F

cos(2ωTT )
U(TT )

)
, (4.113)

b2 = ↑
xd

(ε2 + 1)2

[3

2

(
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)
+ 4εF
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U(LT ) + (2ε
2 + 1)F cos(2ωTT )
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2
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↑

3

2
ε
2
(
FU(LL),L + FU(LL),T

)
↑ 4ε

3
F

cosωLT

U(LT )

+ (4ε
4 + 11ε

2 + 6)F cos(2ωTT )
U(TT )

]
, (4.115)

2If collinear T-odd functions were included in the analysis, eq. (4.107) would become F cosωLT
U(LT ) =

→
∑

a
e2a

2M
Q

(
xfa

LTD
a

1 + Mh
M

ha

1LT

H̃
a

z

)
and a new structure function F sinωLT

U(LT ) =
∑

a
e2a

2M
Q

(
xgaLTD

a

1 +

Mh
M

ha

1LT

Ẽ
a

z

)
would appear.
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=
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=
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=
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Tensor-polarized PDF



Observables
Semi-inclusive DIS

18 structure functions for spin-½

h
Sµω
U and h

Aµω
U . If we take the parity-violating channels into account, e.g., the Z boson

exchange, the tensors from h̃
Sµω
U and h̃

Aµω
U should also be included.

Since the four vectors P
µ, q

µ, P
µ
h , and ω

µqPPh form the complete basis of four-

dimensional spacetime, the spin vector and spin tensor can be expressed as the combinations

of these basis with spin-dependent scalar coe!cients, as demonstrated in ref. [77]. Conse-

quently, the polarized basis Lorentz tensors can be constructed from the spin-independent

basic Lorentz tensors in eqs. (3.10)–(3.13) multiplied by a spin-dependent scalar or pseu-

doscalar. Here, focusing on the tensor-polarized part of a spin-1 target, we list the 16 basis

tensors,

h
Sµω
T =

{
T
PhPh , T

Phq, T
qq
}

h
Sµω
U ,

{
ω
TP

hPPhq, ω
T qPPhq

}
h̃
Sµω
U , (3.14)

which contribute to the symmetric part of W
µω , and the seven ones

h
Aµω
T =

{
T
PhPh , T

Phq, T
qq
}

h
Aµω
U ,

{
ω
TP

hPPhq, ω
T qPPhq

}
h̃
Aµω
U (3.15)

contributing to the antisymmetric part of W
µω , where the subscript T indicates the tensor-

polarized components.

With the basis tensors defined above, the tensor-polarized dependent hadronic tensor

can be expanded as

W
µω
T =

16∑

i=1

V
S
T,ih

Sµω
T,i + i

7∑

i=1

V
A
T,ih

Aµω
T,i , (3.16)

where the coe!cients Vi, known as structure functions, are scalar functions of Q
2, P · q,

Ph · q, and P · Ph. Note that the above procedure for constructing basis Lorentz tensors

does not apply to the inclusive DIS process, as the number of momenta in the hadronic

tensor is insu!cient to form a complete basis of the spacetime.

After contracting the hadronic tensor and the leptonic tensor, one can obtain the

general form of the di”erential cross section for SIDIS process with a spin-1 target. For

clarity, we decompose the cross section into three parts,

dε = dεU + dεV + dεT , (3.17)

where dεU , dεV , and dεT represent the contributions from the unpolarized, vector-polarized,

and tensor-polarized components, respectively. To emphasize the tensor-polarized depen-

dent cross section, we denote it with the subscript “Tens” in the following. According

to the azimuthal modulations and the spin states of the target, the cross section can be

expressed in terms of 41 structure functions. Among them, the 23 tensor-polarized ones

only exist when the target has spin s → 1, which is also included in ref. [59], while the

remaining 18 ones also exist for SIDIS with a spin-1/2 target, as defined in ref. [74]. Here

we give the explicit expression of the tensor-polarized dependent cross section as

dεTens

dxddydzdϑhdϖdP
2
h→

– 8 –

see Zhao, Bacchetta, Kumano, Liu, Zhou, arxiv:2508.06134 and talk by Jing Zhao

https://arxiv.org/abs/2508.06134
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Observables
Semi-inclusive DIS

18 structure functions for spin-½ 18+23 structure functions for spin-1

=
ω
2

xdyQ2

y
2

2(1 → ε)

(
1 +

ϑ
2

2xd

){
SLL

[
FU(LL),T + εFU(LL),L +

√
2 ε(1 + ε) cos ϖh F

cosωh

U(LL)

+ ε cos(2ϖh) F
cos 2ωh

U(LL) + ϱe

√
2 ε(1 → ε) sin ϖh F

sinωh

L(LL)

]

+ |SLT |

[
cos (ϖh → ϖLT )

(
F

cos (ωh→ωLT )
U(LT ),T + εF

cos (ωh→ωLT )
U(LT ),L

)

+
√

2ε(1 + ε)
(

cos ϖLTF
cosωLT

U(LT ) + cos (2ϖh → ϖLT )F cos (2ωh→ωLT )
U(LT )

)

+ ε

(
cos(ϖh + ϖLT )F cos (ωh+ωLT )

U(LT ) + cos(3ϖh → ϖLT )F cos (3ωh→ωLT )
U(LT )

)

+ ϱe

√
2ε(1 → ε)

(
sin ϖLTF

sinωLT

L(LT ) + sin (2ϖh → ϖLT )F sin (2ωh→ωLT )
L(LT )

)

+ ϱe

√
1 → ε2 sin (ϖh → ϖLT )F sin (ωh→ωLT )

L(LT )

]

+ |STT |

[
cos (2ϖh → 2ϖTT )

(
F

cos (2ωh→2ωTT )
U(TT ),T + εF

cos (2ωh→2ωTT )
U(TT ),L

)

+
√

2ε(1 + ε)
(

cos (ϖh → 2ϖTT )F cos (ωh→2ωTT )
U(TT ) + cos (3ϖh → 2ϖTT )F cos (3ωh→2ωTT )

U(TT )

)

+ ε

(
cos(2ϖTT )F cos (2ωTT )

U(TT ) + cos(4ϖh → 2ϖTT )F cos (4ωh→2ωTT )
U(TT )

)

+ ϱe

√
2ε(1 → ε)

(
sin (ϖh → 2ϖTT )F sin (ωh→2ωTT )

L(TT ) + sin (3ϖh → 2ϖTT )F sin (3ωh→2ωTT )
L(TT )

)

+ ϱe

√
1 → ε2 sin (2ϖh → 2ϖTT )F sin (2ωh→2ωTT )

L(TT )

]}
, (3.18)

where the first and second subscripts of F stand for the spin states of the incoming lepton

and the target, respectively, while the third subscript, when present, specifies the polariza-

tion of the virtual photon. The structure functions F , as scalar functions of xd, Q
2, z, and

P
2
h↑, are linear combinations of the coe!cients VT,i defined in eq. (3.16). Therefore, the

number of independent structure functions is entirely determined by the number of basis

tensors derived from the kinematic analysis. We note that the polarization of the target

is defined relative to the photon direction, whereas, in experiments, the polarization with

respect to the lepton beam direction is a more natural choice. The conversion between the

two sets of spin states is straightforward and is detailed in refs. [53, 78]. The ratio of the

longitudinal and the transverse photon flux is defined by

ε =
1 → y →

1
4ϑ

2
y
2

1 → y + 1
2y

2 + 1
4ϑ

2y2
, (3.19)

with which the depolarization factors in the cross section can be expressed in terms of ϑ
2

and y [74].

After integrating eq. (3.18) over the transverse momentum Ph↑, one can find that the

terms that depend on the azimuthal angle ϖh vanish. Consequently, the tensor-polarized

part of the cross section can be expressed in terms of the following five structure functions,

dςTens

dxddydφdz
=

2ω
2

xdyQ2

y
2

2 (1 → ε)

(
1 +

ϑ
2

2xd

){
SLL

(
FU(LL),T + εFU(LL),L

)
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µω
T =

16∑

i=1

V
S
T,ih

Sµω
T,i + i

7∑

i=1

V
A
T,ih

Aµω
T,i , (3.16)

where the coe!cients Vi, known as structure functions, are scalar functions of Q
2, P · q,

Ph · q, and P · Ph. Note that the above procedure for constructing basis Lorentz tensors

does not apply to the inclusive DIS process, as the number of momenta in the hadronic

tensor is insu!cient to form a complete basis of the spacetime.

After contracting the hadronic tensor and the leptonic tensor, one can obtain the

general form of the di”erential cross section for SIDIS process with a spin-1 target. For

clarity, we decompose the cross section into three parts,

dε = dεU + dεV + dεT , (3.17)

where dεU , dεV , and dεT represent the contributions from the unpolarized, vector-polarized,

and tensor-polarized components, respectively. To emphasize the tensor-polarized depen-

dent cross section, we denote it with the subscript “Tens” in the following. According

to the azimuthal modulations and the spin states of the target, the cross section can be

expressed in terms of 41 structure functions. Among them, the 23 tensor-polarized ones

only exist when the target has spin s → 1, which is also included in ref. [59], while the

remaining 18 ones also exist for SIDIS with a spin-1/2 target, as defined in ref. [74]. Here

we give the explicit expression of the tensor-polarized dependent cross section as

dεTens

dxddydzdϑhdϖdP
2
h→

– 8 –

see Zhao, Bacchetta, Kumano, Liu, Zhou, arxiv:2508.06134 and talk by Jing Zhao

https://arxiv.org/abs/2508.06134


Observables
Semi-inclusive DIS

18 structure functions for spin-½ 18+23 structure functions for spin-1

=
ω
2

xdyQ2

y
2

2(1 → ε)

(
1 +

ϑ
2

2xd

){
SLL

[
FU(LL),T + εFU(LL),L +

√
2 ε(1 + ε) cos ϖh F

cosωh

U(LL)

+ ε cos(2ϖh) F
cos 2ωh

U(LL) + ϱe

√
2 ε(1 → ε) sin ϖh F

sinωh

L(LL)

]

+ |SLT |

[
cos (ϖh → ϖLT )

(
F

cos (ωh→ωLT )
U(LT ),T + εF

cos (ωh→ωLT )
U(LT ),L

)

+
√

2ε(1 + ε)
(

cos ϖLTF
cosωLT

U(LT ) + cos (2ϖh → ϖLT )F cos (2ωh→ωLT )
U(LT )

)

+ ε

(
cos(ϖh + ϖLT )F cos (ωh+ωLT )

U(LT ) + cos(3ϖh → ϖLT )F cos (3ωh→ωLT )
U(LT )

)

+ ϱe

√
2ε(1 → ε)

(
sin ϖLTF

sinωLT

L(LT ) + sin (2ϖh → ϖLT )F sin (2ωh→ωLT )
L(LT )

)

+ ϱe

√
1 → ε2 sin (ϖh → ϖLT )F sin (ωh→ωLT )

L(LT )

]

+ |STT |

[
cos (2ϖh → 2ϖTT )

(
F

cos (2ωh→2ωTT )
U(TT ),T + εF

cos (2ωh→2ωTT )
U(TT ),L

)

+
√

2ε(1 + ε)
(

cos (ϖh → 2ϖTT )F cos (ωh→2ωTT )
U(TT ) + cos (3ϖh → 2ϖTT )F cos (3ωh→2ωTT )

U(TT )

)

+ ε

(
cos(2ϖTT )F cos (2ωTT )

U(TT ) + cos(4ϖh → 2ϖTT )F cos (4ωh→2ωTT )
U(TT )

)

+ ϱe

√
2ε(1 → ε)

(
sin (ϖh → 2ϖTT )F sin (ωh→2ωTT )

L(TT ) + sin (3ϖh → 2ϖTT )F sin (3ωh→2ωTT )
L(TT )

)

+ ϱe

√
1 → ε2 sin (2ϖh → 2ϖTT )F sin (2ωh→2ωTT )

L(TT )

]}
, (3.18)

where the first and second subscripts of F stand for the spin states of the incoming lepton

and the target, respectively, while the third subscript, when present, specifies the polariza-

tion of the virtual photon. The structure functions F , as scalar functions of xd, Q
2, z, and

P
2
h↑, are linear combinations of the coe!cients VT,i defined in eq. (3.16). Therefore, the

number of independent structure functions is entirely determined by the number of basis

tensors derived from the kinematic analysis. We note that the polarization of the target

is defined relative to the photon direction, whereas, in experiments, the polarization with

respect to the lepton beam direction is a more natural choice. The conversion between the

two sets of spin states is straightforward and is detailed in refs. [53, 78]. The ratio of the

longitudinal and the transverse photon flux is defined by

ε =
1 → y →

1
4ϑ

2
y
2

1 → y + 1
2y

2 + 1
4ϑ

2y2
, (3.19)

with which the depolarization factors in the cross section can be expressed in terms of ϑ
2

and y [74].

After integrating eq. (3.18) over the transverse momentum Ph↑, one can find that the

terms that depend on the azimuthal angle ϖh vanish. Consequently, the tensor-polarized

part of the cross section can be expressed in terms of the following five structure functions,

dςTens

dxddydφdz
=

2ω
2

xdyQ2

y
2

2 (1 → ε)

(
1 +

ϑ
2

2xd

){
SLL

(
FU(LL),T + εFU(LL),L

)
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h
Sµω
U and h

Aµω
U . If we take the parity-violating channels into account, e.g., the Z boson

exchange, the tensors from h̃
Sµω
U and h̃

Aµω
U should also be included.

Since the four vectors P
µ, q

µ, P
µ
h , and ω

µqPPh form the complete basis of four-

dimensional spacetime, the spin vector and spin tensor can be expressed as the combinations

of these basis with spin-dependent scalar coe!cients, as demonstrated in ref. [77]. Conse-

quently, the polarized basis Lorentz tensors can be constructed from the spin-independent

basic Lorentz tensors in eqs. (3.10)–(3.13) multiplied by a spin-dependent scalar or pseu-

doscalar. Here, focusing on the tensor-polarized part of a spin-1 target, we list the 16 basis

tensors,

h
Sµω
T =

{
T
PhPh , T

Phq, T
qq
}

h
Sµω
U ,

{
ω
TP

hPPhq, ω
T qPPhq

}
h̃
Sµω
U , (3.14)

which contribute to the symmetric part of W
µω , and the seven ones

h
Aµω
T =

{
T
PhPh , T

Phq, T
qq
}

h
Aµω
U ,

{
ω
TP

hPPhq, ω
T qPPhq

}
h̃
Aµω
U (3.15)

contributing to the antisymmetric part of W
µω , where the subscript T indicates the tensor-

polarized components.

With the basis tensors defined above, the tensor-polarized dependent hadronic tensor

can be expanded as

W
µω
T =

16∑

i=1

V
S
T,ih

Sµω
T,i + i

7∑

i=1

V
A
T,ih

Aµω
T,i , (3.16)

where the coe!cients Vi, known as structure functions, are scalar functions of Q
2, P · q,

Ph · q, and P · Ph. Note that the above procedure for constructing basis Lorentz tensors

does not apply to the inclusive DIS process, as the number of momenta in the hadronic

tensor is insu!cient to form a complete basis of the spacetime.

After contracting the hadronic tensor and the leptonic tensor, one can obtain the

general form of the di”erential cross section for SIDIS process with a spin-1 target. For

clarity, we decompose the cross section into three parts,

dε = dεU + dεV + dεT , (3.17)

where dεU , dεV , and dεT represent the contributions from the unpolarized, vector-polarized,

and tensor-polarized components, respectively. To emphasize the tensor-polarized depen-

dent cross section, we denote it with the subscript “Tens” in the following. According

to the azimuthal modulations and the spin states of the target, the cross section can be

expressed in terms of 41 structure functions. Among them, the 23 tensor-polarized ones

only exist when the target has spin s → 1, which is also included in ref. [59], while the

remaining 18 ones also exist for SIDIS with a spin-1/2 target, as defined in ref. [74]. Here

we give the explicit expression of the tensor-polarized dependent cross section as

dεTens

dxddydzdϑhdϖdP
2
h→

– 8 –

According to the equation of motion for the quark field, the relations between the functions

from the quark-quark correlator and the functions from the quark-gluon-quark correlator

can be established,

E

z
=

Ẽ

z
+

m

Mh
D1, (4.77)

D
→

z
=

D̃
→

z
+ D1, (4.78)

G
→

z
=

G̃
→

z
+

m

Mh
H

→
1 , (4.79)

H

z
=

H̃

z
+

k
2
T

M
2
h

H
→
1 . (4.80)

4.4 Results for structure functions

Substituting the correlators in the hadronic tensor (4.4) with the parametrization of the

di!erent correlators and using the relations from the equation of motion, we can derive

the complete expression of the hadronic tensor in the parton model, as presented in Ap-

pendix A. After contracting the hadronic tensor obtained above and the leptonic tensor,

one can express the structure functions appearing in eq. (3.1) in terms of the convolution

of TMD PDFs and FFs up to twist-3. To obtain more concise expressions, we introduce a

transverse momentum convolution notation

C[wfD] = x

∑

a

e
2
a

∫
d
2kTd

2pT ω
(2) (kT → pT → Ph→/z) w (kT ,pT ) f

a
(
x, k

2
T

)
D

a
(
z, p

2
T

)
,

(4.81)

where f
a and D

a indicate a TMD PDF for the tensor-polarized target and a TMD FF

for the detected hadron, respectively. The w (kT ,pT ) is one of the dimensionless scalar

functions of kT and pT . The results for the structure functions are given by

FU(LL),T = C[f1LLD1], (4.82)

FU(LL),L = 0, (4.83)

F
cosωh

U(LL) =
2M

Q
C

[
→

ĥ · pT

M

(
xf

→
LLD1 +

Mh

M
h
→
1LL

H̃

z

)
→

ĥ · kT

Mh

(
xhLLH

→
1 +

Mh

M
f1LL

D̃
→

z

)]
,

(4.84)

F
cos 2ωh

U(LL) = C

[
→

2(ĥ · kT )(ĥ · pT ) → kT · pT

MMh
h
→
1LLH

→
1

]
, (4.85)

F
sinωh

L(LL) =
2M

Q
C

[
→

ĥ · kT

Mh

(
xeLLH

→
1 +

Mh

M
f1LL

G̃
→

z

)
+

ĥ · pT

M

(
xg

→
LLD1 +

Mh

M
h
→
1LL

Ẽ

z

)]
,

(4.86)

F
cos (ωh↑ωLT )
U(LT ),T = C

[
ĥ · pT

M
f1LTD1

]
, (4.87)

F
cos (ωh↑ωLT )
U(LT ),L = 0, (4.88)
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Observables
Semi-inclusive DIS

18 structure functions for spin-½ 18+23 structure functions for spin-1

=
ω
2

xdyQ2

y
2

2(1 → ε)

(
1 +

ϑ
2

2xd

){
SLL

[
FU(LL),T + εFU(LL),L +

√
2 ε(1 + ε) cos ϖh F

cosωh

U(LL)

+ ε cos(2ϖh) F
cos 2ωh

U(LL) + ϱe

√
2 ε(1 → ε) sin ϖh F

sinωh

L(LL)

]

+ |SLT |

[
cos (ϖh → ϖLT )

(
F

cos (ωh→ωLT )
U(LT ),T + εF

cos (ωh→ωLT )
U(LT ),L

)

+
√

2ε(1 + ε)
(

cos ϖLTF
cosωLT

U(LT ) + cos (2ϖh → ϖLT )F cos (2ωh→ωLT )
U(LT )

)

+ ε

(
cos(ϖh + ϖLT )F cos (ωh+ωLT )

U(LT ) + cos(3ϖh → ϖLT )F cos (3ωh→ωLT )
U(LT )

)

+ ϱe

√
2ε(1 → ε)

(
sin ϖLTF

sinωLT

L(LT ) + sin (2ϖh → ϖLT )F sin (2ωh→ωLT )
L(LT )

)

+ ϱe

√
1 → ε2 sin (ϖh → ϖLT )F sin (ωh→ωLT )

L(LT )

]

+ |STT |

[
cos (2ϖh → 2ϖTT )

(
F

cos (2ωh→2ωTT )
U(TT ),T + εF

cos (2ωh→2ωTT )
U(TT ),L

)

+
√

2ε(1 + ε)
(

cos (ϖh → 2ϖTT )F cos (ωh→2ωTT )
U(TT ) + cos (3ϖh → 2ϖTT )F cos (3ωh→2ωTT )

U(TT )

)

+ ε

(
cos(2ϖTT )F cos (2ωTT )

U(TT ) + cos(4ϖh → 2ϖTT )F cos (4ωh→2ωTT )
U(TT )

)

+ ϱe

√
2ε(1 → ε)

(
sin (ϖh → 2ϖTT )F sin (ωh→2ωTT )

L(TT ) + sin (3ϖh → 2ϖTT )F sin (3ωh→2ωTT )
L(TT )

)

+ ϱe

√
1 → ε2 sin (2ϖh → 2ϖTT )F sin (2ωh→2ωTT )

L(TT )

]}
, (3.18)

where the first and second subscripts of F stand for the spin states of the incoming lepton

and the target, respectively, while the third subscript, when present, specifies the polariza-

tion of the virtual photon. The structure functions F , as scalar functions of xd, Q
2, z, and

P
2
h↑, are linear combinations of the coe!cients VT,i defined in eq. (3.16). Therefore, the

number of independent structure functions is entirely determined by the number of basis

tensors derived from the kinematic analysis. We note that the polarization of the target

is defined relative to the photon direction, whereas, in experiments, the polarization with

respect to the lepton beam direction is a more natural choice. The conversion between the

two sets of spin states is straightforward and is detailed in refs. [53, 78]. The ratio of the

longitudinal and the transverse photon flux is defined by

ε =
1 → y →

1
4ϑ

2
y
2

1 → y + 1
2y

2 + 1
4ϑ

2y2
, (3.19)

with which the depolarization factors in the cross section can be expressed in terms of ϑ
2

and y [74].

After integrating eq. (3.18) over the transverse momentum Ph↑, one can find that the

terms that depend on the azimuthal angle ϖh vanish. Consequently, the tensor-polarized

part of the cross section can be expressed in terms of the following five structure functions,

dςTens

dxddydφdz
=

2ω
2

xdyQ2

y
2

2 (1 → ε)

(
1 +

ϑ
2

2xd

){
SLL

(
FU(LL),T + εFU(LL),L

)
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h
Sµω
U and h

Aµω
U . If we take the parity-violating channels into account, e.g., the Z boson

exchange, the tensors from h̃
Sµω
U and h̃

Aµω
U should also be included.

Since the four vectors P
µ, q

µ, P
µ
h , and ω

µqPPh form the complete basis of four-

dimensional spacetime, the spin vector and spin tensor can be expressed as the combinations

of these basis with spin-dependent scalar coe!cients, as demonstrated in ref. [77]. Conse-

quently, the polarized basis Lorentz tensors can be constructed from the spin-independent

basic Lorentz tensors in eqs. (3.10)–(3.13) multiplied by a spin-dependent scalar or pseu-

doscalar. Here, focusing on the tensor-polarized part of a spin-1 target, we list the 16 basis

tensors,

h
Sµω
T =

{
T
PhPh , T

Phq, T
qq
}

h
Sµω
U ,

{
ω
TP

hPPhq, ω
T qPPhq

}
h̃
Sµω
U , (3.14)

which contribute to the symmetric part of W
µω , and the seven ones

h
Aµω
T =

{
T
PhPh , T

Phq, T
qq
}

h
Aµω
U ,

{
ω
TP

hPPhq, ω
T qPPhq

}
h̃
Aµω
U (3.15)

contributing to the antisymmetric part of W
µω , where the subscript T indicates the tensor-

polarized components.

With the basis tensors defined above, the tensor-polarized dependent hadronic tensor

can be expanded as

W
µω
T =

16∑

i=1

V
S
T,ih

Sµω
T,i + i

7∑

i=1

V
A
T,ih

Aµω
T,i , (3.16)

where the coe!cients Vi, known as structure functions, are scalar functions of Q
2, P · q,

Ph · q, and P · Ph. Note that the above procedure for constructing basis Lorentz tensors

does not apply to the inclusive DIS process, as the number of momenta in the hadronic

tensor is insu!cient to form a complete basis of the spacetime.

After contracting the hadronic tensor and the leptonic tensor, one can obtain the

general form of the di”erential cross section for SIDIS process with a spin-1 target. For

clarity, we decompose the cross section into three parts,

dε = dεU + dεV + dεT , (3.17)

where dεU , dεV , and dεT represent the contributions from the unpolarized, vector-polarized,

and tensor-polarized components, respectively. To emphasize the tensor-polarized depen-

dent cross section, we denote it with the subscript “Tens” in the following. According

to the azimuthal modulations and the spin states of the target, the cross section can be

expressed in terms of 41 structure functions. Among them, the 23 tensor-polarized ones

only exist when the target has spin s → 1, which is also included in ref. [59], while the

remaining 18 ones also exist for SIDIS with a spin-1/2 target, as defined in ref. [74]. Here

we give the explicit expression of the tensor-polarized dependent cross section as

dεTens

dxddydzdϑhdϖdP
2
h→

– 8 –

According to the equation of motion for the quark field, the relations between the functions

from the quark-quark correlator and the functions from the quark-gluon-quark correlator

can be established,

E

z
=

Ẽ

z
+

m

Mh
D1, (4.77)

D
→

z
=

D̃
→

z
+ D1, (4.78)

G
→

z
=

G̃
→

z
+

m

Mh
H

→
1 , (4.79)

H

z
=

H̃

z
+

k
2
T

M
2
h

H
→
1 . (4.80)

4.4 Results for structure functions

Substituting the correlators in the hadronic tensor (4.4) with the parametrization of the

di!erent correlators and using the relations from the equation of motion, we can derive

the complete expression of the hadronic tensor in the parton model, as presented in Ap-

pendix A. After contracting the hadronic tensor obtained above and the leptonic tensor,

one can express the structure functions appearing in eq. (3.1) in terms of the convolution

of TMD PDFs and FFs up to twist-3. To obtain more concise expressions, we introduce a

transverse momentum convolution notation

C[wfD] = x

∑

a

e
2
a

∫
d
2kTd

2pT ω
(2) (kT → pT → Ph→/z) w (kT ,pT ) f

a
(
x, k

2
T

)
D

a
(
z, p

2
T

)
,

(4.81)

where f
a and D

a indicate a TMD PDF for the tensor-polarized target and a TMD FF

for the detected hadron, respectively. The w (kT ,pT ) is one of the dimensionless scalar

functions of kT and pT . The results for the structure functions are given by

FU(LL),T = C[f1LLD1], (4.82)

FU(LL),L = 0, (4.83)

F
cosωh

U(LL) =
2M

Q
C

[
→

ĥ · pT

M

(
xf

→
LLD1 +

Mh

M
h
→
1LL

H̃

z

)
→

ĥ · kT

Mh

(
xhLLH

→
1 +

Mh

M
f1LL

D̃
→

z

)]
,

(4.84)

F
cos 2ωh

U(LL) = C

[
→

2(ĥ · kT )(ĥ · pT ) → kT · pT

MMh
h
→
1LLH

→
1

]
, (4.85)

F
sinωh

L(LL) =
2M

Q
C

[
→

ĥ · kT

Mh

(
xeLLH

→
1 +

Mh

M
f1LL

G̃
→

z

)
+

ĥ · pT

M

(
xg

→
LLD1 +

Mh

M
h
→
1LL

Ẽ

z

)]
,

(4.86)

F
cos (ωh↑ωLT )
U(LT ),T = C

[
ĥ · pT

M
f1LTD1

]
, (4.87)

F
cos (ωh↑ωLT )
U(LT ),L = 0, (4.88)
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Convolution in transverse momentum

see Zhao, Bacchetta, Kumano, Liu, Zhou, arxiv:2508.06134 and talk by Jing Zhao

Tensor-polarized TMD PDF

https://arxiv.org/abs/2508.06134


Other examples

According to the equation of motion for the quark field, the relations between the functions

from the quark-quark correlator and the functions from the quark-gluon-quark correlator

can be established,

E

z
=

Ẽ

z
+

m

Mh
D1, (4.77)

D
→

z
=

D̃
→

z
+ D1, (4.78)

G
→

z
=

G̃
→

z
+

m

Mh
H

→
1 , (4.79)

H

z
=

H̃

z
+

k
2
T

M
2
h

H
→
1 . (4.80)

4.4 Results for structure functions

Substituting the correlators in the hadronic tensor (4.4) with the parametrization of the

di!erent correlators and using the relations from the equation of motion, we can derive

the complete expression of the hadronic tensor in the parton model, as presented in Ap-

pendix A. After contracting the hadronic tensor obtained above and the leptonic tensor,

one can express the structure functions appearing in eq. (3.1) in terms of the convolution

of TMD PDFs and FFs up to twist-3. To obtain more concise expressions, we introduce a

transverse momentum convolution notation

C[wfD] = x

∑

a

e
2
a

∫
d
2kTd

2pT ω
(2) (kT → pT → Ph→/z) w (kT ,pT ) f

a
(
x, k

2
T

)
D

a
(
z, p

2
T

)
,

(4.81)

where f
a and D

a indicate a TMD PDF for the tensor-polarized target and a TMD FF

for the detected hadron, respectively. The w (kT ,pT ) is one of the dimensionless scalar

functions of kT and pT . The results for the structure functions are given by

FU(LL),T = C[f1LLD1], (4.82)

FU(LL),L = 0, (4.83)

F
cosωh

U(LL) =
2M

Q
C

[
→

ĥ · pT

M

(
xf

→
LLD1 +

Mh

M
h
→
1LL

H̃

z

)
→

ĥ · kT

Mh

(
xhLLH

→
1 +

Mh

M
f1LL

D̃
→

z

)]
,

(4.84)

F
cos 2ωh

U(LL) = C

[
→

2(ĥ · kT )(ĥ · pT ) → kT · pT

MMh
h
→
1LLH

→
1

]
, (4.85)

F
sinωh

L(LL) =
2M

Q
C

[
→

ĥ · kT

Mh

(
xeLLH

→
1 +

Mh

M
f1LL

G̃
→

z

)
+

ĥ · pT

M

(
xg

→
LLD1 +

Mh

M
h
→
1LL

Ẽ

z

)]
,

(4.86)

F
cos (ωh↑ωLT )
U(LT ),T = C

[
ĥ · pT

M
f1LTD1

]
, (4.87)

F
cos (ωh↑ωLT )
U(LT ),L = 0, (4.88)
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leading twist, relatively simple convolution, requires LT tensor polarization 



Other examples
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Ẽ

z
+

m

Mh
D1, (4.77)

D
→

z
=

D̃
→

z
+ D1, (4.78)

G
→

z
=

G̃
→

z
+

m

Mh
H

→
1 , (4.79)

H

z
=

H̃

z
+

k
2
T

M
2
h

H
→
1 . (4.80)

4.4 Results for structure functions

Substituting the correlators in the hadronic tensor (4.4) with the parametrization of the

di!erent correlators and using the relations from the equation of motion, we can derive

the complete expression of the hadronic tensor in the parton model, as presented in Ap-

pendix A. After contracting the hadronic tensor obtained above and the leptonic tensor,

one can express the structure functions appearing in eq. (3.1) in terms of the convolution

of TMD PDFs and FFs up to twist-3. To obtain more concise expressions, we introduce a

transverse momentum convolution notation

C[wfD] = x

∑

a

e
2
a

∫
d
2kTd

2pT ω
(2) (kT → pT → Ph→/z) w (kT ,pT ) f

a
(
x, k

2
T

)
D

a
(
z, p

2
T

)
,

(4.81)

where f
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ĥ · kT

Mh

(
xeLLH

→
1 +

Mh

M
f1LL

G̃
→

z

)
+
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2(ĥ · pT )2 → p2
T

M2
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]
, (4.104)

where the unit vector ĥ = Ph↑/|Ph↑| gives the direction of the transverse momentum.

The SLL-dependent structure functions in eqs. (4.82)-(4.86) share the same expressions as

those for unpolarized states given by eqs. (4.1)-(4.6) in ref. [74].

Up to twist-3, only two structure functions are zero, given by eqs. (4.83) and (4.88).

However, if we limit ourselves to the twist-2 level, 12 out of the 23 structure functions

vanish. We should also note that structure functions involving twist-2 terms exhibit de-

pendence on an even number of azimuthal angles (ωh, ωLT , ωTT ), whereas twist-3 structure

functions depend on an odd number of azimuthal angles. For example, the F
cos(2ωh→ωLT )
U(LT ) in

eq. (4.90) depends on 2ωh and ωLT , which sum to three (odd) azimuthal angles, and then

it receives the leading contribution at twist-3. The F
cos(3ωh→ωLT )
U(LT ) in eq. (4.92) depends on

3ωh and ωLT , which sum to four (even) azimuthal angles, and then it receives the leading

contribution at twist-2. These nonvanishing structure functions can be utilized to study

the tensor-polarized TMD PDFs for a spin-1 particle.
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leading twist, relatively simple angular dependence, requires TT tensor polarization 
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Hopefully, we will start addressing these questions during the workshop!


