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Outline
• General concepts of small-x physics and saturation: 
• Quarks and gluons in a proton; DIS in the dipole picture; BFKL 

Pomeron; Unitarity; GGM/MV formula

Based mainly on arXiv:2603.21775 [hep-ph], 
Phys. Rev. D 113, 114021 (2026)

• Small-x evolution:  
• The non-linear BK evolution equation; Solution of BK equation; 

geometric scaling 
• Single diffractive dissociation

• Particle production at small-x 
• AGK cross sections 
• Solution to the AGK evolution equations 
• Applications at EIC era: Multiplicity distribution and 

entanglement entropy for produced gluons

https://arxiv.org/abs/2603.21775
https://journals.aps.org/prd/abstract/10.1103/ypc9-j9by
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The structure of matter
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• We still don’t have a clear picture of how quarks and 
gluons are distributed inside the proton.

atom 10-8 cm

nucleus 10-12 cm

electron < 10-16 cm

nucleon (proton/
neutron)  10-13 cm

quark < 10-16 cm

gluon < 10-16 cm



Quarks and Gluons in the Proton
• By colliding tiny electrons with relatively larger particles 

such as protons or nuclei in particle accelerators, it help us 
(nuclear physicists) to unlock the mysteries of the strong 
force, which binds atomic nuclei together.
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Deep inelastic scattering (DIS) 
on a proton
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• There is a large number of quarks, anti-quarks and gluons 
at small-x in a proton:

Quarks and Gluons in the Proton
<latexit sha1_base64="vPzTgbjOsCeeCGhd691pkmq1eF4=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbEInkoipfVY9OKxgv2ANpTNdtMu3WzC7kaoob/EiwdFvPpTvPlv3LQ52NYHA4/3ZpiZ58ecKe04P1Zha3tnd6+4Xzo4PDou2yenHRUlktA2iXgkez5WlDNB25ppTnuxpDj0Oe3607vM7z5RqVgkHvUspl6Ix4IFjGBtpKFdrpVWMLQrTtVZAG0SNycVyNEa2t+DUUSSkApNOFaq7zqx9lIsNSOczkuDRNEYkyke076hAodUeeni8Dm6NMoIBZE0JTRaqH8nUhwqNQt90xliPVHrXib+5/UTHdx4KRNxoqkgy0VBwpGOUJYCGjFJieYzQzCRzNyKyARLTLTJKgvBXX95k3Suq269Wn+oVZq3eRxFOIcLuAIXGtCEe2hBGwgk8AJv8G49W6/Wh/W5bC1Y+cwZrMD6+gXaYY4M</latexit>
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Quarks and Gluons in the Proton
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• High number of gluons populates the transverse extent of 
the proton or nucleus, leading to a very dense saturated 
wave function known as the Color Glass Condensate (CGC)

*new high-
density 

regime of 
QCD*



• Qualitatively we understand that these extra quarks and 
gluons are emitted by the original three valence quarks in 
the proton.

Quarks and Gluons in the Proton

• The straight solid lines represent gluons. 
• At some critical scale Q=Qs, we start having not only 

emissions but also recombination of gluons 

<latexit sha1_base64="m02+4pmBLVbJKF8gMHRkTjQ39t0=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7AekoWy2m3bpZjfsboQS+jO8eFDEq7/Gm//GTRtEWx8MPN6bYWZemHCmjet+OaW19Y3NrfJ2ZWd3b/+genjU0TJVhLaJ5FL1QqwpZ4K2DTOc9hJFcRxy2g0nt7nffaRKMykezDShQYxHgkWMYGMlv1H5waBac+vuHGiVeAWpQYHWoPrZH0qSxlQYwrHWvucmJsiwMoxwOqv0U00TTCZ4RH1LBY6pDrL5yTN0ZpUhiqSyJQyaq78nMhxrPY1D2xljM9bLXi7+5/mpia6DjIkkNVSQxaIo5chIlP+PhkxRYvjUEkwUs7ciMsYKE2NTykPwll9eJZ2LuteoN+4va82bIo4ynMApnIMHV9CEO2hBGwhIeIIXeHWM8+y8Oe+L1pJTzBzDHzgf35KRjY0=</latexit>
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The dipole approach to QCD



Dipole picture of DIS
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• The total DIS cross section is:

N N

ep/dipole-proton 
collision
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eA/dipole-nucleus 
collision
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<latexit sha1_base64="G7JjBQWWFguTbeKRY0pcNRXxMVc="></latexit>

ωω→p/A
tot =

∫
d2x01

2ε
d2b

∫ 1

0

dz

z (1 → z)
|!ω→→qq̄(x01, z,Q

2)|N(Y ;x01,b)



Dipole picture of DIS
• How does the dipole interacts with the proton?

J = spin of exchanged particle

• Answer: the (two) gluon exchange dominates (J=1). Spin-2 
particles, such as gravitons, luckily are weakly-coupled at 
the energies of the modern-day accelerators. 

<latexit sha1_base64="SzGNZq6zmu88KvVF6psFEEwgE58=">AAACBHicbVC7TsMwFHV4lvIKMHaxqJAYSpQgVBgrWBBTkehDakLluG5r1XYi20Gqog4s/AoLAwix8hFs/A1OmwFajnR1j865V/Y9Ycyo0q77bS0tr6yurRc2iptb2zu79t5+U0WJxKSBIxbJdogUYVSQhqaakXYsCeIhI61wdJX5rQciFY3EnR7HJOBoIGifYqSN1LVLvqIDjvyK6dyvOI7jV9R9enPiTYpdu+w67hRwkXg5KYMc9a795fcinHAiNGZIqY7nxjpIkdQUMzIp+okiMcIjNCAdQwXiRAXp9IgJPDJKD/YjaUpoOFV/b6SIKzXmoZnkSA/VvJeJ/3mdRPcvgpSKONFE4NlD/YRBHcEsEdijkmDNxoYgLKn5K8RDJBHWJrcsBG/+5EXSPHW8qlO9PSvXLvM4CqAEDsEx8MA5qIFrUAcNgMEjeAav4M16sl6sd+tjNrpk5TsH4A+szx8TrZZz</latexit>

ω → ... sJ→1

<latexit sha1_base64="qdwVjdEFf9XEzl8ShcRYeaaLI7s=">AAAB9XicbVBNSwMxEJ31s9avqkcvwSJ4KrsitceiF48V7Ae0a8mm2TY0yS5JVilL/4cXD4p49b9489+YbfdQWx8MPN6bYWZeEHOmjev+OGvrG5tb24Wd4u7e/sFh6ei4paNEEdokEY9UJ8CaciZp0zDDaSdWFIuA03Ywvs389hNVmkXywUxi6gs8lCxkBBsrPdaKi+iXym7FnQGtEi8nZcjR6Je+e4OIJIJKQzjWuuu5sfFTrAwjnE6LvUTTGJMxHtKupRILqv10dvUUnVtlgMJI2ZIGzdTFiRQLrScisJ0Cm5Fe9jLxP6+bmLDmp0zGiaGSzBeFCUcmQlkEaMAUJYZPLMFEMXsrIiOsMDE2qCwEb/nlVdK6rHjVSvX+qly/yeMowCmcwQV4cA11uIMGNIGAghd4g3fn2Xl1PpzPeeuak8+cwB84X780FI3L</latexit>

8

= + ++

<latexit sha1_base64="rOrG7glAq4aYijPonzJXI2V5GmY=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIVJdFNy4r2Ae2pWTSTBuayQzJHaEM/Qs3LhRx69+482/MtLPQ1gOBwzn3knOPH0th0HW/ncLa+sbmVnG7tLO7t39QPjxqmSjRjDdZJCPd8anhUijeRIGSd2LNaehL3vYnt5nffuLaiEg94DTm/ZCOlAgEo2ilx15IcewHqTsblCtu1Z2DrBIvJxXI0RiUv3rDiCUhV8gkNabruTH2U6pRMMlnpV5ieEzZhI5411JFQ2766TzxjJxZZUiCSNunkMzV3xspDY2Zhr6dzBKaZS8T//O6CQbX/VSoOEGu2OKjIJEEI5KdT4ZCc4ZyagllWtishI2ppgxtSSVbgrd88ippXVS9WrV2f1mp3+R1FOEETuEcPLiCOtxBA5rAQMEzvMKbY5wX5935WIwWnHznGP7A+fwBk2OQ3w==</latexit>

0
<latexit sha1_base64="cDmoj6SeUUz31ueK43W5xtz07vA=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIVJdFNy4r2Ae2pWTSO21oJjMkGaEM/Qs3LhRx69+482/MtLPQ1gOBwzn3knOPHwuujet+O4W19Y3NreJ2aWd3b/+gfHjU0lGiGDZZJCLV8alGwSU2DTcCO7FCGvoC2/7kNvPbT6g0j+SDmcbYD+lI8oAzaqz02AupGftB6s0G5Ypbdecgq8TLSQVyNAblr94wYkmI0jBBte56bmz6KVWGM4GzUi/RGFM2oSPsWippiLqfzhPPyJlVhiSIlH3SkLn6eyOlodbT0LeTWUK97GXif143McF1P+UyTgxKtvgoSAQxEcnOJ0OukBkxtYQyxW1WwsZUUWZsSSVbgrd88ippXVS9WrV2f1mp3+R1FOEETuEcPLiCOtxBA5rAQMIzvMKbo50X5935WIwWnHznGP7A+fwBlOiQ4A==</latexit>

1

<latexit sha1_base64="1YnXCtlc3ZS2pTESHpVQqbCHOtE="></latexit>

N2→gluons(Y = 0,x01,b) =
1

4
x2
01 Q

2
s(Y = 0,b)

proton proton proton proton proton

<latexit sha1_base64="Fz0mcvYlxmgoGcSVXti0ub2wM8Q=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF/FUxX5AG8pmO2mXbjZhdyOU0n/gxYMiXv1H3vw3btoctPpg4PHeDDPzgkRwbVz3yymsrK6tbxQ3S1vbO7t75f2Dlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7G15nffkSleSwfzCRBP6JDyUPOqLHS/W2pX664VXcO8pd4OalAjka//NkbxCyNUBomqNZdz02MP6XKcCZwVuqlGhPKxnSIXUsljVD70/mlM3JilQEJY2VLGjJXf05MaaT1JApsZ0TNSC97mfif101NeOlPuUxSg5ItFoWpICYm2dtkwBUyIyaWUKa4vZWwEVWUGRtOFoK3/PJf0jqrerVq7e68Ur/K4yjCERzDKXhwAXW4gQY0gUEIT/ACr87YeXbenPdFa8HJZw7hF5yPb9hpjO0=</latexit>

J



The BFKL Pomeron
• The previous result does not include any energy 

dependence. Energy dependence comes in through 
quantum corrections, which bring in powers of  

2

=
1
2
3

n-1
n

kT, Y

• This is the Balitsky-Fadin-Kuraev-Lipatov (BFKL) Pomeron. 
• The Pomeron is a bound state of two reggeized gluons 

(due to evolution equation) and we denote it by Gp

<latexit sha1_base64="HzNSyFioac6GODU9iIgzr5AtdNA=">AAACB3icbVDLSsNAFJ3UV62vqEtBBotQNzURqS6LblxWtA9oQphMJ+3QySTMTMQSsnPjr7hxoYhbf8Gdf+M0zUKrBy4czrl35t7jx4xKZVlfRmlhcWl5pbxaWVvf2Nwyt3c6MkoEJm0csUj0fCQJo5y0FVWM9GJBUOgz0vXHl1O/e0eEpBG/VZOYuCEachpQjJSWPHM/dfJHUp8lJHMQi0fIu3EYr9nH90eZZ1atupUD/iV2QaqgQMszP51BhJOQcIUZkrJvW7FyUyQUxYxkFSeRJEZ4jIakrylHIZFumq+QwUOtDGAQCV1cwVz9OZGiUMpJ6OvOEKmRnPem4n9eP1HBuZtSHieKcDz7KEgYVBGchgIHVBCs2EQThAXVu0I8QgJhpaOr6BDs+ZP/ks5J3W7UG9en1eZFEUcZ7IEDUAM2OANNcAVaoA0weABP4AW8Go/Gs/FmvM9aS0Yxswt+wfj4Bgk5mWg=</latexit>

ωS ln(1/x)

<latexit sha1_base64="BcIPlg0rvaV+G88BdtDPj+2HfG0=">AAACCHicbVDLSsNAFJ3UV62vqEsXDhahgpREpLoRii50WaEvaUOYTCft0MkkzEyEErJ046+4caGIWz/BnX/jpC2irQcGzpxzL/fe40WMSmVZX0ZuYXFpeSW/Wlhb39jcMrd3mjKMBSYNHLJQtD0kCaOcNBRVjLQjQVDgMdLyhleZ37onQtKQ19UoIk6A+pz6FCOlJdfcv3ZrpbvjboDUwPOTYerWfz5eenThmkWrbI0B54k9JUUwRc01P7u9EMcB4QozJGXHtiLlJEgoihlJC91YkgjhIeqTjqYcBUQ6yfiQFB5qpQf9UOjHFRyrvzsSFEg5Cjxdme0oZ71M/M/rxMo/dxLKo1gRjieD/JhBFcIsFdijgmDFRpogLKjeFeIBEggrnV1Bh2DPnjxPmidlu1Ku3J4Wq5fTOPJgDxyAErDBGaiCG1ADDYDBA3gCL+DVeDSejTfjfVKaM6Y9u+APjI9vuACZLQ==</latexit>

GP (Y,kT ,b) =

<latexit sha1_base64="DdmZouyIDE41GeuhULbF2BeQGLE=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqt6KXjxWsR/QhrLZbtqlm03YnQil9B948aCIV/+RN/+NmzYHrT4YeLw3w8y8IJHCoOt+OYWV1bX1jeJmaWt7Z3evvH/QMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2MbzK//ci1EbF6wEnC/YgOlQgFo2il+6tSv1xxq+4c5C/xclKBHI1++bM3iFkacYVMUmO6npugP6UaBZN8VuqlhieUjemQdy1VNOLGn84vnZETqwxIGGtbCslc/TkxpZExkyiwnRHFkVn2MvE/r5tieOlPhUpS5IotFoWpJBiT7G0yEJozlBNLKNPC3krYiGrK0IaTheAtv/yXtM6qXq1auzuv1K/zOIpwBMdwCh5cQB1uoQFNYBDCE7zAqzN2np03533RWnDymUP4BefjG76UjNw=</latexit>

9



• As we increase energy, the single BFKL Pomeron violates 
unitarity of the total cross section 

The BFKL Pomeron
<latexit sha1_base64="N0jF13yyogdjvRGvz3GC6BJJ50U=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilB8/tlytu1Z2DrBIvJxXI0eiXv3qDmKURV8gkNabruQn6GdUomOTTUi81PKFsTIe8a6miETd+Nr90Ss6sMiBhrG0pJHP190RGI2MmUWA7I4ojs+zNxP+8borhtZ8JlaTIFVssClNJMCazt8lAaM5QTiyhTAt7K2EjqilDG07JhuAtv7xKWhdVr1at3V9W6jd5HEU4gVM4Bw+uoA530IAmMAjhGV7hzRk7L86787FoLTj5zDH8gfP5A+wEjPo=</latexit>

10



Fixing the problems
• Let us define the saturation scale Qs(Y) like a transition 

point between the region where N (x⊥,Y) grows with x⊥ 
and the region where this growth is tamed, that is, by 
requiring that N (x⊥ = 1/Qs(Y ), Y) = const, with some 
order-one constant.

<latexit sha1_base64="qlClGe4gEiwbkVSPpYamFAXt9l8=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilB8/rlytu1Z2DrBIvJxXI0eiXv3qDmKURV8gkNabruQn6GdUomOTTUi81PKFsTIe8a6miETd+Nr90Ss6sMiBhrG0pJHP190RGI2MmUWA7I4ojs+zNxP+8borhtZ8JlaTIFVssClNJMCazt8lAaM5QTiyhTAt7K2EjqilDG07JhuAtv7xKWhdVr1at3V9W6jd5HEU4gVM4Bw+uoA530IAmMAjhGV7hzRk7L86787FoLTj5zDH8gfP5A+2IjPs=</latexit>

11



Fixing the problems
• To reconcile with unitarity, we say that the dipole system in 

the saturation region develops the BFKL Pomeron cascade:
r

R

=
R

rriY

Y0

• S=1-N. The wavy lines denote the BFKL Pomeron 
exchanges. The circles denote the Born amplitude.  

• We don’t know how to sum exactly! 

<latexit sha1_base64="SablyYeBseqKUShWcA8BrfAVHzk=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4KkmR6rHoxWMV+wFtKJvtpF262YTdjVBC/4EXD4p49R9589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8O/PbT6g0j+WjmSToR3QoecgZNVZ68Kr9UtmtuHOQVeLlpAw5Gv3SV28QszRCaZigWnc9NzF+RpXhTOC02Es1JpSN6RC7lkoaofaz+aVTcm6VAQljZUsaMld/T2Q00noSBbYzomakl72Z+J/XTU147WdcJqlByRaLwlQQE5PZ22TAFTIjJpZQpri9lbARVZQZG07RhuAtv7xKWtWKV6vU7i/L9Zs8jgKcwhlcgAdXUIc7aEATGITwDK/w5oydF+fd+Vi0rjn5zAn8gfP5A+8MjPw=</latexit>

12

<latexit sha1_base64="+Okz9Ee2SD/qEhJ0+bbAzKsztgI="></latexit>

Sd
p/A(Y,x01,b) =

→∑

n=0

(→1)n Cn G
n
P (Y,x01,b) =

∮

C

dn

2ω i

ω

sin(ω n)
Cn G

n
P



Dipole picture of DIS
• Nucleus 

= Bag of 
quarks =

=
bi=b

• For multiple exchanges simply exponentiate (Mueller ’90)
<latexit sha1_base64="4ASfpYuR9hakg/URi1Nw5i3xzX8=">AAACEnicbVDLSsNAFJ34rPVVdekmWASFtiSlVDdC0Y3LFuwDmjRMppN26OTBzEQsQ77Bjb/ixoUibl2582+ctFlo64HLPZxzLzP3uBElXBjGt7ayura+sZnbym/v7O7tFw4OOzyMGcJtFNKQ9VzIMSUBbgsiKO5FDEPfpbjrTm5Sv3uPGSdhcCemEbZ9OAqIRxAUSnIK51emVSpbJTyQZctjEEkzkbXkwZGGmQyqLUdyQ/Ukn3cKRaNizKAvEzMjRZCh6RS+rGGIYh8HAlHIed80ImFLyARBFCd5K+Y4gmgCR7ivaAB9zG05OynRT5Uy1L2QqQqEPlN/b0jocz71XTXpQzHmi14q/uf1Y+Fd2pIEUSxwgOYPeTHVRain+ehDwjASdKoIRIyov+poDFUwQqWYhmAunrxMOtWKWa/UW7Vi4zqLIweOwQk4Aya4AA1wC5qgDRB4BM/gFbxpT9qL9q59zEdXtGznCPyB9vkDFcCb3w==</latexit>

= 1 → e→
1
4x

2
01Q

2
s0

<latexit sha1_base64="/hy4BogrSn4e+3bdKcd/nqpVSEQ=">AAACEXicbVDLSsNAFJ3UV62vqEs3g0WoICURqS6LblxWsA9oQplMJ+3QmSTOTIol5Bfc+CtuXCji1p07/8ZJG0FbDwycOede7r3HixiVyrK+jMLS8srqWnG9tLG5tb1j7u61ZBgLTJo4ZKHoeEgSRgPSVFQx0okEQdxjpO2NrjK/PSZC0jC4VZOIuBwNAupTjJSWembFIXcxHTsDxDmqOBypoecn92kvsez05Ofvpcc9s2xVrSngIrFzUgY5Gj3z0+mHOOYkUJghKbu2FSk3QUJRzEhacmJJIoRHaEC6mgaIE+km04tSeKSVPvRDoV+g4FT93ZEgLuWEe7oyW1HOe5n4n9eNlX/hJjSIYkUCPBvkxwyqEGbxwD4VBCs20QRhQfWuEA+RQFjpEEs6BHv+5EXSOq3atWrt5qxcv8zjKIIDcAgqwAbnoA6uQQM0AQYP4Am8gFfj0Xg23oz3WWnByHv2wR8YH98F1p3G</latexit>

→ ω(x01,b)
<latexit sha1_base64="SAgEhnUd7/S4ib+lknhKdsVf5qg=">AAAB8XicbVBNS8NAEJ34WeNX1aOXxSLUS0lEqheh6MWTVLAf2May2W7apZtN2N0IJfRfePGgiFf/jTf/jZs2B219MPB4b4aZeX7MmdKO820tLa+srq0XNuzNre2d3eLeflNFiSS0QSIeybaPFeVM0IZmmtN2LCkOfU5b/ug681tPVCoWiXs9jqkX4oFgASNYG+nh9jEtOyeTS9vuFUtOxZkCLRI3JyXIUe8Vv7r9iCQhFZpwrFTHdWLtpVhqRjid2N1E0RiTER7QjqECh1R56fTiCTo2Sh8FkTQlNJqqvydSHCo1Dn3TGWI9VPNeJv7ndRIdXHgpE3GiqSCzRUHCkY5Q9j7qM0mJ5mNDMJHM3IrIEEtMtAkpC8Gdf3mRNE8rbrVSvTsr1a7yOApwCEdQBhfOoQY3UIcGEBDwDK/wZinrxXq3PmatS1Y+cwB/YH3+AEjkj18=</latexit>

N (0) =

<latexit sha1_base64="CxP+B1yh3eOZoeH1fDBwJ/1oi/0=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lUqseiF49V7Ae0oWy2k3bpZhN2N0IJ/QdePCji1X/kzX/jts1Bqw8GHu/NMDMvSATXxnW/nMLK6tr6RnGztLW9s7tX3j9o6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8M/Pbj6g0j+WDmSToR3QoecgZNVa698775Ypbdecgf4mXkwrkaPTLn71BzNIIpWGCat313MT4GVWGM4HTUi/VmFA2pkPsWipphNrP5pdOyYlVBiSMlS1pyFz9OZHRSOtJFNjOiJqRXvZm4n9eNzXhlZ9xmaQGJVssClNBTExmb5MBV8iMmFhCmeL2VsJGVFFmbDglG4K3/PJf0jqrerVq7e6iUr/O4yjCERzDKXhwCXW4hQY0gUEIT/ACr87YeXbenPdFa8HJZw7hF5yPb/CQjP0=</latexit>

13



Small-x Evolution
• Let us denote by the red rectangle the GGM exchanges. The 

quantum corrections are the virtual and long-lived s-
channel gluons:

+ + … +
• In general we don’t know how to sum this gluon cascade, 

only at leading log-1/x and next to leading log. Also due to 
color factors, still hard to resume. So we also employ the 
large-Nc limit (’t Hooft ’77): 

<latexit sha1_base64="pvSKdI7SQ2PeGwlWzkgcE84V4p0=">AAACA3icbVBNS8NAEJ34WetX1JteFovgqSQi1WPRi8cK9gPaEDbbTbt0swm7G6GEghf/ihcPinj1T3jz37hpc7CtDwYe780wMy9IOFPacX6sldW19Y3N0lZ5e2d3b98+OGypOJWENknMY9kJsKKcCdrUTHPaSSTFUcBpOxjd5n77kUrFYvGgxwn1IjwQLGQEayP59nEvwnoYhNlo4rvlOfh2xak6U6Bl4hakAgUavv3d68ckjajQhGOluq6TaC/DUjPC6aTcSxVNMBnhAe0aKnBElZdNf5igM6P0URhLU0Kjqfp3IsORUuMoMJ35xWrRy8X/vG6qw2svYyJJNRVktihMOdIxygNBfSYp0XxsCCaSmVsRGWKJiTax5SG4iy8vk9ZF1a1Va/eXlfpNEUcJTuAUzsGFK6jDHTSgCQSe4AXe4N16tl6tD+tz1rpiFTNHMAfr6xez/JMH</latexit>

k1 <latexit sha1_base64="rcgAY+Pi1nvjzl5NkcYUp46Ei58=">AAAB6XicbVBNS8NAEJ34WetX1aOXxaJ4KolI9Vj04rGK/YA2lM120i7dbMLuRiih/8CLB0W8+o+8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtJ1Sax/LRjBP0IzqQPOSMGis9dM96pbJbcWcgy8TLSRly1Hulr24/ZmmE0jBBte54bmL8jCrDmcBJsZtqTCgb0QF2LJU0Qu1ns0sn5NQqfRLGypY0ZKb+nshopPU4CmxnRM1QL3pT8T+vk5rw2s+4TFKDks0XhakgJibTt0mfK2RGjC2hTHF7K2FDqigzNpyiDcFbfHmZNC8qXrVSvb8s127yOApwDCdwDh5cQQ3uoA4NYBDCM7zCmzNyXpx352PeuuLkM0fwB87nDx5CjRs=</latexit>

&<latexit sha1_base64="bip59li+eBez6j1rP418KEYpW1g=">AAACA3icbVBNS8NAEJ3Ur1q/ot70slgETyUpUj0WvXisYD+gDWWz3bRLN5uwuxFKKHjxr3jxoIhX/4Q3/42bNgfb+mDg8d4MM/P8mDOlHefHKqytb2xuFbdLO7t7+wf24VFLRYkktEkiHsmOjxXlTNCmZprTTiwpDn1O2/74NvPbj1QqFokHPYmpF+KhYAEjWBupb5/0QqxHfpCOp/1qaQF9u+xUnBnQKnFzUoYcjb793RtEJAmp0IRjpbquE2svxVIzwum01EsUjTEZ4yHtGipwSJWXzn6YonOjDFAQSVNCo5n6dyLFoVKT0Ded2cVq2cvE/7xuooNrL2UiTjQVZL4oSDjSEcoCQQMmKdF8YggmkplbERlhiYk2sWUhuMsvr5JWteLWKrX7y3L9Jo+jCKdwBhfgwhXU4Q4a0AQCT/ACb/BuPVuv1of1OW8tWPnMMSzA+voFtY6TCA==</latexit>

k2

<latexit sha1_base64="CJ/WhFVh4ntHq/gDJIkujN6aIoI=">AAACA3icbVBNS8NAEJ3Ur1q/ot70slgETyVRqR6LXjxWsB/QhrLZbtqlm03Y3QglFLz4V7x4UMSrf8Kb/8ZNm4NtfTDweG+GmXl+zJnSjvNjFVZW19Y3ipulre2d3T17/6CpokQS2iARj2Tbx4pyJmhDM81pO5YUhz6nLX90m/mtRyoVi8SDHsfUC/FAsIARrI3Us4+6IdZDP0hHk95FaQ49u+xUnCnQMnFzUoYc9Z793e1HJAmp0IRjpTquE2svxVIzwumk1E0UjTEZ4QHtGCpwSJWXTn+YoFOj9FEQSVNCo6n6dyLFoVLj0Ded2cVq0cvE/7xOooNrL2UiTjQVZLYoSDjSEcoCQX0mKdF8bAgmkplbERliiYk2sWUhuIsvL5PmecWtVqr3l+XaTR5HEY7hBM7AhSuowR3UoQEEnuAF3uDderZerQ/rc9ZasPKZQ5iD9fULtyCTCQ==</latexit>

k3
—>

<latexit sha1_base64="COf2KTFAwOVgZgC21AafWTwBzbM=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF09SwX5AG8pmu02XbjZhdyKU0B/hxYMiXv093vw3btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfDvz209cGxGrR5wk3I9oqMRQMIpWat/3WS8MvX654lbdOcgq8XJSgRyNfvmrN4hZGnGFTFJjup6boJ9RjYJJPi31UsMTysY05F1LFY248bP5uVNyZpUBGcbalkIyV39PZDQyZhIFtjOiODLL3kz8z+umOLz2M6GSFLlii0XDVBKMyex3MhCaM5QTSyjTwt5K2IhqytAmVLIheMsvr5LWRdWrVWsPl5X6TR5HEU7gFM7Bgyuowx00oAkMxvAMr/DmJM6L8+58LFoLTj5zDH/gfP4Aw02PNg==</latexit>

Nc → 1

<latexit sha1_base64="hqW7WFhaZ6wJG2bTpYXJ2jZJaiE=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF49V7Ae0oWy2k3bpZhN2N0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz04F32yxW36s5BVomXkwrkaPTLX71BzNIIpWGCat313MT4GVWGM4HTUi/VmFA2pkPsWipphNrP5pdOyZlVBiSMlS1pyFz9PZHRSOtJFNjOiJqRXvZm4n9eNzXhtZ9xmaQGJVssClNBTExmb5MBV8iMmFhCmeL2VsJGVFFmbDglG4K3/PIqaV1UvVq1dn9Zqd/kcRThBE7hHDy4gjrcQQOawCCEZ3iFN2fsvDjvzseiteDkM8fwB87nD/IUjP4=</latexit>
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• The original dipole has developed a dipole cascade, each 
of which interacts with the nucleus via GGM scattering

<latexit sha1_base64="efPLTlPYTkzEPG+9HyhANKK7GHw=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1WPRi8cK9gOaUDbbTbt0sxt2J0Ip/RtePCji1T/jzX/jps1Bqw8GHu/NMDMvSgU36HlfTmltfWNzq7xd2dnd2z+oHh51jMo0ZW2qhNK9iBgmuGRt5ChYL9WMJJFg3Whym/vdR6YNV/IBpykLEzKSPOaUoJWCQCFPmKnkGFRrXt1bwP1L/ILUoEBrUP0MhopmCZNIBTGm73sphjOikVPB5pUgMywldEJGrG+pJHZTOFvcPHfPrDJ0Y6VtSXQX6s+JGUmMmSaR7UwIjs2ql4v/ef0M4+twxmWaIZN0uSjOhIvKzQNwh1wzimJqCaGa21tdOiaaULQx5SH4qy//JZ2Lut+oN+4va82bIo4ynMApnIMPV9CEO2hBGyik8AQv8OpkzrPz5rwvW0tOMXMMv+B8fAOdHZAc</latexit>→

<latexit sha1_base64="efPLTlPYTkzEPG+9HyhANKK7GHw=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1WPRi8cK9gOaUDbbTbt0sxt2J0Ip/RtePCji1T/jzX/jps1Bqw8GHu/NMDMvSgU36HlfTmltfWNzq7xd2dnd2z+oHh51jMo0ZW2qhNK9iBgmuGRt5ChYL9WMJJFg3Whym/vdR6YNV/IBpykLEzKSPOaUoJWCQCFPmKnkGFRrXt1bwP1L/ILUoEBrUP0MhopmCZNIBTGm73sphjOikVPB5pUgMywldEJGrG+pJHZTOFvcPHfPrDJ0Y6VtSXQX6s+JGUmMmSaR7UwIjs2ql4v/ef0M4+twxmWaIZN0uSjOhIvKzQNwh1wzimJqCaGa21tdOiaaULQx5SH4qy//JZ2Lut+oN+4va82bIo4ynMApnIMPV9CEO2hBGyik8AQv8OpkzrPz5rwvW0tOMXMMv+B8fAOdHZAc</latexit>→

<latexit sha1_base64="efPLTlPYTkzEPG+9HyhANKK7GHw=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1WPRi8cK9gOaUDbbTbt0sxt2J0Ip/RtePCji1T/jzX/jps1Bqw8GHu/NMDMvSgU36HlfTmltfWNzq7xd2dnd2z+oHh51jMo0ZW2qhNK9iBgmuGRt5ChYL9WMJJFg3Whym/vdR6YNV/IBpykLEzKSPOaUoJWCQCFPmKnkGFRrXt1bwP1L/ILUoEBrUP0MhopmCZNIBTGm73sphjOikVPB5pUgMywldEJGrG+pJHZTOFvcPHfPrDJ0Y6VtSXQX6s+JGUmMmSaR7UwIjs2ql4v/ef0M4+twxmWaIZN0uSjOhIvKzQNwh1wzimJqCaGa21tdOiaaULQx5SH4qy//JZ2Lut+oN+4va82bIo4ynMApnIMPV9CEO2hBGyik8AQv8OpkzrPz5rwvW0tOMXMMv+B8fAOdHZAc</latexit>→

<latexit sha1_base64="efPLTlPYTkzEPG+9HyhANKK7GHw=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1WPRi8cK9gOaUDbbTbt0sxt2J0Ip/RtePCji1T/jzX/jps1Bqw8GHu/NMDMvSgU36HlfTmltfWNzq7xd2dnd2z+oHh51jMo0ZW2qhNK9iBgmuGRt5ChYL9WMJJFg3Whym/vdR6YNV/IBpykLEzKSPOaUoJWCQCFPmKnkGFRrXt1bwP1L/ILUoEBrUP0MhopmCZNIBTGm73sphjOikVPB5pUgMywldEJGrG+pJHZTOFvcPHfPrDJ0Y6VtSXQX6s+JGUmMmSaR7UwIjs2ql4v/ef0M4+twxmWaIZN0uSjOhIvKzQNwh1wzimJqCaGa21tdOiaaULQx5SH4qy//JZ2Lut+oN+4va82bIo4ynMApnIMPV9CEO2hBGyik8AQv8OpkzrPz5rwvW0tOMXMMv+B8fAOdHZAc</latexit>→

• Where S=1-N and rho denotes the dipole densities 
(probability to find n dipoles in the amplitude)

Small-x Evolution
<latexit sha1_base64="bRDn7yAgn29z26/Y0CmyhoJ/T4c=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBU9kVWz0WvXisYD+kXUo2zbahSXZJskJZ+iu8eFDEqz/Hm//GbLsHbX0w8Hhvhpl5QcyZNq777RTW1jc2t4rbpZ3dvf2D8uFRW0eJIrRFIh6pboA15UzSlmGG026sKBYBp51gcpv5nSeqNIvkg5nG1Bd4JFnICDZWevRqpQUG5YpbdedAq8TLSQVyNAflr/4wIomg0hCOte55bmz8FCvDCKezUj/RNMZkgke0Z6nEgmo/nR88Q2dWGaIwUrakQXP190SKhdZTEdhOgc1YL3uZ+J/XS0x47adMxomhkiwWhQlHJkLZ92jIFCWGTy3BRDF7KyJjrDAxNqMsBG/55VXSvqh69Wr9/rLSuMnjKMIJnMI5eHAFDbiDJrSAgIBneIU3RzkvzrvzsWgtOPnMMfyB8/kDY96Niw==</latexit>
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<latexit sha1_base64="FMKKy2hDc6ul+Q/s7HczuecI7uE="></latexit>

SdA (Y ;x01,b) =
→∑

n=0

(→1)n
∫ n∏

i=1

d2x01,i d
2bi ↑ ωBA(x01,i,x0→1→ ,bi) εn(Y ; {x01,i,bi})

<latexit sha1_base64="YtEM9L54sbE+m7/b7kBLS2z87ZU="></latexit>

SdA (Y ;x01,b) =
→∑

n=0

(→1)n
∫ n∏

i=1

d2x01,i d
2bi ↑ ω(x01,i,x0→1→ ,bi) εn(Y ; {x01,i,bi})



<latexit sha1_base64="zsZDW6BdPhjxaLO21618WLYkIuU=">AAAB73icbVBNS8NAEJ2tX7V+VT16WSyCp5KIVI9FLx4r2A9oQ9lsN+3SzSbuboQS+ie8eFDEq3/Hm//GTZqDtj4YeLw3w8w8PxZcG8f5RqW19Y3NrfJ2ZWd3b/+genjU0VGiKGvTSESq5xPNBJesbbgRrBcrRkJfsK4/vc387hNTmkfywcxi5oVkLHnAKTFW6rmNSo5htebUnRx4lbgFqUGB1rD6NRhFNAmZNFQQrfuuExsvJcpwKti8Mkg0iwmdkjHrWypJyLSX5vfO8ZlVRjiIlC1pcK7+nkhJqPUs9G1nSMxEL3uZ+J/XT0xw7aVcxolhki4WBYnAJsLZ83jEFaNGzCwhVHF7K6YTogg1NqIsBHf55VXSuai7jXrj/rLWvCniKMMJnMI5uHAFTbiDFrSBgoBneIU39Ihe0Dv6WLSWUDFzDH+APn8AMKyNeA==</latexit>

16
• In arriving to that expression, the dipole–nucleus S-matrix 

is found to obey the following non-linear evolution 
equation (Balitsky ’96; Kovchegov ’99)

<latexit sha1_base64="OIxq+i4vcGWKHvhB5mFDmHjlAzY="></latexit>

ω SdA (Y,x01,b)

ωY
=

εS Nc

2ϑ2

∫
d2x2

x2
01

x2
12 x

2
02

→ [SdA (Y ;x12,b) SdA (Y ;x02,b) ↑ SdA (Y ;x01,b)]
<latexit sha1_base64="OIxq+i4vcGWKHvhB5mFDmHjlAzY="></latexit>

ω SdA (Y,x01,b)

ωY
=

εS Nc

2ϑ2

∫
d2x2

x2
01

x2
12 x

2
02

→ [SdA (Y ;x12,b) SdA (Y ;x02,b) ↑ SdA (Y ;x01,b)]

where 
<latexit sha1_base64="G/sqitJTk+KRq+wrnM5lgwM6OSM=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBFclJqIVDdC0Y3LCvYhTSiT6aQdOpmEmYkYQv0VNy4UceuHuPNvnKRZaOuBC4dz7uXee7yIUaks69tYWl5ZXVsvbZQ3t7Z3ds29/Y4MY4FJG4csFD0PScIoJ21FFSO9SBAUeIx0vcl15ncfiJA05HcqiYgboBGnPsVIaWlgVu6d2qVTcxiH9sljOcfArFp1KwdcJHZBqqBAa2B+OcMQxwHhCjMkZd+2IuWmSCiKGZmWnViSCOEJGpG+phwFRLppfvwUHmllCP1Q6OIK5urviRQFUiaBpzsDpMZy3svE/7x+rPwLN6U8ihXheLbIjxlUIcySgEMqCFYs0QRhQfWtEI+RQFjpvLIQ7PmXF0nntG436o3bs2rzqoijBA7AITgGNjgHTXADWqANMEjAM3gFb8aT8WK8Gx+z1iWjmKmAPzA+fwCcqZGE</latexit>

Y = ln 1/x and <latexit sha1_base64="IOd/44UJRkJZjjoYQtxnU1XQ1JM=">AAACF3icbVDLSsNAFJ34rPUVdelmsAguakhEqhuh6MZlBfuAJoTJdNJOO3kwMxFLyF+48VfcuFDEre78GydtFrX1wMCZc+7l3nu8mFEhTfNHW1peWV1bL22UN7e2d3b1vf2WiBKOSRNHLOIdDwnCaEiakkpGOjEnKPAYaXujm9xvPxAuaBTey3FMnAD1Q+pTjKSSXN2wAyQHnp8+Zm5Kh5ldvbKrMxo9nfkMy65eMQ1zArhIrIJUQIGGq3/bvQgnAQklZkiIrmXG0kkRlxQzkpXtRJAY4RHqk66iIQqIcNLJXRk8VkoP+hFXL5Rwos52pCgQYhx4qjJfUsx7ufif102kf+mkNIwTSUI8HeQnDMoI5iHBHuUESzZWBGFO1a4QDxBHWKoo8xCs+ZMXSevMsGpG7e68Ur8u4iiBQ3AEToAFLkAd3IIGaAIMnsALeAPv2rP2qn1on9PSJa3oOQB/oH39Ag03oHs=</latexit>xij = xi → xj ,
<latexit sha1_base64="L1kizcaNcyda4vZeiZEXEPyaiHA=">AAACBXicbVDLSsNAFJ3UV62vqEtdDBbBRSmJSHUjFN24rGAf0IQwmU7asZMHMxNpSbNx46+4caGIW//BnX/jJO1CWw9cOJxzL/fe40aMCmkY31phaXllda24XtrY3Nre0Xf3WiKMOSZNHLKQd1wkCKMBaUoqGelEnCDfZaTtDq8zv/1AuKBhcCfHEbF91A+oRzGSSnL0w5GT0PvUqlxalYnlIzlwvWSU5uLE0ctG1cgBF4k5I2UwQ8PRv6xeiGOfBBIzJETXNCJpJ4hLihlJS1YsSITwEPVJV9EA+UTYSf5FCo+V0oNeyFUFEubq74kE+UKMfVd1ZneKeS8T//O6sfQu7IQGUSxJgKeLvJhBGcIsEtijnGDJxoogzKm6FeIB4ghLFVxJhWDOv7xIWqdVs1at3Z6V61ezOIrgAByBE2CCc1AHN6ABmgCDR/AMXsGb9qS9aO/ax7S1oM1m9sEfaJ8/TBGZHQ==</latexit>

xij = |xij |

Small-x Evolution

<latexit sha1_base64="rvzVnxr+hUTAJsPw7yhUXHOXFkM="></latexit>

SdA (Y = YA,x01,b) = exp

(
→1

4
x2
01 Q

2
s(YA,b)

)• The initial condition with energy is given by

<latexit sha1_base64="FtPuBCp7RR4MXZ+LupSv1wtkHeI=">AAACBHicbZDLSsNAFIZP6q3WW9RlN4NFcFUSkeqy6MZlBXuRJpTJdNIOnVyYmQglZOHGV3HjQhG3PoQ738ZJG0Rbfxj4+M85M3N+L+ZMKsv6Mkorq2vrG+XNytb2zu6euX/QkVEiCG2TiEei52FJOQtpWzHFaS8WFAcep11vcpXXu/dUSBaFt2oaUzfAo5D5jGClrYFZdXyBSerEWCiGefZD6C4bmDWrbs2ElsEuoAaFWgPz0xlGJAloqAjHUvZtK1Zuml9IOM0qTiJpjMkEj2hfY4gDKt10tkSGjrUzRH4k9AkVmrm/J1IcSDkNPN0ZYDWWi7Xc/K/WT5R/4aYsjBNFQzJ/yE84UhHKE0FDJihRfKoBE8H0XxEZY52K0rlVdAj24srL0Dmt24164+as1rws4ihDFY7gBGw4hyZcQwvaQOABnuAFXo1H49l4M97nrSWjmDmEPzI+vgGYqZi3</latexit>

ω

ωY



Solution of BK equation
• For the leading twist BFKL kernel (E. Levin and K. Tuchin 

’00)

• These equations can be solved by introducing the auxiliary 
function 

where 

<latexit sha1_base64="vxzcpeANfU8I0SIwTi8zN3f0EEE="></latexit>

ω̄S

2ε

∫
d2x2

x2
01

x2
12 x

2
02

→ ω̄S

2

x2
01∫

Q→2
s (Y,b)

dx2
02

x2
02

+
ω̄S

2

x2
01∫

Q→2
s (Y,b)

dx2
12

x2
12

↑ ω̄S

2

ω∫

→ωs

dϑ02 +
ω̄S

2

ω∫

→ωs

dϑ12

• The BK evolution equation can be rewritten in terms of ξs 
and ξ as 

<latexit sha1_base64="K9VhzZ+S1A/u4T6jyLDySZvwRPo="></latexit>

ωij = ln(x2
ij Q

2
s(Y = YA,b)) and 

<latexit sha1_base64="pB8kYUp2SFdr0/aa2Absi5CTs1w="></latexit>

ω SdA (εs, ε)

ω εs
=

1

ϑ
SdA (εs, ε)

ω∫

→ωs

dε↑ (1 → SdA (εs, ε
↑))

<latexit sha1_base64="d7jr23ooLpnssNdR7is7+xrANrc="></latexit>

SdA (ωs, ω) = exp (→! (ωs, ω))

<latexit sha1_base64="unaeaIl3A9XBUCF+aRNGzYv6nac=">AAACF3icbVDLSsNAFJ34rPVVdekmWAQFLYlIdSNU3bisaH3QhHAznbRDJ8kwcyOW0r9w46+4caGIW935N05rFr4OXO7hnHuZuSeUgmt0nA9rbHxicmq6MFOcnZtfWCwtLV/oNFOUNWgqUnUVgmaCJ6yBHAW7kopBHAp2GXaPh/7lDVOap8k59iTzY2gnPOIU0EhBqeLd8kAfeCEoD4TsQHDmbXldkBJMFyzCjevt6+DQU7zdwc2gVHYqzgj2X+LmpExy1IPSu9dKaRazBKkArZuuI9Hvg0JOBRsUvUwzCbQLbdY0NIGYab8/umtgrxulZUepMpWgPVK/b/Qh1roXh2YyBuzo395Q/M9rZhjt+32eyAxZQr8eijJhY2oPQ7JbXDGKomcIUMXNX23aAQUUTZRFE4L7++S/5GKn4lYr1dPdcu0oj6NAVska2SAu2SM1ckLqpEEouSMP5Ik8W/fWo/VivX6Njln5zgr5AevtExKpnz0=</latexit>

ωs = ε̄S ϑ (Y → YA)

<latexit sha1_base64="oow5QyUs+/jXYL9q1jl5k7aXmVU=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEWo9FLx6rWFtoQ9lsJ+3SzSbsboQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fDoUcepYthisYhVJ6AaBZfYMtwI7CQKaRQIbAfjm5nffkKleSwfzCRBP6JDyUPOqLHSvVfvlytu1Z2DrBIvJxXI0eyXv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtVTSCLWfzS+dkjOrDEgYK1vSkLn6eyKjkdaTKLCdETUjvezNxP+8bmrCKz/jMkkNSrZYFKaCmJjM3iYDrpAZMbGEMsXtrYSNqKLM2HBKNgRv+eVV8nhR9WrV2t1lpXGdx1GEEziFc/CgDg24hSa0gEEIz/AKb87YeXHenY9Fa8HJZ47hD5zPH/agjQE=</latexit>
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Solution of BK equation
• We can obtain the non-linear equation for

<latexit sha1_base64="AbMjCIOUC0o/9LKaljBrfIFssmM=">AAACBnicbVDJSgNBEO2JW4xb1KMIg0GIIGFGJHoMevFmBLNAZhh6OjWTJj0L3TViCDl58Ve8eFDEq9/gzb+xsxw0+qDg8V4VVfX8VHCFlvVl5BYWl5ZX8quFtfWNza3i9k5TJZlk0GCJSGTbpwoEj6GBHAW0Uwk08gW0/P7l2G/dgVQ8iW9xkIIb0TDmAWcUteQV953rCELqCAiw7NzzY12eciQPe3hU8Iolq2JNYP4l9oyUyAx1r/jpdBOWRRAjE1Spjm2l6A6pRM4EjApOpiClrE9D6Gga0wiUO5y8MTIPtdI1g0TqitGcqD8nhjRSahD5ujOi2FPz3lj8z+tkGJy7Qx6nGULMpouCTJiYmONMzC6XwFAMNKFMcn2ryXpUUoY6uXEI9vzLf0nzpGJXK9Wb01LtYhZHnuyRA1ImNjkjNXJF6qRBGHkgT+SFvBqPxrPxZrxPW3PGbGaX/ILx8Q1jd5hx</latexit>

! (ω, ωs)
<latexit sha1_base64="X5un7LR1AXU++J1G4VsJhfyRqyw="></latexit>

ω2 ! (εs, ε)

ω εs ω ε
=

1

ϑ

(
1 → e→!(ωs,ω)

)

• For the geometric scaling variable z=ξs+ξ it reduces to
<latexit sha1_base64="OGB2wBxRdIfq9Fbxr+mGR/3FoYo="></latexit>

d2 ! (z)

d z2
=

1

ω

(
1 → e→!(z)

)

<latexit sha1_base64="XG2XAAWpXI8/5e/FKS9PNZyPSCU="></latexit>

→
!(z)∫

!0(ω)

d!→
√

!→ + e↑!→ ↑ 1 + ε
2 C1

=

√
2

ω
(z + C2)

• Constants C1 and C2 can be found from matching with 
perturbative QCD region. 

• Geometric scaling has been observed in DIS data by 
Stasto, Golec-Biernat, Kwiecinski in 00.

<latexit sha1_base64="2XFWpAEEJZNfdNIjHfA29goL+oI=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEao9FLx6rWFtoQ9lsN+3SzSbsToQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfHj0aOJUM95isYx1J6CGS6F4CwVK3kk0p1EgeTsY38z89hPXRsTqAScJ9yM6VCIUjKKV7r16v1xxq+4cZJV4OalAjma//NUbxCyNuEImqTFdz03Qz6hGwSSflnqp4QllYzrkXUsVjbjxs/mlU3JmlQEJY21LIZmrvycyGhkziQLbGVEcmWVvJv7ndVMM634mVJIiV2yxKEwlwZjM3iYDoTlDObGEMi3srYSNqKYMbTglG4K3/PIqebyoerVq7e6y0rjO4yjCCZzCOXhwBQ24hSa0gEEIz/AKb87YeXHenY9Fa8HJZ47hD5zPH/gkjQI=</latexit>
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Single diffractive dissociation



• At high MX, in addition to the qqbar, one may have many 
more gluons produced (y>Y0):

Single diffractive dissociation

Diffraction evolution as 
fan diagrams 

The process

<latexit sha1_base64="dqeMX/LqiWt3zFB97qK+KnhU8g0=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqt6KXjxWsR/QhrLZTtqlm03Y3Qgl9B948aCIV/+RN/+N2zYHrT4YeLw3w8y8IBFcG9f9cgorq2vrG8XN0tb2zu5eef+gpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPxzcxvP6LSPJYPZpKgH9Gh5CFn1Fjp3rvqlytu1Z2D/CVeTiqQo9Evf/YGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/m186JSdWGZAwVrakIXP150RGI60nUWA7I2pGetmbif953dSEl37GZZIalGyxKEwFMTGZvU0GXCEzYmIJZYrbWwkbUUWZseGUbAje8st/Seus6tWqtbvzSv06j6MIR3AMp+DBBdThFhrQBAYhPMELvDpj59l5c94XrQUnnzmEX3A+vgH5qI0D</latexit>
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• The single diffractive cross section is 
Single diffractive dissociation

<latexit sha1_base64="pFQTeK3N24K5sKjDzhfhMlH62Zc="></latexit>

M2
X

dωω→A
diff

dM2
X

= →
∫

d2x0 d
2x1

∫ 1

0
dz |!ω→→qq̄(x01, z,Q

2)| εS
D(Y, Y0;x01,b)

εY0

• SD is the diffractive S-matrix with the rapidity gap greater 
than or equal to Y0. It is descomposed as SD=1-2N+σSD. 

• SD is a complicated object:<latexit sha1_base64="NSl7jGlZ9gkxQb64DYPRDyqt1lM="></latexit>

SD
dA (Y, Y0;x01,b) =

→∑

n=0

(→1)n
→∑

k=0

(→1)k
∫ n∏

i=1

d2x01,i d
2bi

k∏

j=1

d2x01,j d
2bj ↑ ωBA(x01,i,x0→1→ ,bi) ε

D
n,k(Ym, Y0; {x01,i,bi}) εn(Y0; {x01,i,bi})

<latexit sha1_base64="aAzrU6aJa2CJkC5nsecOfnSJ40k="></latexit>

→
∫ n∏

i=1

d2x01,i d
2bi

k∏

j=1

d2x01,j d
2bj → ωBA(x01,i,x0→1→ ,bi) ε

D
n,k(Ym, Y0; {x01,i,bi}) εn(Y0; {x01,i,bi})

<latexit sha1_base64="HCCobN3hX6jGxvOLnxhXaUTWos8="></latexit>

→ ωBA(x01,i,x0→1→ ,bi) ω
BA(x01,j ,x0→1→ ,bj) → εDn,k(Ym, Y0; {x01,i,bi}) εn(Y0; {x01,i,bi})

<latexit sha1_base64="HCCobN3hX6jGxvOLnxhXaUTWos8="></latexit>

→ ωBA(x01,i,x0→1→ ,bi) ω
BA(x01,j ,x0→1→ ,bj) → εDn,k(Ym, Y0; {x01,i,bi}) εn(Y0; {x01,i,bi})

<latexit sha1_base64="FH6nPUmQEIfSCWH2m8eBm1LsNvA=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkmR6rHoxWNF+wFtKJvtpl262YTdiVBKf4IXD4p49Rd589+4aXPQ1gcDj/dmmJkXJFIYdN1vZ219Y3Nru7BT3N3bPzgsHR23TJxqxpsslrHuBNRwKRRvokDJO4nmNAokbwfj28xvP3FtRKwecZJwP6JDJULBKFrpoeoW+6WyW3HnIKvEy0kZcjT6pa/eIGZpxBUySY3pem6C/pRqFEzyWbGXGp5QNqZD3rVU0Ygbfzo/dUbOrTIgYaxtKSRz9ffElEbGTKLAdkYUR2bZy8T/vG6K4bU/FSpJkSu2WBSmkmBMsr/JQGjOUE4soUwLeythI6opQ5tOFoK3/PIqaVUrXq1Su78s12/yOApwCmdwAR5cQR3uoAFNYDCEZ3iFN0c6L86787FoXXPymRP4A+fzByIIjQ8=</latexit>
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• Fortunately, doing one step in evolution and using the 
following cancellations of final state interactions for gluons 
with y>Y0 (Z. Chen, A. Mueller ’95)

Diffractive S-matrix

• The equation for the single diffraction production in QCD 
satisfies again the BK equation, but with different I.C.:

<latexit sha1_base64="QVyLy3VBwW+3Q8Bd4MVee9zvRgU="></latexit>

ω SD
dA (Y, Y0;x01,b)

ωY
=

εS Nc

2ϑ2

∫
d2x2

x2
01

x2
12 x

2
02

→
[
SD
dA (Y, Y0;x12,b) S

D
dA (Y, Y0;x02,b) ↑ SD

dA (Y, Y0;x01,b)
]

<latexit sha1_base64="A9KFiZslP18ZisH4uyAYvIKNpa4="></latexit>

ω SD
dA (Y, Y0;x01,b)

ω Y
=

εS Nc

2ϑ2

∫
d2x2

x2
01

x2
12 x

2
02

→
[
SD
dA (Y, Y0;x12,b) S

D
dA (Y, Y0;x02,b) ↑ SD

dA (Y, Y0;x01,b)
]

<latexit sha1_base64="IhdJ176WPRLMws1tSkrLQCqVk6w="></latexit>

SD
dA(Y = Y0, Y0;x01,b) = S2

dA(Y = Y0;x01,b)I.C.

<latexit sha1_base64="V46ZFRCf1PcE+rnXDbtzZSsMKmA=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkmR6rHoxWNF+wFtKJvtpl262YTdiVBKf4IXD4p49Rd589+4aXPQ1gcDj/dmmJkXJFIYdN1vZ219Y3Nru7BT3N3bPzgsHR23TJxqxpsslrHuBNRwKRRvokDJO4nmNAokbwfj28xvP3FtRKwecZJwP6JDJULBKFrpoeoV+6WyW3HnIKvEy0kZcjT6pa/eIGZpxBUySY3pem6C/pRqFEzyWbGXGp5QNqZD3rVU0Ygbfzo/dUbOrTIgYaxtKSRz9ffElEbGTKLAdkYUR2bZy8T/vG6K4bU/FSpJkSu2WBSmkmBMsr/JQGjOUE4soUwLeythI6opQ5tOFoK3/PIqaVUrXq1Su78s12/yOApwCmdwAR5cQR3uoAFNYDCEZ3iFN0c6L86787FoXXPymRP4A+fzByONjRA=</latexit>
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• The solution to this equation has the form:

Solution in the saturation region 
<latexit sha1_base64="HrR4zAlvUy50jTfwE5DhTxMXOEE="></latexit>

SD
dA (ω, ωs) = exp

(
→!D (ω, ωs)

)
• Introducing 

• This notation reflects that the production of gluons with 
mass MX occurs in the dipole-Pomeron scattering

<latexit sha1_base64="lYFCWFnzq0cvgOm2BVtP2G1vneI="></latexit>

ω2 !D (εs, ε)

ω εs ω ε
=

1

ϑ

(
1 → e→!D(ωs,ω)

)

<latexit sha1_base64="e6HpFTvSpjTvxplvwSxhEGyQnm0="></latexit>

SD
dA (z) = SD(zm)S2

dA(z0)

<latexit sha1_base64="29y8cGUomnNJpplW+iNBci2NW0o=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4KkmR6rHoxWMV+wFtKJvtpF262YTdjVBC/4EXD4p49R9589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8O/PbT6g0j+WjmSToR3QoecgZNVZ6qFb7pbJbcecgq8TLSRlyNPqlr94gZmmE0jBBte56bmL8jCrDmcBpsZdqTCgb0yF2LZU0Qu1n80un5NwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazt8mAK2RGTCyhTHF7K2EjqigzNpyiDcFbfnmVtKoVr1ap3V+W6zd5HAU4hTO4AA+uoA530IAmMAjhGV7hzRk7L86787FoXXPymRP4A+fzB/CRjP0=</latexit>
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Particle production  
at small-x 



Gluon production at small-x  
dipole

coherent state
of dipoles

mess of dipole interactions dipole−gluon
transitions

detectors

interaction      t=0 t =  �t = −

i i

• The interaction of fast hadron (dipole) with the virtual 
photon (γ∗). The coherence of the partonic wave function 
of the fast hadron is destroyed at t = 0, while the gluons 
can be measured at t = ∞.

<latexit sha1_base64="b6dLotmBnEumZNdiykQrtwzIivk=">AAAB6XicbVDLTgJBEOzFF+IL9ehlIjHxRHbRoEeiF49o5JHAhswOvTBhdnYzM2tCCH/gxYPGePWPvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJaPZpygH9GB5CFn1FjpoXLRK5bcsjsHWSVeRkqQod4rfnX7MUsjlIYJqnXHcxPjT6gynAmcFrqpxoSyER1gx1JJI9T+ZH7plJxZpU/CWNmShszV3xMTGmk9jgLbGVEz1MveTPzP66QmvPYnXCapQckWi8JUEBOT2dukzxUyI8aWUKa4vZWwIVWUGRtOwYbgLb+8SpqVslctV+8vS7WbLI48nMApnIMHV1CDO6hDAxiE8Ayv8OaMnBfn3flYtOacbOYY/sD5/AHyFYz+</latexit>
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The AGK cutting rules
• The Pomeron or uncut Pomeron is related to the “cut 

Pomeron” through the optical theorem

where
<latexit sha1_base64="BTPH5fxbyN2ZiW1Lbofvfyvrs/g="></latexit>

ωk
n (Y ; r,b) =






(→1)k
(
2k → 2

)
Fk(Y ; r,b) for n = 0

(→1)k→n k!

(k → n)!n!
2k Fk(Y ; r,b) for n ↑ 1

<latexit sha1_base64="BTPH5fxbyN2ZiW1Lbofvfyvrs/g="></latexit>

ωk
n (Y ; r,b) =






(→1)k
(
2k → 2

)
Fk(Y ; r,b) for n = 0

(→1)k→n k!

(k → n)!n!
2k Fk(Y ; r,b) for n ↑ 1

<latexit sha1_base64="T3vwvDLg8sgT10TzY8p9ie7PsoA="></latexit>

ωAGK
n (Y ; r,b) =

→∑

k=n

ωk
n (Y ; r,b)

and
<latexit sha1_base64="HSilKd9bGHZTkIyo7rQ4kwlttYU="></latexit>

Fk(Y ;x01,b) = Ck(x01,b) (ImGBFKL(Y ;x01,b))
k

<latexit sha1_base64="RtC+MzoDpjajgrJmnx1Nuxhz7KI=">AAAB6XicbVDLTgJBEOzFF+IL9ehlIjHxRHYJQY9ELx7RyCOBDZkdZmHC7OxmpteEEP7AiweN8eofefNvHGAPClbSSaWqO91dQSKFQdf9dnIbm1vbO/ndwt7+weFR8fikZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38799hPXRsTqEScJ9yM6VCIUjKKVHirVfrHklt0FyDrxMlKCDI1+8as3iFkacYVMUmO6npugP6UaBZN8VuilhieUjemQdy1VNOLGny4unZELqwxIGGtbCslC/T0xpZExkyiwnRHFkVn15uJ/XjfF8NqfCpWkyBVbLgpTSTAm87fJQGjOUE4soUwLeythI6opQxtOwYbgrb68TlqVslcr1+6rpfpNFkcezuAcLsGDK6jDHTSgCQxCeIZXeHPGzovz7nwsW3NONnMKf+B8/gDzmYz/</latexit>
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• The Abramovsky-Gribov-Kancheli (AGK) cutting rules 
allows us to calculate the cross sections for production of 
n-cut Pomerons if we know Fk: the contribution of the 
exchange of k-Pomerons to the cross section

<latexit sha1_base64="P4DUoNid6j9wPwn0YF9r1F6AiNI="></latexit>

2NBFKL = ωBFKL
in

2 Im G

2 Im G



The AGK cutting rules
• The I.C. from the GGM formula

<latexit sha1_base64="jBhM7n5jXmF4V57CCFf0ZdXwv7Y=">AAACGXicbZDLSsNAFIYnXmu9VV26GSxChVKSItWNUHTjsgV7gaaGyXTSDp1MwsyJtIS+hhtfxY0LRVzqyrcxabvQ1gMzfPz/Ocyc3w0F12Ca38bK6tr6xmZmK7u9s7u3nzs4bOogUpQ1aCAC1XaJZoJL1gAOgrVDxYjvCtZyhzep33pgSvNA3sE4ZF2f9CX3OCWQSE7OtEfcLtrFq/SyhcS2YB4URk5sWpP7sl2sO7E2U1K8P4CzrJPLmyVzWngZrDnk0bxqTu7T7gU08pkEKojWHcsMoRsTBZwKNsnakWYhoUPSZ50EJfGZ7sbTzSb4NFF62AtUciTgqfp7Iia+1mPfTTp9AgO96KXif14nAu+yG3MZRsAknT3kRQJDgNOYcI8rRkGMEyBU8eSvmA6IIhSSMNMQrMWVl6FZLlmVUqV+nq9ez+PIoGN0ggrIQheoim5RDTUQRY/oGb2iN+PJeDHejY9Z64oxnzlCf8r4+gEbKp6F</latexit>

ω = ln
(
x2
01 Q

2
s0

)

<latexit sha1_base64="FYcbEoAhnIf8FeudQ+cxBEbdUMU="></latexit>

=

(
1
2 x

2
01 Q

2
s0

)n

n!
exp

{
→ 1

2
x2
01 Q

2
s0

}

<latexit sha1_base64="KFd+qYwbYaowCjHGw15jNQNNXEc="></latexit>

ωAGK
n,01(Y = YA) =

→∑

k=n

(→1)k↑n k!

(k → n)!n!
2k

1

k!

(
x2
01 Q

2
s0

4

)k

• For<latexit sha1_base64="KRBLwT8NPDRqNzqwPxG0R9yWJhw="></latexit>

ωAGK
n (Y = YA;x01,b) =

(
1
2 e

ω
)n

n!
exp

{
→ 1

2
eω
}

<latexit sha1_base64="KhPdS4HJ/mflKaurPgatTIalrvs="></latexit>

N (0)(Y = YA,x01,b) = 1 → exp

(
→1

4
x2
01 Q

2
s(YA,b)

)
=

→∑

k=1

(→1)k+1 1

k!

(
x2
01Q

2
s(YA,b)

4

)k

<latexit sha1_base64="hzBJn6Oz9fB9X/PHhLrvFEdklTg="></latexit>

N (0)(Y = YA,x01,b) = 1 → exp

(
→1

4
x2
01 Q

2
s(YA,b)

)
=

→∑

k=1

(→1)k+1 1

k!

(
x2
01Q

2
s(YA,b)

4

)k

︸ ︷︷ ︸
Fk

<latexit sha1_base64="uSlJA1V86bLMPV7Q4s5AMy52j9M=">AAAB6XicbVDLTgJBEOzFF+IL9ehlIjHxRHaJokeiF49o5JHAhswOvTBhdnYzM2tCCH/gxYPGePWPvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJaPZpygH9GB5CFn1FjpoXLZK5bcsjsHWSVeRkqQod4rfnX7MUsjlIYJqnXHcxPjT6gynAmcFrqpxoSyER1gx1JJI9T+ZH7plJxZpU/CWNmShszV3xMTGmk9jgLbGVEz1MveTPzP66QmvPYnXCapQckWi8JUEBOT2dukzxUyI8aWUKa4vZWwIVWUGRtOwYbgLb+8SpqVslctV+8vSrWbLI48nMApnIMHV1CDO6hDAxiE8Ayv8OaMnBfn3flYtOacbOYY/sD5/AH1HY0A</latexit>
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The AGK cutting rules
• General case n=1

<latexit sha1_base64="SJQo63877dZ2yZJPclHeBc/R5Tg="></latexit>

ωAGK
1 =

→∑

k=1

(→1)k↑1 k!

(k → 1)! 1!
2k Ck (ImGBFKL)

k

<latexit sha1_base64="vzu5+ZhXqacFccR+7tmVQJfVk2g="></latexit>

= C1 ω
BFKL
in + C2 2 (2 ImGBFKL)ω

BFKL
in + C3 3 (2 ImGBFKL)

2 ωBFKL
in + · · ·

<latexit sha1_base64="vzu5+ZhXqacFccR+7tmVQJfVk2g="></latexit>

= C1 ω
BFKL
in + C2 2 (2 ImGBFKL)ω

BFKL
in + C3 3 (2 ImGBFKL)

2 ωBFKL
in + · · ·

= -2 +2 …

<latexit sha1_base64="9OJ3GYUJZQ2dFfpJY/YDRllJgrM=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4KkmR6rHoxWMV+wFtKJvtpl262YTdiVBC/4EXD4p49R9589+4bXPQ1gcDj/dmmJkXJFIYdN1vZ219Y3Nru7BT3N3bPzgsHR23TJxqxpsslrHuBNRwKRRvokDJO4nmNAokbwfj25nffuLaiFg94iThfkSHSoSCUbTSQ7XWL5XdijsHWSVeTsqQo9EvffUGMUsjrpBJakzXcxP0M6pRMMmnxV5qeELZmA5511JFI278bH7plJxbZUDCWNtSSObq74mMRsZMosB2RhRHZtmbif953RTDaz8TKkmRK7ZYFKaSYExmb5OB0JyhnFhCmRb2VsJGVFOGNpyiDcFbfnmVtKoVr1ap3V+W6zd5HAU4hTO4AA+uoA530IAmMAjhGV7hzRk7L86787FoXXPymRP4A+fzB/ahjQE=</latexit>
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Produced particles
• To find the multiplicity distribution of particles in the final 

states one needs to convolute σk with the distribution of 
particles inside k-cut Pomerons 

<latexit sha1_base64="awDea0wt3n/Xsz2Xb2DolQq5Qe8="></latexit>

ωf.s.
n (Y ;x01,b) =

→∑

k=1

ωAGK
k (Y ;x01,b)Pn(k!BFKLY )

<latexit sha1_base64="qGDALcGL8oRwpyuRJLdr3ymohDo="></latexit>

Y → 1→→→→↑ ωAGK

k=n/(!BFKL Y ) (Y,x01,b)

Poisson  
distribution

<latexit sha1_base64="7fQXj7aD0roR8XO1XQEqQkhGrrc=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16WSyCp5KIVI9FLx4r2FZoQtlsN+3SzSbsbpQS+1O8eFDEq7/Em//GTRtBWx8MPN6bYWZekHCmtON8WaWV1bX1jfJmZWt7Z3fPru53VJxKQtsk5rG8C7CinAna1kxzepdIiqOA024wvsr97j2VisXiVk8S6kd4KFjICNZG6ttVT0WYc29a+UHfrjl1Zwa0TNyC1KBAq29/eoOYpBEVmnCsVM91Eu1nWGpGOJ1WvFTRBJMxHtKeoQJHVPnZ7PQpOjbKAIWxNCU0mqm/JzIcKTWJAtMZYT1Si14u/uf1Uh1e+BkTSaqpIPNFYcqRjlGeAxowSYnmE0MwkczcisgIS0y0SSsPwV18eZl0Tutuo964Oas1L4s4ynAIR3ACLpxDE66hBW0g8ABP8AKv1qP1bL1Z7/PWklXMHMAfWB/fsJ+RCA==</latexit>

}
<latexit sha1_base64="7fQXj7aD0roR8XO1XQEqQkhGrrc=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16WSyCp5KIVI9FLx4r2FZoQtlsN+3SzSbsbpQS+1O8eFDEq7/Em//GTRtBWx8MPN6bYWZekHCmtON8WaWV1bX1jfJmZWt7Z3fPru53VJxKQtsk5rG8C7CinAna1kxzepdIiqOA024wvsr97j2VisXiVk8S6kd4KFjICNZG6ttVT0WYc29a+UHfrjl1Zwa0TNyC1KBAq29/eoOYpBEVmnCsVM91Eu1nWGpGOJ1WvFTRBJMxHtKeoQJHVPnZ7PQpOjbKAIWxNCU0mqm/JzIcKTWJAtMZYT1Si14u/uf1Uh1e+BkTSaqpIPNFYcqRjlGeAxowSYnmE0MwkczcisgIS0y0SSsPwV18eZl0Tutuo964Oas1L4s4ynAIR3ACLpxDE66hBW0g8ABP8AKv1qP1bL1Z7/PWklXMHMAfWB/fsJ+RCA==</latexit>

}
<latexit sha1_base64="1uCXsvmKL0EhZiDRwFRHAMgEmBE=">AAACFnicbVDLSgMxFM34rPVVdekmWIQKWmZEqktREEEXClaFTlsyadqG5jEkd8QyzFe48VfcuFDErbjzb0xrF74OBA7n3MvNOVEsuAXf//DGxicmp6ZzM/nZufmFxcLS8qXViaGsSrXQ5joilgmuWBU4CHYdG0ZkJNhV1Dsc+Fc3zFiu1QX0Y1aXpKN4m1MCTmoWtsLY6Bh0uFkKLe9I0ky5yhppKCN9m4bAVR8fHJ2cZvlso9FrFop+2R8C/yXBiBTRCGfNwnvY0jSRTAEVxNpa4MdQT4kBTgXL8mFiWUxoj3RYzVFFJLP1dBgrw+tOaeG2Nu4pwEP1+0ZKpLV9GblJSaBrf3sD8T+vlkB7r+5yxgkwRb8OtROBQeNBR7jFDaMg+o4Qarj7K6ZdYggF12TelRD8jvyXXG6Xg0q5cr5T3D8Y1ZFDq2gNlVCAdtE+OkZnqIooukMP6Ak9e/feo/fivX6NjnmjnRX0A97bJ2EYn34=</latexit>

→ (ωBFKL
in )k

<latexit sha1_base64="exhi2uiZ3tYFvxVsQvL9GONQpbI=">AAAB6XicbVDLTgJBEOzFF+IL9ehlIjHxRHaJAY9ELx7RyCMBQmaHWZgwO7uZ6TUhG/7AiweN8eofefNvHGAPClbSSaWqO91dfiyFQdf9dnIbm1vbO/ndwt7+weFR8fikZaJEM95kkYx0x6eGS6F4EwVK3ok1p6Eveduf3M799hPXRkTqEacx74d0pEQgGEUrPVRqg2LJLbsLkHXiZaQEGRqD4ldvGLEk5AqZpMZ0PTfGfko1Cib5rNBLDI8pm9AR71qqaMhNP11cOiMXVhmSINK2FJKF+nsipaEx09C3nSHFsVn15uJ/XjfB4LqfChUnyBVbLgoSSTAi87fJUGjOUE4toUwLeythY6opQxtOwYbgrb68TlqVslctV++vSvWbLI48nME5XIIHNajDHTSgCQwCeIZXeHMmzovz7nwsW3NONnMKf+B8/gD4JY0C</latexit>
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The AGK evolution equations
• The AGK cutting rules can be replaced by the evolution 

equations for σn. From the s-channel unitarity:

• We define a new quantity – the particle production S-
matrix “Sin”: it includes σn along with the no-interaction 
term (=1) and all the interaction terms (N and σsd) on 
either side (or both sides) of the final state cut: 

<latexit sha1_base64="6Bc3CmXqsy8fzwRq5TpvoWHZ2ZI="></latexit>

2N(Y ;x01,b) = ωSD(Y ;x01,b) + ωin(Y ;x01,b)

<latexit sha1_base64="SswTOLxtv2wTtdXM4jlEQNH9nBY="></latexit>

Sin = 1 → 2N + ωSD +
→∑

n=1

ωn

• From the final state cancellations, the evolution equation 
for Sin is of BK type too

<latexit sha1_base64="tPezQRGW4PMqOvP7PA5MR3NOMKA="></latexit>

ω

ωY
Sin(Y ;x01,b)

︸ ︷︷ ︸
select fixed multiplicity terms

=
ε̄S

2ϑ

∫
d2x2

x2
01

x2
12 x

2
02

[Sin(Y ;x12,b)Sin(Y ;x02,b) → Sin(Y ;x01,b)]︸ ︷︷ ︸
select fixed multiplicity terms

<latexit sha1_base64="rwT6TzIJPQ/IHSfFQOs3drvpvxA=">AAAB6XicbVDLTgJBEOzFF+IL9ehlIjHxRHaJQY5ELx7RyCMBQmaHXpgwO7uZmTUhG/7AiweN8eofefNvHGAPClbSSaWqO91dfiy4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS0eJYthkkYhUx6caBZfYNNwI7MQKaegLbPuT27nffkKleSQfzTTGfkhHkgecUWOlh0ptUCy5ZXcBsk68jJQgQ2NQ/OoNI5aEKA0TVOuu58amn1JlOBM4K/QSjTFlEzrCrqWShqj76eLSGbmwypAEkbIlDVmovydSGmo9DX3bGVIz1qveXPzP6yYmqPVTLuPEoGTLRUEiiInI/G0y5AqZEVNLKFPc3krYmCrKjA2nYEPwVl9eJ61K2auWq/dXpfpNFkcezuAcLsGDa6jDHTSgCQwCeIZXeHMmzovz7nwsW3NONnMKf+B8/gD5qY0D</latexit>
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The AGK evolution equations
• Replacing Sin=1-2N+σSD+Σnσn in the equation for the Sin-

matrix, we obtain the evolution equation for σn:
<latexit sha1_base64="FkiNtGfhzUvGue1t7m/SaSoQsRQ="></latexit>

ω

ω Y
εn (Y ;x01,b) =

ϑ̄S

2ϖ

∫
d2x2

x2
01

x2
02 x

2
12

[εn (Y ;x12,b) + εn (Y ;x02,b) → εn (Y ;x01,b) + εn (Y ;x12,b) εSD (Y ;x02,b) + εn (Y ;x02,b) εSD (Y ;x12,b) +
n→1∑

k=1

εn→k (Y ;x02,b) εk (Y ;x12,b) → 2εn (Y ;x12,b) N (Y ;x02,b) → 2εn (Y ;x02,b) N (Y ;x12,b)]
<latexit sha1_base64="1FOJB5d+DXQo1uhY/bRmMOlOGc4=">AAAFGHicnZRNb9MwGMe9JcAIbx0cuVhUk4ZIq6RCY9KENAEHTmgIug3VIXJcp7XqOJHtIKooH4MLX4ULBxDiuhvfhqRLS7stVekjxXry2D/9/34NEs6Udpw/G5uGee36ja2b1q3bd+7ea2zfP1ZxKgntkpjH8jTAinImaFczzelpIimOAk5PgtHLsv/kE5WKxeK9HifUi/BAsJARrIuSv220kWYRVcjuQaTYIMK+QJyGehd+OEAR1sMgzD7nfuZ2cnv6H+QQSTYY6sfIRvaTsrGWws4iPE+3ymY57C7CUxrOxCs8E/kq1mc8/Ee+e3U1usT4Kso1+CrKdabnpNPIz0bP3fxjJlpuOWRqBrbg6H/nU7E1XI2b2QZ21t0EZL9Z68TAzppnzqpTrDHoWQvhN5pO25kEvJy4VdIEVRz 5jTPUj0kaUaEJx0r1XCfRXoalZoTT3EKpogkmIzygvSIVuLiMXja52DncKSp9GMay+ISGk+o8keFIqXFU2N0pnauLfWXxqr5eqsN9L2MiSTUV5FwoTDnUMSxfCdhnkhLNx0WCiWSFV0iGWGKii7ekXAT34pQvJ8edtrvX3nv7tHn4olqOLfAQPAK7wAXPwCF4DY5AFxDji/HN+GH8NL+a381f5u/zoZsbFfMALIR59hdnUKt+</latexit>

→ [ωn (Y ;x12,b) + ωn (Y ;x02,b) ↑ ωn (Y ;x01,b) + ωn (Y ;x12,b) ωSD (Y ;x02,b) + ωn (Y ;x02,b) ωSD (Y ;x12,b) +
n→1∑

k=1

ωn→k (Y ;x02,b) ωk (Y ;x12,b) ↑ 2ωn (Y ;x12,b) N (Y ;x02,b) ↑ 2ωn (Y ;x02,b) N (Y ;x12,b)]<latexit sha1_base64="uxqm8mErGCFuDxBMH338MxrLQU8="></latexit>

+ ωn (Y ;x12,b) ωSD (Y ;x02,b) + ωn (Y ;x02,b) ωSD (Y ;x12,b) +
n→1∑

k=1

ωn→k (Y ;x02,b) ωk (Y ;x12,b) → 2ωn (Y ;x12,b) N (Y ;x02,b) → 2ωn (Y ;x02,b) N (Y ;x12,b)]
<latexit sha1_base64="RbjWadnjg5u4KiL9VLb6I7fI4jU="></latexit>

+
n→1∑

k=1

ωn→k (Y ;x02,b) ωk (Y ;x12,b) → 2ωn (Y ;x12,b) N (Y ;x02,b) → 2ωn (Y ;x02,b) N (Y ;x12,b)]

<latexit sha1_base64="sZ49VBuEcyRJjHXedAzsdjsoPdQ="></latexit>

→ 2ωn (Y ;x12,b) N (Y ;x02,b) → 2ωn (Y ;x02,b) N (Y ;x12,b)]

<latexit sha1_base64="ogSc/PnznCObD7HYnfJ02nzTpvk=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKewGiXoLevEYxTwgWcLspDcZMju7zMwKIeQPvHhQxKt/5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/9YRK81g+mnGCfkQHkoecUWOlh8p1r1hyy+4cZJV4GSlBhnqv+NXtxyyNUBomqNYdz02MP6HKcCZwWuimGhPKRnSAHUsljVD7k/mlU3JmlT4JY2VLGjJXf09MaKT1OApsZ0TNUC97M/E/r5Oa8MqfcJmkBiVbLApTQUxMZm+TPlfIjBhbQpni9lbChlRRZmw4BRuCt/zyKmlWyl61XL2/KNVusjjycAKncA4eXEIN7qAODWAQwjO8wpszcl6cd+dj0Zpzsplj+APn8wf7LY0E</latexit>
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Evolution of σn at large Nc

δ—δY σn
σn

σn
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σn

σn

σ

σ
σ

σn

SD
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k
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+ +
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0
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0
2

1

0
2

1

0
2
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• We can see the equation is linear but with complicated 
kernel (KBFKL + 2 - 4 N) and non-homogeneous 

SD

<latexit sha1_base64="fL/MAScHjK4y3ytlqI3Dg6qtydA=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lUqseiF49V7Ae0oWy2k3bpZhN2N0IJ/QdePCji1X/kzX/jts1Bqw8GHu/NMDMvSATXxnW/nMLK6tr6RnGztLW9s7tX3j9o6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8M/Pbj6g0j+WDmSToR3QoecgZNVa6P3f75Ypbdecgf4mXkwrkaPTLn71BzNIIpWGCat313MT4GVWGM4HTUi/VmFA2pkPsWipphNrP5pdOyYlVBiSMlS1pyFz9OZHRSOtJFNjOiJqRXvZm4n9eNzXhlZ9xmaQGJVssClNBTExmb5MBV8iMmFhCmeL2VsJGVFFmbDglG4K3/PJf0jqrerVq7e6iUr/O4yjCERzDKXhwCXW4hQY0gUEIT/ACr87YeXbenPdFa8HJZw7hF5yPb+8OjPw=</latexit>
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Evolution of σn at large Nc
• Noticing that

• we reduce to 
<latexit sha1_base64="8RrH9uDvfFNz49XBgJ7XWOjEoXI="></latexit>

ω

ωY
εn (Y,x01,b) =

ϑ̄S

2ϖ

∫
d2x2

x2
01

x2
12 x

2
02

<latexit sha1_base64="fWuRcVkqrX3+a+W7+Gek3WCoHmw="></latexit>

= ω02
n (Y )

(
1 + ω12

SD (Y ) → 2N12 (Y )
)

= ω02
n (Y ) SD

12 (Y, Y0 = 2)
<latexit sha1_base64="OS5U9bQsB7nujOuL8P4c0nabZjY="></latexit>

= ω12
n (Y )

(
1 + ω02

SD (Y ) → 2N02 (Y )
)

= ω12
n (Y ) SD

02 (Y, Y0 = 2)

<latexit sha1_base64="sWjHCmLhEOt/aScVZ31UUdpwMuI="></latexit>

→
[
↑ωn (Y,x01,b) + ωn (Y,x12,b) S

D (Y, Y0 = 2,x02,b)
]

<latexit sha1_base64="IxpO9dI6toXbdUMSl7knrVAlyPQ="></latexit>

+ SD (Y, Y0 = 2,x12,b) ωn (Y,x02,b) +
n→1∑

k=1

ωn→k (Y,x02,b) ωk (Y,x12,b) ]

• For model LT kernel and GS scaling we have 

<latexit sha1_base64="GwIgZ3EpHM1u5HtUZza2j+nVoks="></latexit>

ω
dεn(z)

d z
= →

(
z →

∫
dz→SD(z→, z0 = 2)

)
εn(z) + SD(z, z0 = 2)

z∫

ωA0

dz→εn(z
→) +

n↑1∑

k=1

z∫

ωA0

dz→εn↑k(z
→)εk(z)

<latexit sha1_base64="8JQRvgLoZxWzudnYgjO82GrZfg0=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lUqseiF49V7Ae0oWy2k3bpZhN2N0IJ/QdePCji1X/kzX/jts1Bqw8GHu/NMDMvSATXxnW/nMLK6tr6RnGztLW9s7tX3j9o6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8M/Pbj6g0j+WDmSToR3QoecgZNVa6P/f65Ypbdecgf4mXkwrkaPTLn71BzNIIpWGCat313MT4GVWGM4HTUi/VmFA2pkPsWipphNrP5pdOyYlVBiSMlS1pyFz9OZHRSOtJFNjOiJqRXvZm4n9eNzXhlZ9xmaQGJVssClNBTExmb5MBV8iMmFhCmeL2VsJGVFFmbDglG4K3/PJf0jqrerVq7e6iUr/O4yjCERzDKXhwCXW4hQY0gUEIT/ACr87YeXbenPdFa8HJZw7hF5yPb/CSjP0=</latexit>
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<latexit sha1_base64="fnyB7bCuk29Lccq13zSNprpB/tQ="></latexit>

ω
dεn(z)

d z
= →

(
z →

∫
dz→SD(z→, z0 = 2)

︸ ︷︷ ︸
=T (z)

)
εn(z) + !(z)

z∫

ωA0

dz→εn(z
→) +

n↑1∑

k=1

z∫

ωA0

dz→εn↑k(z
→)εk(z)



Evolution of σn at large Nc
• Defining                                     , we can rewrite it as

<latexit sha1_base64="ROQHVtvCjZEbs2Mwwh7WGHt/1kc="></latexit>

!n(z) =

z∫

ωA0

dz→ ωn(z
→)

<latexit sha1_base64="DhYBBHhhOgeMDqXbdfvfRMGoQ3Y="></latexit>

ω
d2 !n(z)

d z
= → d

dz
(T (z)!n(z)) + !n(z) +

n→1∑

k=1

!n→k(z)εk(z)
<latexit sha1_base64="DhYBBHhhOgeMDqXbdfvfRMGoQ3Y="></latexit>

ω
d2 !n(z)

d z
= → d

dz
(T (z)!n(z)) + !n(z) +

n→1∑

k=1

!n→k(z)εk(z)

• Rewriting the sum as 
<latexit sha1_base64="92VNODMLOqBAp8A4Pa2IIva/TSA="></latexit>

n→1∑

k=1

!n→k(z)ωk(z) =
1

2

d

d z

n→1∑

k=1

!n→k(z)!k(z)

• and introducing                                       , we have  

<latexit sha1_base64="9fcLeUxnOWb/QNpmN8HMoK6sVbw="></latexit>

Sn (z) =

z∫

ωA0

dz→ !n (z
→)

<latexit sha1_base64="pBMF1nJ0xph9hnLpNzObFEjvmD8="></latexit>

ω
d2 !n(z)

d z
= → d

dz
(T (z)!n(z)) +

dSn(z)

d z
+

1

2

d

d z

n→1∑

k=1

!n→k(z)!k(z)
<latexit sha1_base64="Cq8Aw9kffdRTgFZL9SgKRr/5h6M="></latexit>

ω
d2 !n(z)

d z
= → d

dz
(T (z)!n(z)) +

dSn(z)

d z
+

1

2

d

d z

[
n→1∑

k=1

!n→k(z)!k(z)

]

<latexit sha1_base64="YBGDeG9aF9QqmqnwoBC/X9b/QRg=">AAAB6XicbVDLTgJBEOzFF+IL9ehlIjHxRHbRoEeiF49o5JHAhswOvTBhdnYzM2tCCH/gxYPGePWPvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJaPZpygH9GB5CFn1Fjp4aLSK5bcsjsHWSVeRkqQod4rfnX7MUsjlIYJqnXHcxPjT6gynAmcFrqpxoSyER1gx1JJI9T+ZH7plJxZpU/CWNmShszV3xMTGmk9jgLbGVEz1MveTPzP66QmvPYnXCapQckWi8JUEBOT2dukzxUyI8aWUKa4vZWwIVWUGRtOwYbgLb+8SpqVslctV+8vS7WbLI48nMApnIMHV1CDO6hDAxiE8Ayv8OaMnBfn3flYtOacbOYY/sD5/AHyFoz+</latexit>
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The large n≳<n(z)> Solution 
• Rewriting the sum as 

<latexit sha1_base64="92VNODMLOqBAp8A4Pa2IIva/TSA="></latexit>

n→1∑

k=1

!n→k(z)ωk(z) =
1

2

d

d z

n→1∑

k=1

!n→k(z)!k(z)

• and introducing                                              , we have  

<latexit sha1_base64="9fcLeUxnOWb/QNpmN8HMoK6sVbw="></latexit>

Sn (z) =

z∫

ωA0

dz→ !n (z
→)

<latexit sha1_base64="pBMF1nJ0xph9hnLpNzObFEjvmD8="></latexit>

ω
d2 !n(z)

d z
= → d

dz
(T (z)!n(z)) +

dSn(z)

d z
+

1

2

d

d z

n→1∑

k=1

!n→k(z)!k(z)

<latexit sha1_base64="Cq8Aw9kffdRTgFZL9SgKRr/5h6M="></latexit>

ω
d2 !n(z)

d z
= → d

dz
(T (z)!n(z)) +

dSn(z)

d z
+

1

2

d

d z

[
n→1∑

k=1

!n→k(z)!k(z)

]

<latexit sha1_base64="em8Q0tAfN13j5+byH577eTWZoQo=">AAAB6XicbVDLTgJBEOzFF+IL9ehlIjHxRHbFoEeiF49o5JHAhswOvTBhdnYzM2tCCH/gxYPGePWPvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJaPZpygH9GB5CFn1FjpoVLpFUtu2Z2DrBIvIyXIUO8Vv7r9mKURSsME1brjuYnxJ1QZzgROC91UY0LZiA6wY6mkEWp/Mr90Ss6s0idhrGxJQ+bq74kJjbQeR4HtjKgZ6mVvJv7ndVITXvsTLpPUoGSLRWEqiInJ7G3S5wqZEWNLKFPc3krYkCrKjA2nYEPwll9eJc2LslctV+8vS7WbLI48nMApnIMHV1CDO6hDAxiE8Ayv8OaMnBfn3flYtOacbOYY/sD5/AHzmoz/</latexit>
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The large n≳<n(z)> Solution 
• We suggest that the solution has the following form

• Functions Φ (z) and ϕ (z) we will find from the equation. 
Replacing and taking the large z and n limit we find 

<latexit sha1_base64="IHWaK4hLpnARagB2wUIM7fsZap8=">AAACInicbVDLSgMxFM34rPVVdelmsAgVtMyIVF0IRTcuK1oVOqVk0jttaCYzJHfEWvotbvwVNy4UdSX4MWY6Xfg6kHDuOfeS3OPHgmt0nA9rYnJqemY2N5efX1hcWi6srF7qKFEM6iwSkbr2qQbBJdSRo4DrWAENfQFXfu8k9a9uQGkeyQvsx9AMaUfygDOKRmoVDr1z3glpS5butrxtb/sovby4y7MabmNPQIClHWmqWiYr3uniVqtQdMrOCPZf4o5JkYxRaxXevHbEkhAkMkG1brhOjM0BVciZgGHeSzTElPVoBxqGShqCbg5GKw7tTaO07SBS5ki0R+r3iQENte6HvukMKXb1by8V//MaCQYHzQGXcYIgWfZQkAgbIzvNy25zBQxF3xDKFDd/tVmXKsrQpJo3Ibi/V/5LLnfLbqVcOdsrVo/HceTIOtkgJeKSfVIlp6RG6oSRe/JInsmL9WA9Wa/We9Y6YY1n1sgPWJ9f0p6iCA==</latexit>

!n(z) = ω(z) exp (→n”(z))

<latexit sha1_base64="pYta8iH1utSXqITUU8dSk9+7b00="></latexit>

ω
d!n

dz
= →(z → !!(z))!n(z) + Sn(z) +

n→ 1

2
ε (z) !n (z)

<latexit sha1_base64="oWxB6Pb/7CfhzV6LI3Q26AtugAU="></latexit>

ωn (z) =

(
ε→ (z)→ nε (z)!→ (z)

)
exp (→n! (z))

n↑N(z)→→→→→↑ 2

ϑ

z2

N (z)
”

(
ϖ =

n

N (z)

)
• We can now solve the equation and find for DIS:

where
<latexit sha1_base64="6rUQQiPnzZN4SoGXMAT2jUoBSV8=">AAACHnicbZDLSsNAFIYnXmu9VV26GSxChVoS0epGKLpxWcGq0MQymZ60QycXZk7EEvokbnwVNy4UEVzp25jELurlh4Fv/nMOM+d3Iyk0muanMTU9Mzs3X1goLi4tr6yW1tYvdRgrDi0eylBdu0yDFAG0UKCE60gB810JV+7gNKtf3YLSIgwucBiB47NeIDzBGaZWp3RgN7WwJXhYofadsJXo9XHHrh7b1fxehZtkN6NRcUKdUtmsmbnoX7DGUCZjNTuld7sb8tiHALlkWrctM0InYQoFlzAq2rGGiPEB60E7xYD5oJ0kX29Et1OnS71QpSdAmruTEwnztR76btrpM+zr37XM/K/WjtE7chIRRDFCwL8f8mJJMaRZVrQrFHCUwxQYVyL9K+V9phjHNNEsBOv3yn/hcq9m1Wv18/1y42QcR4Fski1SIRY5JA1yRpqkRTi5J4/kmbwYD8aT8Wq8fbdOGeOZDfJDxscXO4mdbg==</latexit>

! (ω) = ω e→ω and 
<latexit sha1_base64="kddCvDQggs5ovup0hkXP2tABozg="></latexit>

→n(z)↑ = 2n0 z e
(z→z!)2

2ω

<latexit sha1_base64="ocy7SId0KB1yyD6oUP+C/DuaOW4="></latexit>

ωn (z) =

(
ε→ (z)→ nε (z)!→ (z)

)
exp (→n! (z))

n↑↓n(z)↔→→→→→→↑ 2

ϑ

z2

↓n (z)↔”
(
ϖ =

n

↓n(z)↔

)

<latexit sha1_base64="zb5Icw+tSN9EOufkLIcasX6DfPI=">AAAB6XicbVDLTgJBEOzFF+IL9ehlIjHxRHaVoEeiF49o5JHAhswOvTBhdnYzM2tCCH/gxYPGePWPvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJaPZpygH9GB5CFn1Fjp4bLSK5bcsjsHWSVeRkqQod4rfnX7MUsjlIYJqnXHcxPjT6gynAmcFrqpxoSyER1gx1JJI9T+ZH7plJxZpU/CWNmShszV3xMTGmk9jgLbGVEz1MveTPzP66QmvPYnXCapQckWi8JUEBOT2dukzxUyI8aWUKa4vZWwIVWUGRtOwYbgLb+8SpoXZa9art5XSrWbLI48nMApnIMHV1CDO6hDAxiE8Ayv8OaMnBfn3flYtOacbOYY/sD5/AH1Ho0A</latexit>

34

KNO structure 
but without 
KNO scaling



Homotopy solution

<latexit sha1_base64="5OWIoERRsSHoCqH+B+H7fTE+YP8="></latexit> z∫

ωA0

dz→ !(z→) =

↑∫

ωA0

dz→ !(z→)

︸ ︷︷ ︸
= z!

→
↑∫

z

dz→ !(z→)

︸ ︷︷ ︸
= !̃!(z)

;

z∫

ωA0

dz→ ω1(z
→) =

↑∫

ωA0

dz→ ω1(z
→)

︸ ︷︷ ︸
=ε0,1

→
↑∫

z

dz→ ω1(z
→)

︸ ︷︷ ︸
= !̃1(z)

<latexit sha1_base64="48eaoEUPb0uQeDwdjiAdwJQd55Y="></latexit>

ω
dε1 (z)

dz
= → z ε1 (z) + ε1 (z)

z∫

ωA0

dz→ ! (z→) + ! (z)

z∫

ωA0

dz→ ε1 (z
→)

<latexit sha1_base64="AeEtAX8Zi3euVFXBo6i5FB6Nw8g="></latexit>

= →



z →
z∫

ωA0

dz→ ! (z→)



ω1 (z) + ! (z)

z∫

ωA0

dz→ ω1 (z
→)

<latexit sha1_base64="ne8ZOkN9NRQHJmnfmFKPnBbCOyE=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF49V7Ae0oWy2k3bpZhN2N0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00Jv2yxW36s5BVomXkwrkaPTLX71BzNIIpWGCat313MT4GVWGM4HTUi/VmFA2pkPsWipphNrP5pdOyZlVBiSMlS1pyFz9PZHRSOtJFNjOiJqRXvZm4n9eNzXhtZ9xmaQGJVssClNBTExmb5MBV8iMmFhCmeL2VsJGVFFmbDglG4K3/PIqaV1UvVq1dn9Zqd/kcRThBE7hHDy4gjrcQQOawCCEZ3iFN2fsvDjvzseiteDkM8fwB87nD6IejXI=</latexit>

}

<latexit sha1_base64="sRJ89I/kWveHXo3wwfrBs3Nr0eM=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBahXkoiUj0WvXis0C9oQ9lsN+3SzSbuboQa+ie8eFDEq3/Hm//GTZqDtj4YeLw3w8w8L+JMadv+tgpr6xubW8Xt0s7u3v5B+fCoo8JYEtomIQ9lz8OKciZoWzPNaS+SFAcep11vepv63UcqFQtFS88i6gZ4LJjPCNZG6rWqT+clg2G5YtfsDGiVODmpQI7msPw1GIUkDqjQhGOl+o4daTfBUjPC6bw0iBWNMJniMe0bKnBAlZtk987RmVFGyA+lKaFRpv6eSHCg1CzwTGeA9UQte6n4n9ePtX/tJkxEsaaCLBb5MUc6ROnzaMQkJZrPDMFEMnMrIhMsMdEmojQEZ/nlVdK5qDn1Wv3+stK4yeMowgmcQhUcuIIG3EET2kCAwzO8wpv1YL1Y79bHorVg5TPH8AfW5w8smI4c</latexit>

T (z)

<latexit sha1_base64="ne8ZOkN9NRQHJmnfmFKPnBbCOyE=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF49V7Ae0oWy2k3bpZhN2N0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00Jv2yxW36s5BVomXkwrkaPTLX71BzNIIpWGCat313MT4GVWGM4HTUi/VmFA2pkPsWipphNrP5pdOyZlVBiSMlS1pyFz9PZHRSOtJFNjOiJqRXvZm4n9eNzXhtZ9xmaQGJVssClNBTExmb5MBV8iMmFhCmeL2VsJGVFFmbDglG4K3/PIqaV1UvVq1dn9Zqd/kcRThBE7hHDy4gjrcQQOawCCEZ3iFN2fsvDjvzseiteDkM8fwB87nD6IejXI=</latexit>

}

<latexit sha1_base64="njcMOSqcSNQbB/OYdZ8PznGKgHw="></latexit>

= →T (z)ω1(z) + ω0,1 !(z) → !(z) ”̃1(z)
<latexit sha1_base64="G7RIvpJ0szhfxIH0SS3p5dUuqOM="></latexit>

→ ω
dε1(z)

dz
+ T (z)ε1(z) ↑ ε0,1 !(z) + !(z) ”̃1(z) = 0

<latexit sha1_base64="7fQXj7aD0roR8XO1XQEqQkhGrrc=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16WSyCp5KIVI9FLx4r2FZoQtlsN+3SzSbsbpQS+1O8eFDEq7/Em//GTRtBWx8MPN6bYWZekHCmtON8WaWV1bX1jfJmZWt7Z3fPru53VJxKQtsk5rG8C7CinAna1kxzepdIiqOA024wvsr97j2VisXiVk8S6kd4KFjICNZG6ttVT0WYc29a+UHfrjl1Zwa0TNyC1KBAq29/eoOYpBEVmnCsVM91Eu1nWGpGOJ1WvFTRBJMxHtKeoQJHVPnZ7PQpOjbKAIWxNCU0mqm/JzIcKTWJAtMZYT1Si14u/uf1Uh1e+BkTSaqpIPNFYcqRjlGeAxowSYnmE0MwkczcisgIS0y0SSsPwV18eZl0Tutuo964Oas1L4s4ynAIR3ACLpxDE66hBW0g8ABP8AKv1qP1bL1Z7/PWklXMHMAfWB/fsJ+RCA==</latexit>

}
<latexit sha1_base64="7fQXj7aD0roR8XO1XQEqQkhGrrc=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16WSyCp5KIVI9FLx4r2FZoQtlsN+3SzSbsbpQS+1O8eFDEq7/Em//GTRtBWx8MPN6bYWZekHCmtON8WaWV1bX1jfJmZWt7Z3fPru53VJxKQtsk5rG8C7CinAna1kxzepdIiqOA024wvsr97j2VisXiVk8S6kd4KFjICNZG6ttVT0WYc29a+UHfrjl1Zwa0TNyC1KBAq29/eoOYpBEVmnCsVM91Eu1nWGpGOJ1WvFTRBJMxHtKeoQJHVPnZ7PQpOjbKAIWxNCU0mqm/JzIcKTWJAtMZYT1Si14u/uf1Uh1e+BkTSaqpIPNFYcqRjlGeAxowSYnmE0MwkczcisgIS0y0SSsPwV18eZl0Tutuo964Oas1L4s4ynAIR3ACLpxDE66hBW0g8ABP8AKv1qP1bL1Z7/PWklXMHMAfWB/fsJ+RCA==</latexit>

}
<latexit sha1_base64="7fQXj7aD0roR8XO1XQEqQkhGrrc=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16WSyCp5KIVI9FLx4r2FZoQtlsN+3SzSbsbpQS+1O8eFDEq7/Em//GTRtBWx8MPN6bYWZekHCmtON8WaWV1bX1jfJmZWt7Z3fPru53VJxKQtsk5rG8C7CinAna1kxzepdIiqOA024wvsr97j2VisXiVk8S6kd4KFjICNZG6ttVT0WYc29a+UHfrjl1Zwa0TNyC1KBAq29/eoOYpBEVmnCsVM91Eu1nWGpGOJ1WvFTRBJMxHtKeoQJHVPnZ7PQpOjbKAIWxNCU0mqm/JzIcKTWJAtMZYT1Si14u/uf1Uh1e+BkTSaqpIPNFYcqRjlGeAxowSYnmE0MwkczcisgIS0y0SSsPwV18eZl0Tutuo964Oas1L4s4ynAIR3ACLpxDE66hBW0g8ABP8AKv1qP1bL1Z7/PWklXMHMAfWB/fsJ+RCA==</latexit>

}
<latexit sha1_base64="7fQXj7aD0roR8XO1XQEqQkhGrrc=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16WSyCp5KIVI9FLx4r2FZoQtlsN+3SzSbsbpQS+1O8eFDEq7/Em//GTRtBWx8MPN6bYWZekHCmtON8WaWV1bX1jfJmZWt7Z3fPru53VJxKQtsk5rG8C7CinAna1kxzepdIiqOA024wvsr97j2VisXiVk8S6kd4KFjICNZG6ttVT0WYc29a+UHfrjl1Zwa0TNyC1KBAq29/eoOYpBEVmnCsVM91Eu1nWGpGOJ1WvFTRBJMxHtKeoQJHVPnZ7PQpOjbKAIWxNCU0mqm/JzIcKTWJAtMZYT1Si14u/uf1Uh1e+BkTSaqpIPNFYcqRjlGeAxowSYnmE0MwkczcisgIS0y0SSsPwV18eZl0Tutuo964Oas1L4s4ynAIR3ACLpxDE66hBW0g8ABP8AKv1qP1bL1Z7/PWklXMHMAfWB/fsJ+RCA==</latexit>

}
<latexit sha1_base64="7fQXj7aD0roR8XO1XQEqQkhGrrc=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16WSyCp5KIVI9FLx4r2FZoQtlsN+3SzSbsbpQS+1O8eFDEq7/Em//GTRtBWx8MPN6bYWZekHCmtON8WaWV1bX1jfJmZWt7Z3fPru53VJxKQtsk5rG8C7CinAna1kxzepdIiqOA024wvsr97j2VisXiVk8S6kd4KFjICNZG6ttVT0WYc29a+UHfrjl1Zwa0TNyC1KBAq29/eoOYpBEVmnCsVM91Eu1nWGpGOJ1WvFTRBJMxHtKeoQJHVPnZ7PQpOjbKAIWxNCU0mqm/JzIcKTWJAtMZYT1Si14u/uf1Uh1e+BkTSaqpIPNFYcqRjlGeAxowSYnmE0MwkczcisgIS0y0SSsPwV18eZl0Tutuo964Oas1L4s4ynAIR3ACLpxDE66hBW0g8ABP8AKv1qP1bL1Z7/PWklXMHMAfWB/fsJ+RCA==</latexit>

}
<latexit sha1_base64="7fQXj7aD0roR8XO1XQEqQkhGrrc=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16WSyCp5KIVI9FLx4r2FZoQtlsN+3SzSbsbpQS+1O8eFDEq7/Em//GTRtBWx8MPN6bYWZekHCmtON8WaWV1bX1jfJmZWt7Z3fPru53VJxKQtsk5rG8C7CinAna1kxzepdIiqOA024wvsr97j2VisXiVk8S6kd4KFjICNZG6ttVT0WYc29a+UHfrjl1Zwa0TNyC1KBAq29/eoOYpBEVmnCsVM91Eu1nWGpGOJ1WvFTRBJMxHtKeoQJHVPnZ7PQpOjbKAIWxNCU0mqm/JzIcKTWJAtMZYT1Si14u/uf1Uh1e+BkTSaqpIPNFYcqRjlGeAxowSYnmE0MwkczcisgIS0y0SSsPwV18eZl0Tutuo964Oas1L4s4ynAIR3ACLpxDE66hBW0g8ABP8AKv1qP1bL1Z7/PWklXMHMAfWB/fsJ+RCA==</latexit>

}
<latexit sha1_base64="7fQXj7aD0roR8XO1XQEqQkhGrrc=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16WSyCp5KIVI9FLx4r2FZoQtlsN+3SzSbsbpQS+1O8eFDEq7/Em//GTRtBWx8MPN6bYWZekHCmtON8WaWV1bX1jfJmZWt7Z3fPru53VJxKQtsk5rG8C7CinAna1kxzepdIiqOA024wvsr97j2VisXiVk8S6kd4KFjICNZG6ttVT0WYc29a+UHfrjl1Zwa0TNyC1KBAq29/eoOYpBEVmnCsVM91Eu1nWGpGOJ1WvFTRBJMxHtKeoQJHVPnZ7PQpOjbKAIWxNCU0mqm/JzIcKTWJAtMZYT1Si14u/uf1Uh1e+BkTSaqpIPNFYcqRjlGeAxowSYnmE0MwkczcisgIS0y0SSsPwV18eZl0Tutuo964Oas1L4s4ynAIR3ACLpxDE66hBW0g8ABP8AKv1qP1bL1Z7/PWklXMHMAfWB/fsJ+RCA==</latexit>

}
<latexit sha1_base64="7fQXj7aD0roR8XO1XQEqQkhGrrc=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16WSyCp5KIVI9FLx4r2FZoQtlsN+3SzSbsbpQS+1O8eFDEq7/Em//GTRtBWx8MPN6bYWZekHCmtON8WaWV1bX1jfJmZWt7Z3fPru53VJxKQtsk5rG8C7CinAna1kxzepdIiqOA024wvsr97j2VisXiVk8S6kd4KFjICNZG6ttVT0WYc29a+UHfrjl1Zwa0TNyC1KBAq29/eoOYpBEVmnCsVM91Eu1nWGpGOJ1WvFTRBJMxHtKeoQJHVPnZ7PQpOjbKAIWxNCU0mqm/JzIcKTWJAtMZYT1Si14u/uf1Uh1e+BkTSaqpIPNFYcqRjlGeAxowSYnmE0MwkczcisgIS0y0SSsPwV18eZl0Tutuo964Oas1L4s4ynAIR3ACLpxDE66hBW0g8ABP8AKv1qP1bL1Z7/PWklXMHMAfWB/fsJ+RCA==</latexit>

}
<latexit sha1_base64="7fQXj7aD0roR8XO1XQEqQkhGrrc=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16WSyCp5KIVI9FLx4r2FZoQtlsN+3SzSbsbpQS+1O8eFDEq7/Em//GTRtBWx8MPN6bYWZekHCmtON8WaWV1bX1jfJmZWt7Z3fPru53VJxKQtsk5rG8C7CinAna1kxzepdIiqOA024wvsr97j2VisXiVk8S6kd4KFjICNZG6ttVT0WYc29a+UHfrjl1Zwa0TNyC1KBAq29/eoOYpBEVmnCsVM91Eu1nWGpGOJ1WvFTRBJMxHtKeoQJHVPnZ7PQpOjbKAIWxNCU0mqm/JzIcKTWJAtMZYT1Si14u/uf1Uh1e+BkTSaqpIPNFYcqRjlGeAxowSYnmE0MwkczcisgIS0y0SSsPwV18eZl0Tutuo964Oas1L4s4ynAIR3ACLpxDE66hBW0g8ABP8AKv1qP1bL1Z7/PWklXMHMAfWB/fsJ+RCA==</latexit>

}
<latexit sha1_base64="7fQXj7aD0roR8XO1XQEqQkhGrrc=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16WSyCp5KIVI9FLx4r2FZoQtlsN+3SzSbsbpQS+1O8eFDEq7/Em//GTRtBWx8MPN6bYWZekHCmtON8WaWV1bX1jfJmZWt7Z3fPru53VJxKQtsk5rG8C7CinAna1kxzepdIiqOA024wvsr97j2VisXiVk8S6kd4KFjICNZG6ttVT0WYc29a+UHfrjl1Zwa0TNyC1KBAq29/eoOYpBEVmnCsVM91Eu1nWGpGOJ1WvFTRBJMxHtKeoQJHVPnZ7PQpOjbKAIWxNCU0mqm/JzIcKTWJAtMZYT1Si14u/uf1Uh1e+BkTSaqpIPNFYcqRjlGeAxowSYnmE0MwkczcisgIS0y0SSsPwV18eZl0Tutuo964Oas1L4s4ynAIR3ACLpxDE66hBW0g8ABP8AKv1qP1bL1Z7/PWklXMHMAfWB/fsJ+RCA==</latexit>

}

<latexit sha1_base64="7fQXj7aD0roR8XO1XQEqQkhGrrc=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16WSyCp5KIVI9FLx4r2FZoQtlsN+3SzSbsbpQS+1O8eFDEq7/Em//GTRtBWx8MPN6bYWZekHCmtON8WaWV1bX1jfJmZWt7Z3fPru53VJxKQtsk5rG8C7CinAna1kxzepdIiqOA024wvsr97j2VisXiVk8S6kd4KFjICNZG6ttVT0WYc29a+UHfrjl1Zwa0TNyC1KBAq29/eoOYpBEVmnCsVM91Eu1nWGpGOJ1WvFTRBJMxHtKeoQJHVPnZ7PQpOjbKAIWxNCU0mqm/JzIcKTWJAtMZYT1Si14u/uf1Uh1e+BkTSaqpIPNFYcqRjlGeAxowSYnmE0MwkczcisgIS0y0SSsPwV18eZl0Tutuo964Oas1L4s4ynAIR3ACLpxDE66hBW0g8ABP8AKv1qP1bL1Z7/PWklXMHMAfWB/fsJ+RCA==</latexit>

}
<latexit sha1_base64="7fQXj7aD0roR8XO1XQEqQkhGrrc=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16WSyCp5KIVI9FLx4r2FZoQtlsN+3SzSbsbpQS+1O8eFDEq7/Em//GTRtBWx8MPN6bYWZekHCmtON8WaWV1bX1jfJmZWt7Z3fPru53VJxKQtsk5rG8C7CinAna1kxzepdIiqOA024wvsr97j2VisXiVk8S6kd4KFjICNZG6ttVT0WYc29a+UHfrjl1Zwa0TNyC1KBAq29/eoOYpBEVmnCsVM91Eu1nWGpGOJ1WvFTRBJMxHtKeoQJHVPnZ7PQpOjbKAIWxNCU0mqm/JzIcKTWJAtMZYT1Si14u/uf1Uh1e+BkTSaqpIPNFYcqRjlGeAxowSYnmE0MwkczcisgIS0y0SSsPwV18eZl0Tutuo964Oas1L4s4ynAIR3ACLpxDE66hBW0g8ABP8AKv1qP1bL1Z7/PWklXMHMAfWB/fsJ+RCA==</latexit>

}
<latexit sha1_base64="7fQXj7aD0roR8XO1XQEqQkhGrrc=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16WSyCp5KIVI9FLx4r2FZoQtlsN+3SzSbsbpQS+1O8eFDEq7/Em//GTRtBWx8MPN6bYWZekHCmtON8WaWV1bX1jfJmZWt7Z3fPru53VJxKQtsk5rG8C7CinAna1kxzepdIiqOA024wvsr97j2VisXiVk8S6kd4KFjICNZG6ttVT0WYc29a+UHfrjl1Zwa0TNyC1KBAq29/eoOYpBEVmnCsVM91Eu1nWGpGOJ1WvFTRBJMxHtKeoQJHVPnZ7PQpOjbKAIWxNCU0mqm/JzIcKTWJAtMZYT1Si14u/uf1Uh1e+BkTSaqpIPNFYcqRjlGeAxowSYnmE0MwkczcisgIS0y0SSsPwV18eZl0Tutuo964Oas1L4s4ynAIR3ACLpxDE66hBW0g8ABP8AKv1qP1bL1Z7/PWklXMHMAfWB/fsJ+RCA==</latexit>

}
<latexit sha1_base64="7fQXj7aD0roR8XO1XQEqQkhGrrc=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16WSyCp5KIVI9FLx4r2FZoQtlsN+3SzSbsbpQS+1O8eFDEq7/Em//GTRtBWx8MPN6bYWZekHCmtON8WaWV1bX1jfJmZWt7Z3fPru53VJxKQtsk5rG8C7CinAna1kxzepdIiqOA024wvsr97j2VisXiVk8S6kd4KFjICNZG6ttVT0WYc29a+UHfrjl1Zwa0TNyC1KBAq29/eoOYpBEVmnCsVM91Eu1nWGpGOJ1WvFTRBJMxHtKeoQJHVPnZ7PQpOjbKAIWxNCU0mqm/JzIcKTWJAtMZYT1Si14u/uf1Uh1e+BkTSaqpIPNFYcqRjlGeAxowSYnmE0MwkczcisgIS0y0SSsPwV18eZl0Tutuo964Oas1L4s4ynAIR3ACLpxDE66hBW0g8ABP8AKv1qP1bL1Z7/PWklXMHMAfWB/fsJ+RCA==</latexit>

}
<latexit sha1_base64="7fQXj7aD0roR8XO1XQEqQkhGrrc=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16WSyCp5KIVI9FLx4r2FZoQtlsN+3SzSbsbpQS+1O8eFDEq7/Em//GTRtBWx8MPN6bYWZekHCmtON8WaWV1bX1jfJmZWt7Z3fPru53VJxKQtsk5rG8C7CinAna1kxzepdIiqOA024wvsr97j2VisXiVk8S6kd4KFjICNZG6ttVT0WYc29a+UHfrjl1Zwa0TNyC1KBAq29/eoOYpBEVmnCsVM91Eu1nWGpGOJ1WvFTRBJMxHtKeoQJHVPnZ7PQpOjbKAIWxNCU0mqm/JzIcKTWJAtMZYT1Si14u/uf1Uh1e+BkTSaqpIPNFYcqRjlGeAxowSYnmE0MwkczcisgIS0y0SSsPwV18eZl0Tutuo964Oas1L4s4ynAIR3ACLpxDE66hBW0g8ABP8AKv1qP1bL1Z7/PWklXMHMAfWB/fsJ+RCA==</latexit>

}

<latexit sha1_base64="7fQXj7aD0roR8XO1XQEqQkhGrrc=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16WSyCp5KIVI9FLx4r2FZoQtlsN+3SzSbsbpQS+1O8eFDEq7/Em//GTRtBWx8MPN6bYWZekHCmtON8WaWV1bX1jfJmZWt7Z3fPru53VJxKQtsk5rG8C7CinAna1kxzepdIiqOA024wvsr97j2VisXiVk8S6kd4KFjICNZG6ttVT0WYc29a+UHfrjl1Zwa0TNyC1KBAq29/eoOYpBEVmnCsVM91Eu1nWGpGOJ1WvFTRBJMxHtKeoQJHVPnZ7PQpOjbKAIWxNCU0mqm/JzIcKTWJAtMZYT1Si14u/uf1Uh1e+BkTSaqpIPNFYcqRjlGeAxowSYnmE0MwkczcisgIS0y0SSsPwV18eZl0Tutuo964Oas1L4s4ynAIR3ACLpxDE66hBW0g8ABP8AKv1qP1bL1Z7/PWklXMHMAfWB/fsJ+RCA==</latexit>

}
<latexit sha1_base64="7fQXj7aD0roR8XO1XQEqQkhGrrc=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16WSyCp5KIVI9FLx4r2FZoQtlsN+3SzSbsbpQS+1O8eFDEq7/Em//GTRtBWx8MPN6bYWZekHCmtON8WaWV1bX1jfJmZWt7Z3fPru53VJxKQtsk5rG8C7CinAna1kxzepdIiqOA024wvsr97j2VisXiVk8S6kd4KFjICNZG6ttVT0WYc29a+UHfrjl1Zwa0TNyC1KBAq29/eoOYpBEVmnCsVM91Eu1nWGpGOJ1WvFTRBJMxHtKeoQJHVPnZ7PQpOjbKAIWxNCU0mqm/JzIcKTWJAtMZYT1Si14u/uf1Uh1e+BkTSaqpIPNFYcqRjlGeAxowSYnmE0MwkczcisgIS0y0SSsPwV18eZl0Tutuo964Oas1L4s4ynAIR3ACLpxDE66hBW0g8ABP8AKv1qP1bL1Z7/PWklXMHMAfWB/fsJ+RCA==</latexit>

}
<latexit sha1_base64="7fQXj7aD0roR8XO1XQEqQkhGrrc=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16WSyCp5KIVI9FLx4r2FZoQtlsN+3SzSbsbpQS+1O8eFDEq7/Em//GTRtBWx8MPN6bYWZekHCmtON8WaWV1bX1jfJmZWt7Z3fPru53VJxKQtsk5rG8C7CinAna1kxzepdIiqOA024wvsr97j2VisXiVk8S6kd4KFjICNZG6ttVT0WYc29a+UHfrjl1Zwa0TNyC1KBAq29/eoOYpBEVmnCsVM91Eu1nWGpGOJ1WvFTRBJMxHtKeoQJHVPnZ7PQpOjbKAIWxNCU0mqm/JzIcKTWJAtMZYT1Si14u/uf1Uh1e+BkTSaqpIPNFYcqRjlGeAxowSYnmE0MwkczcisgIS0y0SSsPwV18eZl0Tutuo964Oas1L4s4ynAIR3ACLpxDE66hBW0g8ABP8AKv1qP1bL1Z7/PWklXMHMAfWB/fsJ+RCA==</latexit>

}
<latexit sha1_base64="7fQXj7aD0roR8XO1XQEqQkhGrrc=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16WSyCp5KIVI9FLx4r2FZoQtlsN+3SzSbsbpQS+1O8eFDEq7/Em//GTRtBWx8MPN6bYWZekHCmtON8WaWV1bX1jfJmZWt7Z3fPru53VJxKQtsk5rG8C7CinAna1kxzepdIiqOA024wvsr97j2VisXiVk8S6kd4KFjICNZG6ttVT0WYc29a+UHfrjl1Zwa0TNyC1KBAq29/eoOYpBEVmnCsVM91Eu1nWGpGOJ1WvFTRBJMxHtKeoQJHVPnZ7PQpOjbKAIWxNCU0mqm/JzIcKTWJAtMZYT1Si14u/uf1Uh1e+BkTSaqpIPNFYcqRjlGeAxowSYnmE0MwkczcisgIS0y0SSsPwV18eZl0Tutuo964Oas1L4s4ynAIR3ACLpxDE66hBW0g8ABP8AKv1qP1bL1Z7/PWklXMHMAfWB/fsJ+RCA==</latexit>

}
<latexit sha1_base64="7fQXj7aD0roR8XO1XQEqQkhGrrc=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16WSyCp5KIVI9FLx4r2FZoQtlsN+3SzSbsbpQS+1O8eFDEq7/Em//GTRtBWx8MPN6bYWZekHCmtON8WaWV1bX1jfJmZWt7Z3fPru53VJxKQtsk5rG8C7CinAna1kxzepdIiqOA024wvsr97j2VisXiVk8S6kd4KFjICNZG6ttVT0WYc29a+UHfrjl1Zwa0TNyC1KBAq29/eoOYpBEVmnCsVM91Eu1nWGpGOJ1WvFTRBJMxHtKeoQJHVPnZ7PQpOjbKAIWxNCU0mqm/JzIcKTWJAtMZYT1Si14u/uf1Uh1e+BkTSaqpIPNFYcqRjlGeAxowSYnmE0MwkczcisgIS0y0SSsPwV18eZl0Tutuo964Oas1L4s4ynAIR3ACLpxDE66hBW0g8ABP8AKv1qP1bL1Z7/PWklXMHMAfWB/fsJ+RCA==</latexit>

}
<latexit sha1_base64="7fQXj7aD0roR8XO1XQEqQkhGrrc=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16WSyCp5KIVI9FLx4r2FZoQtlsN+3SzSbsbpQS+1O8eFDEq7/Em//GTRtBWx8MPN6bYWZekHCmtON8WaWV1bX1jfJmZWt7Z3fPru53VJxKQtsk5rG8C7CinAna1kxzepdIiqOA024wvsr97j2VisXiVk8S6kd4KFjICNZG6ttVT0WYc29a+UHfrjl1Zwa0TNyC1KBAq29/eoOYpBEVmnCsVM91Eu1nWGpGOJ1WvFTRBJMxHtKeoQJHVPnZ7PQpOjbKAIWxNCU0mqm/JzIcKTWJAtMZYT1Si14u/uf1Uh1e+BkTSaqpIPNFYcqRjlGeAxowSYnmE0MwkczcisgIS0y0SSsPwV18eZl0Tutuo964Oas1L4s4ynAIR3ACLpxDE66hBW0g8ABP8AKv1qP1bL1Z7/PWklXMHMAfWB/fsJ+RCA==</latexit>

}
<latexit sha1_base64="7fQXj7aD0roR8XO1XQEqQkhGrrc=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16WSyCp5KIVI9FLx4r2FZoQtlsN+3SzSbsbpQS+1O8eFDEq7/Em//GTRtBWx8MPN6bYWZekHCmtON8WaWV1bX1jfJmZWt7Z3fPru53VJxKQtsk5rG8C7CinAna1kxzepdIiqOA024wvsr97j2VisXiVk8S6kd4KFjICNZG6ttVT0WYc29a+UHfrjl1Zwa0TNyC1KBAq29/eoOYpBEVmnCsVM91Eu1nWGpGOJ1WvFTRBJMxHtKeoQJHVPnZ7PQpOjbKAIWxNCU0mqm/JzIcKTWJAtMZYT1Si14u/uf1Uh1e+BkTSaqpIPNFYcqRjlGeAxowSYnmE0MwkczcisgIS0y0SSsPwV18eZl0Tutuo964Oas1L4s4ynAIR3ACLpxDE66hBW0g8ABP8AKv1qP1bL1Z7/PWklXMHMAfWB/fsJ+RCA==</latexit>

}
<latexit sha1_base64="7fQXj7aD0roR8XO1XQEqQkhGrrc=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16WSyCp5KIVI9FLx4r2FZoQtlsN+3SzSbsbpQS+1O8eFDEq7/Em//GTRtBWx8MPN6bYWZekHCmtON8WaWV1bX1jfJmZWt7Z3fPru53VJxKQtsk5rG8C7CinAna1kxzepdIiqOA024wvsr97j2VisXiVk8S6kd4KFjICNZG6ttVT0WYc29a+UHfrjl1Zwa0TNyC1KBAq29/eoOYpBEVmnCsVM91Eu1nWGpGOJ1WvFTRBJMxHtKeoQJHVPnZ7PQpOjbKAIWxNCU0mqm/JzIcKTWJAtMZYT1Si14u/uf1Uh1e+BkTSaqpIPNFYcqRjlGeAxowSYnmE0MwkczcisgIS0y0SSsPwV18eZl0Tutuo964Oas1L4s4ynAIR3ACLpxDE66hBW0g8ABP8AKv1qP1bL1Z7/PWklXMHMAfWB/fsJ+RCA==</latexit>

}
<latexit sha1_base64="7fQXj7aD0roR8XO1XQEqQkhGrrc=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16WSyCp5KIVI9FLx4r2FZoQtlsN+3SzSbsbpQS+1O8eFDEq7/Em//GTRtBWx8MPN6bYWZekHCmtON8WaWV1bX1jfJmZWt7Z3fPru53VJxKQtsk5rG8C7CinAna1kxzepdIiqOA024wvsr97j2VisXiVk8S6kd4KFjICNZG6ttVT0WYc29a+UHfrjl1Zwa0TNyC1KBAq29/eoOYpBEVmnCsVM91Eu1nWGpGOJ1WvFTRBJMxHtKeoQJHVPnZ7PQpOjbKAIWxNCU0mqm/JzIcKTWJAtMZYT1Si14u/uf1Uh1e+BkTSaqpIPNFYcqRjlGeAxowSYnmE0MwkczcisgIS0y0SSsPwV18eZl0Tutuo964Oas1L4s4ynAIR3ACLpxDE66hBW0g8ABP8AKv1qP1bL1Z7/PWklXMHMAfWB/fsJ+RCA==</latexit>

}
<latexit sha1_base64="7fQXj7aD0roR8XO1XQEqQkhGrrc=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16WSyCp5KIVI9FLx4r2FZoQtlsN+3SzSbsbpQS+1O8eFDEq7/Em//GTRtBWx8MPN6bYWZekHCmtON8WaWV1bX1jfJmZWt7Z3fPru53VJxKQtsk5rG8C7CinAna1kxzepdIiqOA024wvsr97j2VisXiVk8S6kd4KFjICNZG6ttVT0WYc29a+UHfrjl1Zwa0TNyC1KBAq29/eoOYpBEVmnCsVM91Eu1nWGpGOJ1WvFTRBJMxHtKeoQJHVPnZ7PQpOjbKAIWxNCU0mqm/JzIcKTWJAtMZYT1Si14u/uf1Uh1e+BkTSaqpIPNFYcqRjlGeAxowSYnmE0MwkczcisgIS0y0SSsPwV18eZl0Tutuo964Oas1L4s4ynAIR3ACLpxDE66hBW0g8ABP8AKv1qP1bL1Z7/PWklXMHMAfWB/fsJ+RCA==</latexit>

}
<latexit sha1_base64="7fQXj7aD0roR8XO1XQEqQkhGrrc=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16WSyCp5KIVI9FLx4r2FZoQtlsN+3SzSbsbpQS+1O8eFDEq7/Em//GTRtBWx8MPN6bYWZekHCmtON8WaWV1bX1jfJmZWt7Z3fPru53VJxKQtsk5rG8C7CinAna1kxzepdIiqOA024wvsr97j2VisXiVk8S6kd4KFjICNZG6ttVT0WYc29a+UHfrjl1Zwa0TNyC1KBAq29/eoOYpBEVmnCsVM91Eu1nWGpGOJ1WvFTRBJMxHtKeoQJHVPnZ7PQpOjbKAIWxNCU0mqm/JzIcKTWJAtMZYT1Si14u/uf1Uh1e+BkTSaqpIPNFYcqRjlGeAxowSYnmE0MwkczcisgIS0y0SSsPwV18eZl0Tutuo964Oas1L4s4ynAIR3ACLpxDE66hBW0g8ABP8AKv1qP1bL1Z7/PWklXMHMAfWB/fsJ+RCA==</latexit>

}

<latexit sha1_base64="7fQXj7aD0roR8XO1XQEqQkhGrrc=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16WSyCp5KIVI9FLx4r2FZoQtlsN+3SzSbsbpQS+1O8eFDEq7/Em//GTRtBWx8MPN6bYWZekHCmtON8WaWV1bX1jfJmZWt7Z3fPru53VJxKQtsk5rG8C7CinAna1kxzepdIiqOA024wvsr97j2VisXiVk8S6kd4KFjICNZG6ttVT0WYc29a+UHfrjl1Zwa0TNyC1KBAq29/eoOYpBEVmnCsVM91Eu1nWGpGOJ1WvFTRBJMxHtKeoQJHVPnZ7PQpOjbKAIWxNCU0mqm/JzIcKTWJAtMZYT1Si14u/uf1Uh1e+BkTSaqpIPNFYcqRjlGeAxowSYnmE0MwkczcisgIS0y0SSsPwV18eZl0Tutuo964Oas1L4s4ynAIR3ACLpxDE66hBW0g8ABP8AKv1qP1bL1Z7/PWklXMHMAfWB/fsJ+RCA==</latexit>

}

<latexit sha1_base64="qGUzXAdfSQe2px1B5iRLzEcDcRk=">AAACCXicbVDLSsNAFJ34rPUVdelmsAiuSiJSXRbduHBRwT4gCWEynbRDZyZhZiKU0K0bf8WNC0Xc+gfu/BsnbRBtPXDhcM693HtPlDKqtON8WUvLK6tr65WN6ubW9s6uvbffUUkmMWnjhCWyFyFFGBWkralmpJdKgnjESDcaXRV+955IRRNxp8cpCTgaCBpTjLSRQhv6HOkhRiy/mXjQV3TAUegG1R+Eds2pO1PAReKWpAZKtEL70+8nOONEaMyQUp7rpDrIkdQUMzKp+pkiKcIjNCCeoQJxooJ8+skEHhulD+NEmhIaTtXfEzniSo15ZDqLu9W8V4j/eV6m44sgpyLNNBF4tijOGNQJLGKBfSoJ1mxsCMKSmlshHiKJsDbhFSG48y8vks5p3W3UG7dnteZlGUcFHIIjcAJccA6a4Bq0QBtg8ACewAt4tR6tZ+vNep+1LlnlzAH4A+vjGwholqk=</latexit>

L[ω1]
<latexit sha1_base64="w3HL0bQThu7120q3V/2THx4GHb8=">AAACGHicbVDLSsNAFJ3UV62vqEs3g0VwVROR6rLoxoVIBfuAJITJdNoOnZmEmYlQQj7Djb/ixoUibrvzb0za4KP1wMCZc+7l3nuCiFGlLevTKC0tr6yuldcrG5tb2zvm7l5bhbHEpIVDFspugBRhVJCWppqRbiQJ4gEjnWB0lfudByIVDcW9HkfE42ggaJ9ipDPJN09cjvQQI5bcpn7y/blJUwe6ig448m2v8gPfrFo1awq4SOyCVEGBpm9O3F6IY06Exgwp5dhWpL0ESU0xI2nFjRWJEB6hAXEyKhAnykumh6XwKFN6sB/K7AkNp+rvjgRxpcY8yCrzzdW8l4v/eU6s+xdeQkUUayLwbFA/ZlCHME8J9qgkWLNxRhCWNNsV4iGSCOssyzwEe/7kRdI+rdn1Wv3urNq4LOIogwNwCI6BDc5BA1yDJmgBDB7BM3gFb8aT8WK8Gx+z0pJR9OyDPzAmXwhrnRw=</latexit>

NL[ω1]

• For σ1 in region I (GS) (here SD=Δ)

<latexit sha1_base64="FG+XWgxsPWwjLhtmoV+t+W4Ptog=">AAAB6XicbVDLTgJBEOzFF+IL9ehlIjHxRHZ9oEeiF49o5JEAIbPDLEyYnd3M9JqQDX/gxYPGePWPvPk3DrAHBSvppFLVne4uP5bCoOt+O7mV1bX1jfxmYWt7Z3evuH/QMFGiGa+zSEa65VPDpVC8jgIlb8Wa09CXvOmPbqd+84lrIyL1iOOYd0M6UCIQjKKVHs4ve8WSW3ZnIMvEy0gJMtR6xa9OP2JJyBUySY1pe26M3ZRqFEzySaGTGB5TNqID3rZU0ZCbbjq7dEJOrNInQaRtKSQz9fdESkNjxqFvO0OKQ7PoTcX/vHaCwXU3FSpOkCs2XxQkkmBEpm+TvtCcoRxbQpkW9lbChlRThjacgg3BW3x5mTTOyl6lXLm/KFVvsjjycATHcAoeXEEV7qAGdWAQwDO8wpszcl6cd+dj3ppzsplD+APn8wf2oo0B</latexit>
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<latexit sha1_base64="pCjcd/01BcJ5ZUn0iIkoaEuMhm8="></latexit>

L[ω1] = ε
dω1 (z)

dz
+ T (z)ω1 (z) → ω0,1 ! (z)

<latexit sha1_base64="WClPMjPG08sCjMmm3qT3yPHN214="></latexit>

NL[ω1] = ! (z) ”̃1 (z)

<latexit sha1_base64="ysp0sgWDQ489qSj23JElz1Dg8Jg="></latexit>

ω1 = ω(0)
1 + pω(1)

1 + p2 ω(2)
1 + · · ·

• As a solution, we introduce

• We have divided the equation in two parts

such that 
<latexit sha1_base64="wHW7XFG3wXHLv/wAlE+RRVwIjQE="></latexit>

L[ω(p)
1 ] + pNL[ω

(p)
1 ] = 0

• The 0th iteration is 
<latexit sha1_base64="zBYGD6std7AInrMuac7p6gc0Nvc="></latexit>

L[ω(0)
1 ]; ε

dω(0)
1 (z)

dz
= →T (z)ω(0)

1 (z) + ω0,1 !(z)

Homotopy solution
<latexit sha1_base64="FQvMuZgv+9JcBl+dXulswOYIHvM=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lUqseiF49V7Ae0oWy2k3bpZhN2N0IJ/QdePCji1X/kzX/jts1Bqw8GHu/NMDMvSATXxnW/nMLK6tr6RnGztLW9s7tX3j9o6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8M/Pbj6g0j+WDmSToR3QoecgZNVa6P6/1yxW36s5B/hIvJxXI0eiXP3uDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtVTSCLWfzS+dkhOrDEgYK1vSkLn6cyKjkdaTKLCdETUjvezNxP+8bmrCKz/jMkkNSrZYFKaCmJjM3iYDrpAZMbGEMsXtrYSNqKLM2HBKNgRv+eW/pHVW9WrV2t1FpX6dx1GEIziGU/DgEupwCw1oAoMQnuAFXp2x8+y8Oe+L1oKTzxzCLzgf3/gmjQI=</latexit>
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• The solution is a sum of the solution to the homogeneous 
part of the equation and the particular solution of the 
non-homogeneous one. We obtain 

<latexit sha1_base64="ZyDuUqzTeO2gfoLYwXmwmT7j/J0="></latexit>

ω(0,I)
1 (z) = exp



→ 1

ε

z∫

ωA0

dz→ T (z→)





︸ ︷︷ ︸
ε̃(0)
1

{
ω0,1

ε

z∫

ωA0

dz→ ! (z→) exp




1

ε

z→∫

ωA0

dz→→ T (z→→)





︸ ︷︷ ︸
ε̃(0,I)
1

+ C(1)
ϑ

}

where 
<latexit sha1_base64="WpFqFnrsWbT9tcnWSRvy5YiieuI="></latexit>

C(1)
ω =

1

2
eε

A
0 exp

(
→1

2
eε

A
0

)

• For the next homotopy iteration we need to account for 
the linear terms in p:

<latexit sha1_base64="l0AVali6onMdpkAtWIg9Q34oBa0="></latexit>

L[ω(0)
1 + pω(1)

1 ] + pNL[ω
(0)
1 ] = 0

• The equation takes the form
<latexit sha1_base64="ggMW0bPVa/zAsqSGi6ODdPHYptk="></latexit>

ω
dε(1,I)

1 (z)

dz
= →T (z) ε(1,I)

1 (z) → ! (z) ”̃(0)
1 (z)

Homotopy solution
<latexit sha1_base64="jhM8cYTUS6nE6SSJ3vYfJcNjAVI=">AAAB6XicbVDLTgJBEOzFF+IL9ehlIjHxRHbVgEeiF49o5JHAhswOszBhdnYz02tCCH/gxYPGePWPvPk3DrAHBSvppFLVne6uIJHCoOt+O7m19Y3Nrfx2YWd3b/+geHjUNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbmd+64lrI2L1iOOE+xEdKBEKRtFKD5fVXrHklt05yCrxMlKCDPVe8avbj1kacYVMUmM6npugP6EaBZN8WuimhieUjeiAdyxVNOLGn8wvnZIzq/RJGGtbCslc/T0xoZEx4yiwnRHFoVn2ZuJ/XifF8NqfCJWkyBVbLApTSTAms7dJX2jOUI4toUwLeythQ6opQxtOwYbgLb+8SpoXZa9SrtxflWo3WRx5OIFTOAcPqlCDO6hDAxiE8Ayv8OaMnBfn3flYtOacbOYY/sD5/AH5qo0D</latexit>
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where 
<latexit sha1_base64="cS+MEEQ+/23ypYEL/8yjHJzM8YY="></latexit>

!̃(0)
1 (z) =

→∫

z

dz↑ω(0)
1 (z↑). The general solution is  

<latexit sha1_base64="CEXLZpBwdW+TvYudTHIwtxEjo9Q="></latexit>

ω(1,I)
1 (z) = → 1

ε
exp



→ 1

ε

z∫

ωA0

dz→ T (z→)




z∫

ωA0

dz→! (z→) ”̃(0)
1 (z→) exp




1

ε

z→∫

ωA0

dz→→ T (z→→)





• In general, the equation for the p-iteration (p≥1) in 
region I takes the form 

with solution  

<latexit sha1_base64="5jYyoZYaUKbNA+b8d104CzGmiN4="></latexit>

ω
dε(p,I)

1 (z)

dz
= →T (z) ε(p,I)

1 (z) → ! (z) ”̃(p→1)
1 (z)

<latexit sha1_base64="ZkRkbNmJKrPpE2s/LnWflZsyDZc="></latexit>

ω(p,I)
1 (z) = → 1

ε
exp



→ 1

ε

z∫

ωA0

dz→ T (z→)




z∫

ωA0

dz→ ! (z→) ”̃(p↑1)
1 (z→) exp




1

ε

z→∫

ωA0

dz→→ T (z→→)



 .

Homotopy solution
<latexit sha1_base64="7ZbA9uN+jLKDafMnDRucv42PipI=">AAAB6XicbVDLTgJBEOzFF+IL9ehlIjHxRHbVIEeiF49o5JHAhswOszBhdnYz02tCCH/gxYPGePWPvPk3DrAHBSvppFLVne6uIJHCoOt+O7m19Y3Nrfx2YWd3b/+geHjUNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbmd+64lrI2L1iOOE+xEdKBEKRtFKD5fVXrHklt05yCrxMlKCDPVe8avbj1kacYVMUmM6npugP6EaBZN8WuimhieUjeiAdyxVNOLGn8wvnZIzq/RJGGtbCslc/T0xoZEx4yiwnRHFoVn2ZuJ/XifFsOpPhEpS5IotFoWpJBiT2dukLzRnKMeWUKaFvZWwIdWUoQ2nYEPwll9eJc2LslcpV+6vSrWbLI48nMApnIMH11CDO6hDAxiE8Ayv8OaMnBfn3flYtOacbOYY/sD5/AH7Lo0E</latexit>
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Homotopy solution for σn
• Now we need to add to our definition of L[σ1] the non-

homogeneous term

• We solve the equation in a similar way to σ1, yielding 

<latexit sha1_base64="QgYFMEmt8K9y8fF5/HKgtuNrvpA="></latexit>

L[ωn] = ε
dωn (z)

dz
+ T (z)ωn (z) → ω0,n ! (z) →

n→1∑

k=1

”n→k (z) ωk (z)
<latexit sha1_base64="rAwhIKFouXJMtCNyAM6e1e4wTA0="></latexit>

NL[ωn] = ! (z) ”̃n (z)

<latexit sha1_base64="9VCjw42wUZU3RVvz0IGrm2MQQWU=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LFbBU0lEqseCF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh960X664VXcOskq8nFQgR6Nf/uoNYpZGXCGT1Jiu5yboZ1SjYJJPS73U8ISyMR3yrqWKRtz42fzSKTm3yoCEsbalkMzV3xMZjYyZRIHtjCiOzLI3E//zuimGN34mVJIiV2yxKEwlwZjM3iYDoTlDObGEMi3srYSNqKYMbTglG4K3/PIqaV1WvVq1dn9VqZ/lcRThBE7hAjy4hjrcQQOawCCEZ3iFN2fsvDjvzseiteDkM8fwB87nD5kYjVQ=</latexit>} <latexit sha1_base64="9VCjw42wUZU3RVvz0IGrm2MQQWU=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LFbBU0lEqseCF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh960X664VXcOskq8nFQgR6Nf/uoNYpZGXCGT1Jiu5yboZ1SjYJJPS73U8ISyMR3yrqWKRtz42fzSKTm3yoCEsbalkMzV3xMZjYyZRIHtjCiOzLI3E//zuimGN34mVJIiV2yxKEwlwZjM3iYDoTlDObGEMi3srYSNqKYMbTglG4K3/PIqaV1WvVq1dn9VqZ/lcRThBE7hAjy4hjrcQQOawCCEZ3iFN2fsvDjvzseiteDkM8fwB87nD5kYjVQ=</latexit>} <latexit sha1_base64="9VCjw42wUZU3RVvz0IGrm2MQQWU=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LFbBU0lEqseCF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh960X664VXcOskq8nFQgR6Nf/uoNYpZGXCGT1Jiu5yboZ1SjYJJPS73U8ISyMR3yrqWKRtz42fzSKTm3yoCEsbalkMzV3xMZjYyZRIHtjCiOzLI3E//zuimGN34mVJIiV2yxKEwlwZjM3iYDoTlDObGEMi3srYSNqKYMbTglG4K3/PIqaV1WvVq1dn9VqZ/lcRThBE7hAjy4hjrcQQOawCCEZ3iFN2fsvDjvzseiteDkM8fwB87nD5kYjVQ=</latexit>} <latexit sha1_base64="9VCjw42wUZU3RVvz0IGrm2MQQWU=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LFbBU0lEqseCF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh960X664VXcOskq8nFQgR6Nf/uoNYpZGXCGT1Jiu5yboZ1SjYJJPS73U8ISyMR3yrqWKRtz42fzSKTm3yoCEsbalkMzV3xMZjYyZRIHtjCiOzLI3E//zuimGN34mVJIiV2yxKEwlwZjM3iYDoTlDObGEMi3srYSNqKYMbTglG4K3/PIqaV1WvVq1dn9VqZ/lcRThBE7hAjy4hjrcQQOawCCEZ3iFN2fsvDjvzseiteDkM8fwB87nD5kYjVQ=</latexit>} <latexit sha1_base64="9VCjw42wUZU3RVvz0IGrm2MQQWU=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LFbBU0lEqseCF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh960X664VXcOskq8nFQgR6Nf/uoNYpZGXCGT1Jiu5yboZ1SjYJJPS73U8ISyMR3yrqWKRtz42fzSKTm3yoCEsbalkMzV3xMZjYyZRIHtjCiOzLI3E//zuimGN34mVJIiV2yxKEwlwZjM3iYDoTlDObGEMi3srYSNqKYMbTglG4K3/PIqaV1WvVq1dn9VqZ/lcRThBE7hAjy4hjrcQQOawCCEZ3iFN2fsvDjvzseiteDkM8fwB87nD5kYjVQ=</latexit>} <latexit sha1_base64="9VCjw42wUZU3RVvz0IGrm2MQQWU=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LFbBU0lEqseCF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh960X664VXcOskq8nFQgR6Nf/uoNYpZGXCGT1Jiu5yboZ1SjYJJPS73U8ISyMR3yrqWKRtz42fzSKTm3yoCEsbalkMzV3xMZjYyZRIHtjCiOzLI3E//zuimGN34mVJIiV2yxKEwlwZjM3iYDoTlDObGEMi3srYSNqKYMbTglG4K3/PIqaV1WvVq1dn9VqZ/lcRThBE7hAjy4hjrcQQOawCCEZ3iFN2fsvDjvzseiteDkM8fwB87nD5kYjVQ=</latexit>} <latexit sha1_base64="9VCjw42wUZU3RVvz0IGrm2MQQWU=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LFbBU0lEqseCF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh960X664VXcOskq8nFQgR6Nf/uoNYpZGXCGT1Jiu5yboZ1SjYJJPS73U8ISyMR3yrqWKRtz42fzSKTm3yoCEsbalkMzV3xMZjYyZRIHtjCiOzLI3E//zuimGN34mVJIiV2yxKEwlwZjM3iYDoTlDObGEMi3srYSNqKYMbTglG4K3/PIqaV1WvVq1dn9VqZ/lcRThBE7hAjy4hjrcQQOawCCEZ3iFN2fsvDjvzseiteDkM8fwB87nD5kYjVQ=</latexit>} <latexit sha1_base64="9VCjw42wUZU3RVvz0IGrm2MQQWU=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LFbBU0lEqseCF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh960X664VXcOskq8nFQgR6Nf/uoNYpZGXCGT1Jiu5yboZ1SjYJJPS73U8ISyMR3yrqWKRtz42fzSKTm3yoCEsbalkMzV3xMZjYyZRIHtjCiOzLI3E//zuimGN34mVJIiV2yxKEwlwZjM3iYDoTlDObGEMi3srYSNqKYMbTglG4K3/PIqaV1WvVq1dn9VqZ/lcRThBE7hAjy4hjrcQQOawCCEZ3iFN2fsvDjvzseiteDkM8fwB87nD5kYjVQ=</latexit>}<latexit sha1_base64="9VCjw42wUZU3RVvz0IGrm2MQQWU=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LFbBU0lEqseCF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh960X664VXcOskq8nFQgR6Nf/uoNYpZGXCGT1Jiu5yboZ1SjYJJPS73U8ISyMR3yrqWKRtz42fzSKTm3yoCEsbalkMzV3xMZjYyZRIHtjCiOzLI3E//zuimGN34mVJIiV2yxKEwlwZjM3iYDoTlDObGEMi3srYSNqKYMbTglG4K3/PIqaV1WvVq1dn9VqZ/lcRThBE7hAjy4hjrcQQOawCCEZ3iFN2fsvDjvzseiteDkM8fwB87nD5kYjVQ=</latexit>} <latexit sha1_base64="9VCjw42wUZU3RVvz0IGrm2MQQWU=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LFbBU0lEqseCF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh960X664VXcOskq8nFQgR6Nf/uoNYpZGXCGT1Jiu5yboZ1SjYJJPS73U8ISyMR3yrqWKRtz42fzSKTm3yoCEsbalkMzV3xMZjYyZRIHtjCiOzLI3E//zuimGN34mVJIiV2yxKEwlwZjM3iYDoTlDObGEMi3srYSNqKYMbTglG4K3/PIqaV1WvVq1dn9VqZ/lcRThBE7hAjy4hjrcQQOawCCEZ3iFN2fsvDjvzseiteDkM8fwB87nD5kYjVQ=</latexit>} <latexit sha1_base64="9VCjw42wUZU3RVvz0IGrm2MQQWU=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LFbBU0lEqseCF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh960X664VXcOskq8nFQgR6Nf/uoNYpZGXCGT1Jiu5yboZ1SjYJJPS73U8ISyMR3yrqWKRtz42fzSKTm3yoCEsbalkMzV3xMZjYyZRIHtjCiOzLI3E//zuimGN34mVJIiV2yxKEwlwZjM3iYDoTlDObGEMi3srYSNqKYMbTglG4K3/PIqaV1WvVq1dn9VqZ/lcRThBE7hAjy4hjrcQQOawCCEZ3iFN2fsvDjvzseiteDkM8fwB87nD5kYjVQ=</latexit>} <latexit sha1_base64="9VCjw42wUZU3RVvz0IGrm2MQQWU=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LFbBU0lEqseCF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh960X664VXcOskq8nFQgR6Nf/uoNYpZGXCGT1Jiu5yboZ1SjYJJPS73U8ISyMR3yrqWKRtz42fzSKTm3yoCEsbalkMzV3xMZjYyZRIHtjCiOzLI3E//zuimGN34mVJIiV2yxKEwlwZjM3iYDoTlDObGEMi3srYSNqKYMbTglG4K3/PIqaV1WvVq1dn9VqZ/lcRThBE7hAjy4hjrcQQOawCCEZ3iFN2fsvDjvzseiteDkM8fwB87nD5kYjVQ=</latexit>} <latexit sha1_base64="9VCjw42wUZU3RVvz0IGrm2MQQWU=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LFbBU0lEqseCF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh960X664VXcOskq8nFQgR6Nf/uoNYpZGXCGT1Jiu5yboZ1SjYJJPS73U8ISyMR3yrqWKRtz42fzSKTm3yoCEsbalkMzV3xMZjYyZRIHtjCiOzLI3E//zuimGN34mVJIiV2yxKEwlwZjM3iYDoTlDObGEMi3srYSNqKYMbTglG4K3/PIqaV1WvVq1dn9VqZ/lcRThBE7hAjy4hjrcQQOawCCEZ3iFN2fsvDjvzseiteDkM8fwB87nD5kYjVQ=</latexit>} <latexit sha1_base64="9VCjw42wUZU3RVvz0IGrm2MQQWU=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LFbBU0lEqseCF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh960X664VXcOskq8nFQgR6Nf/uoNYpZGXCGT1Jiu5yboZ1SjYJJPS73U8ISyMR3yrqWKRtz42fzSKTm3yoCEsbalkMzV3xMZjYyZRIHtjCiOzLI3E//zuimGN34mVJIiV2yxKEwlwZjM3iYDoTlDObGEMi3srYSNqKYMbTglG4K3/PIqaV1WvVq1dn9VqZ/lcRThBE7hAjy4hjrcQQOawCCEZ3iFN2fsvDjvzseiteDkM8fwB87nD5kYjVQ=</latexit>} <latexit sha1_base64="9VCjw42wUZU3RVvz0IGrm2MQQWU=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LFbBU0lEqseCF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh960X664VXcOskq8nFQgR6Nf/uoNYpZGXCGT1Jiu5yboZ1SjYJJPS73U8ISyMR3yrqWKRtz42fzSKTm3yoCEsbalkMzV3xMZjYyZRIHtjCiOzLI3E//zuimGN34mVJIiV2yxKEwlwZjM3iYDoTlDObGEMi3srYSNqKYMbTglG4K3/PIqaV1WvVq1dn9VqZ/lcRThBE7hAjy4hjrcQQOawCCEZ3iFN2fsvDjvzseiteDkM8fwB87nD5kYjVQ=</latexit>} <latexit sha1_base64="9VCjw42wUZU3RVvz0IGrm2MQQWU=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LFbBU0lEqseCF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh960X664VXcOskq8nFQgR6Nf/uoNYpZGXCGT1Jiu5yboZ1SjYJJPS73U8ISyMR3yrqWKRtz42fzSKTm3yoCEsbalkMzV3xMZjYyZRIHtjCiOzLI3E//zuimGN34mVJIiV2yxKEwlwZjM3iYDoTlDObGEMi3srYSNqKYMbTglG4K3/PIqaV1WvVq1dn9VqZ/lcRThBE7hAjy4hjrcQQOawCCEZ3iFN2fsvDjvzseiteDkM8fwB87nD5kYjVQ=</latexit>}
<latexit sha1_base64="SfzDlBa6x9614/eS0dXYp4CLssc=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahgpZdkeqx6MVjBbettEvJptk2NMkuSVaoS3+FFw+KePXnePPfmH4ctPpg4PHeDDPzwoQzbVz3y8ktLa+sruXXCxubW9s7xd29ho5TRahPYh6rVog15UxS3zDDaStRFIuQ02Y4vJ74zQeqNIvlnRklNBC4L1nECDZWuj/tnPhdWX487hZLbsWdAv0l3pyUYI56t/jZ6cUkFVQawrHWbc9NTJBhZRjhdFzopJommAxxn7YtlVhQHWTTg8foyCo9FMXKljRoqv6cyLDQeiRC2ymwGehFbyL+57VTE10GGZNJaqgks0VRypGJ0eR71GOKEsNHlmCimL0VkQFWmBibUcGG4C2+/Jc0zipetVK9PS/VruZx5OEADqEMHlxADW6gDj4QEPAEL/DqKOfZeXPeZ605Zz6zD7/gfHwDY0OPgQ==</latexit>

→Un(z)

<latexit sha1_base64="Qg8GnoOE9wcuFKKC/4bWKIuahSk="></latexit>

ω(0,I)
n (z) = exp



→ 1

ε

z∫

ωA0

dz→ T (z→)





{
1

ε

z∫

ωA0

dz→ Un (z
→) exp




1

ε

z→∫

ωA0

dz→→ T (z→→)



 + C(n)
ε

}

where 
<latexit sha1_base64="IJM7G6K5Jl8QsNoGCkwRj1Ir3Qc="></latexit>

C(n)
ω =

(
1
2e

εA0

)n

n!
e→

1
2 e

ωA0 . The formula for the p-iteration is  
<latexit sha1_base64="/eeDiAZMF2zlILnZ1TN20soAM+Q="></latexit>

ω(p,I)
n (z) = exp



→ 1

ε

z∫

ωA0

dz→ T (z→)





{
1

ε

z∫

ωA0

dz→ Un (z
→) !̃(p↑1)

n (z→) exp




1

ε

z→∫

ωA0

dz→→ T (z→→)



 + C(n)
ε

}

<latexit sha1_base64="fi8ldrpU1lUSSuDYfWwCwJodtxo=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKeyqRL0FvXiMYh6QhDA76U2GzM4uM7NCWPIHXjwo4tU/8ubfOEn2oIkFDUVVN91dfiy4Nq777eRWVtfWN/Kbha3tnd294v5BQ0eJYlhnkYhUy6caBZdYN9wIbMUKaegLbPqj26nffEKleSQfzTjGbkgHkgecUWOlh/PrXrHklt0ZyDLxMlKCDLVe8avTj1gSojRMUK3bnhubbkqV4UzgpNBJNMaUjegA25ZKGqLuprNLJ+TEKn0SRMqWNGSm/p5Iaaj1OPRtZ0jNUC96U/E/r52Y4KqbchknBiWbLwoSQUxEpm+TPlfIjBhbQpni9lbChlRRZmw4BRuCt/jyMmmclb1KuXJ/UareZHHk4QiO4RQ8uIQq3EEN6sAggGd4hTdn5Lw4787HvDXnZDOH8AfO5w/8so0F</latexit>
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Numerical estimates
• Ratios of σ1, σ2, σ3 and σ5 for ξ0A=0, αS=0.2, z0=2.
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<latexit sha1_base64="MWRTlYukbTOSb3CxIsFNacCnazE=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh0u3X664VXcOskq8nFQgR6Nf/uoNYpZGXCGT1Jiu5yboZ1SjYJJPS73U8ISyMR3yrqWKRtz42fzSKTmzyoCEsbalkMzV3xMZjYyZRIHtjCiOzLI3E//zuimG134mVJIiV2yxKEwlwZjM3iYDoTlDObGEMi3srYSNqKYMbTglG4K3/PIqaV1UvVq1dn9Zqd/kcRThBE7hHDy4gjrcQQOawCCEZ3iFN2fsvDjvzseiteDkM8fwB87nD/CTjP0=</latexit>
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• Ratios of σ1, σ2, σ3 and σ5 for ξ0A=0, αS=0.2, z0=2.
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Numerical estimates
<latexit sha1_base64="MOEp2wR4I53N1/E2s8SbX6TovYA=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF49V7Ae0oWy2k3bpZhN2N0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz0cOn1yxW36s5BVomXkwrkaPTLX71BzNIIpWGCat313MT4GVWGM4HTUi/VmFA2pkPsWipphNrP5pdOyZlVBiSMlS1pyFz9PZHRSOtJFNjOiJqRXvZm4n9eNzXhtZ9xmaQGJVssClNBTExmb5MBV8iMmFhCmeL2VsJGVFFmbDglG4K3/PIqaV1UvVq1dn9Zqd/kcRThBE7hHDy4gjrcQQOawCCEZ3iFN2fsvDjvzseiteDkM8fwB87nD/IXjP4=</latexit>
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• One can see that the first iteration turns out to be rather 
large in the small-z region which corresponds to region I. 

• Despite the fact that after an appropriate number of 
iterations the corrections become small, the approach 
may break down for a sufficiently large n. For this reason, 
we use this method only for small values of n.  

• We solve the equation in the large-n limit, and study the 
possible matching with this solution. 

Numerical estimates
<latexit sha1_base64="O3cks8P9kt1vC4Nas3QcIc6c01Y=">AAAB6XicbVDLTgJBEOzFF+IL9ehlIjHxRHYJQY9ELx7RyCOBDZkdZmHC7OxmpteEEP7AiweN8eofefNvHGAPClbSSaWqO91dQSKFQdf9dnIbm1vbO/ndwt7+weFR8fikZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38799hPXRsTqEScJ9yM6VCIUjKKVHqqVfrHklt0FyDrxMlKCDI1+8as3iFkacYVMUmO6npugP6UaBZN8VuilhieUjemQdy1VNOLGny4unZELqwxIGGtbCslC/T0xpZExkyiwnRHFkVn15uJ/XjfF8NqfCpWkyBVbLgpTSTAm87fJQGjOUE4soUwLeythI6opQxtOwYbgrb68TlqVslcr1+6rpfpNFkcezuAcLsGDK6jDHTSgCQxCeIZXeHPGzovz7nwsW3NONnMKf+B8/gDzm4z/</latexit>
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Applications at EIC era



Applications at EIC era
• Having these cross sections, we can calculate the 

multiplicity moments using Mueller’s formula

where

<latexit sha1_base64="xrWjFrYAi7t+dkIpCOe0jBOsFbI="></latexit>

→nk(z)↑ = ωAGK
k (z) →nP (z)↑k

<latexit sha1_base64="7lwtP45NfHJv5srIXOAwwBgnknA=">AAACFHicbVDLSgMxFM34rPVVdekmWISKpcyIVDdC0Y3LCvYBTSl30rQNTTJDkhHaoR/hxl9x40IRty7c+TdOHwttPXDh5Jx7yb3HDwU31nW/naXlldW19dRGenNre2c3s7dfNUGkKavQQAS67oNhgitWsdwKVg81A+kLVvP7N2O/9sC04YG6t4OQNSV0Fe9wCjaRWplTIkB1BcOqFZdHueEJ0ZM3yV+RPPFBky5ICSQ/TKdbmaxbcCfAi8SbkSyaodzKfJF2QCPJlKUCjGl4bmibMWjLqWCjNIkMC4H2ocsaCVUgmWnGk6NG+DhR2rgT6KSUxRP190QM0piB9JNOCbZn5r2x+J/XiGznshlzFUaWKTr9qBMJbAM8Tgi3uWbUikFCgGqe7IppDzRQm+Q4DsGbP3mRVM8KXrFQvDvPlq5ncaTQITpCOeShC1RCt6iMKoiiR/SMXtGb8+S8OO/Ox7R1yZnNHKA/cD5/AL0+nVs=</latexit>

→nP (z)↑ = ω̄ z
• And therefore, all cumulants can be calculated:

<latexit sha1_base64="XjfJw/8s9Q0GrtHYJQXK0vzjMCQ=">AAACEnicbZBNS8MwGMdTX+d8q3r0EhzCBmO0ItOLMNzF4wT3AmspaZZuYWlaklSYZZ/Bi1/FiwdFvHry5rcx3XrQzT8k/Pg/z0Py/P2YUaks69tYWV1b39gsbBW3d3b39s2Dw46MEoFJG0csEj0fScIoJ21FFSO9WBAU+ox0/XEzq3fviZA04ndqEhM3RENOA4qR0pZnVpqeXX6oOFWnepVdDkN8yAjkmSlmXJzLM0tWzZoJLoOdQwnkannmlzOIcBISrjBDUvZtK1ZuioSimJFp0UkkiREeoyHpa+QoJNJNZytN4al2BjCIhD5cwZn7eyJFoZST0NedIVIjuVjLzP9q/UQFl25KeZwowvH8oSBhUEUwywcOqCBYsYkGhAXVf4V4hATCSqeYhWAvrrwMnbOaXa/Vb89Ljes8jgI4BiegDGxwARrgBrRAG2DwCJ7BK3gznowX4934mLeuGPnMEfgj4/MHeBCZjg==</latexit>

C1(z) = →n(z)↑
<latexit sha1_base64="G8L5q71XAqmek547dniyWP0h9iY=">AAACNHicbVDLSgMxFM3UV62vUZdugkWoUMtMkepGKHYjuKlgH9BpSyZN29BMZkgyQh36UW78EDciuFDErd/gzHRE23og4eSce7m5x/YYlcowXrTU0vLK6lp6P bOxubW9o+/u1aXrC0xq2GWuaNpIEkY5qSmqGGl6giDHZqRhjyqR37gjQlKX36qxR9oOGnDapxipUOrq15VuMXd/bOWt/EV0WQzxASOQd2JZxK/IOJlxf71OMfODrp41CkYMuEjMhGRBgmpXf7J6LvYdwhVmSMqWaXiqHSChKGZkkrF8STyER2hAWiHlyCGyHcRLT+BRqPRg3xXh4QrG6t+OADlSjh07rHSQGsp5LxL/81q+6p+3A8o9XxGOp4P6PoPKhVGCsEcFwYqNQ4KwoOFfIR4igbAKc45CMOdXXiT1YsEsFUo3p9nyZRJHGhyAQ5ADJjgDZXAFqqAGMHgAz+ANvGuP2qv2oX1OS1Na0rMPZqB9fQPFHaVh</latexit>

C2(z) = →n2(z)↑ ↓ →n(z)↑2
<latexit sha1_base64="mijA+77x7DlZNJ6ec+ElMkfis5A="></latexit>

C3(z) = →n3(z)↑ ↓ 3 →n2(z)↑ →n(z)↑ + 2 →n(z)↑3

Mean
Variance Third central 

moment of our 
distributions 

<latexit sha1_base64="J8YcbgmAdArpRbe0nuv3VPLXJac="></latexit>

Pn(z) =

∮
dω

2ε i

ef(ω)

ωn+1

•  Finally we can obtain the multiplicity distribution of the 
produced gluons in the saturation region as follows 

<latexit sha1_base64="gH85I79crBvK2CTRvb92dExfpNQ="></latexit>

f(ω) =
→∑

n=1

Cn

n!
(ω→ 1)n

<latexit sha1_base64="nE0o1jKQ1sX2zD9r9wOWto17guA=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRMFL0IvHBMwDkiXMTnqTMbOzy8ysEEK+wIsHRbz6Sd78GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDfzW0+oNI/lgxkn6Ed0IHnIGTVWqt/0iiW37M5BVomXkRJkqPWKX91+zNIIpWGCat3x3MT4E6oMZwKnhW6qMaFsRAfYsVTSCLU/mR86JWdW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOqkJr/0Jl0lqULLFojAVxMRk9jXpc4XMiLEllClubyVsSBVlxmZTsCF4yy+vkuZF2auUK/XLUvU2iyMPJ3AK5+DBFVThHmrQAAYIz/AKb86j8+K8Ox+L1pyTzRzDHzifP41XjMo=</latexit>;

<latexit sha1_base64="T1+9j3zva1WA2TLO1ia5R2pdHTo=">AAAB6XicbVDLTgJBEOzFF+IL9ehlIjHxRHaVoEeiF49o5JHAhswOvTBhdnYzM2tCCH/gxYPGePWPvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJaPZpygH9GB5CFn1FjpoXLZK5bcsjsHWSVeRkqQod4rfnX7MUsjlIYJqnXHcxPjT6gynAmcFrqpxoSyER1gx1JJI9T+ZH7plJxZpU/CWNmShszV3xMTGmk9jgLbGVEz1MveTPzP66QmvPYnXCapQckWi8JUEBOT2dukzxUyI8aWUKa4vZWwIVWUGRtOwYbgLb+8SpoXZa9art5XSrWbLI48nMApnIMHV1CDO6hDAxiE8Ayv8OaMnBfn3flYtOacbOYY/sD5/AH1H40A</latexit>
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Entropy of produced gluons

• The probability to have n-cut BFKL Pomerons in the final 
state is equal to <latexit sha1_base64="K4U/Eq0NR9G+7mUXAyi11cbHYMM="></latexit>

PAGK
n (z) → ωAGK

n (z)∑→
n=1 ω

AGK
n (z)

=
2

ε

z2

↑n(z)↓ !
(

n

↑n(z)↓

)

• DIS probes only a part of the proton’s wave function 
(region A).

<latexit sha1_base64="CVHdPcnkzAFGONWqsJDG5eF4ErU=">AAAB+XicbVBNS8NAEJ34WetX1KOXxSJ4KDUpUj0WvXhswX5A05bNdtMu3U3C7qZQQv+JFw+KePWfePPfuG1z0NYHA4/3ZpiZ58ecKe0439bG5tb2zm5uL79/cHh0bJ+cNlWUSEIbJOKRbPtYUc5C2tBMc9qOJcXC57Tljx/mfmtCpWJR+KSnMe0KPAxZwAjWRurbtuyVvaKnmPCK7nW9V+7bBafkLIDWiZuRAmSo9e0vbxCRRNBQE46V6rhOrLsplpoRTmd5L1E0xmSMh7RjaIgFVd10cfkMXRplgIJImgo1Wqi/J1IslJoK33QKrEdq1ZuL/3mdRAd33ZSFcaJpSJaLgoQjHaF5DGjAJCWaTw3BRDJzKyIjLDHRJqy8CcFdfXmdNMslt1Kq1G8K1fssjhycwwVcgQu3UIVHqEEDCEzgGV7hzUqtF+vd+li2bljZzBn8gfX5A4Yukk4=</latexit>

r2 → 1/Q2A
B

<latexit sha1_base64="uLyI+7Sk+H2wXdirmb9uoTBg55Y="></latexit>

P gluons
n (Y ;x01,b) =

→∑

k=1

PAGK
k (Y ;x01,b)P

Poisson
n (k!BFKLY )

• The probability to have n-gluons in the final state is

<latexit sha1_base64="OrjuYQVKkoGMm8U5mBI+tJjC8lc="></latexit>

=
2

ω

z2

→n(z)↑ !
( n

ω̄ z

→n(z)↑

)

<latexit sha1_base64="6/NTPbXtYOZQPXh+tZ1nY3EK784=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4KomU6rHoxWMV+wFtKJvtpF262YTdjVBC/4EXD4p49R9589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8O/PbT6g0j+WjmSToR3QoecgZNVZ6qFb7pbJbcecgq8TLSRlyNPqlr94gZmmE0jBBte56bmL8jCrDmcBpsZdqTCgb0yF2LZU0Qu1n80un5NwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazt8mAK2RGTCyhTHF7K2EjqigzNpyiDcFbfnmVtC4rXq1Su6+W6zd5HAU4hTO4AA+uoA530IAmMAjhGV7hzRk7L86787FoXXPymRP4A+fzB/ajjQE=</latexit>
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Entropy of produced gluons
• The new observable of DIS — the entanglement entropy — 

is given by the von Neumann’s formula
<latexit sha1_base64="C3660jA4akNHpfY9rC0PcdxhYD8="></latexit>

SE (z) = →
∑

n

Pn (z) ln (Pn (z))

<latexit sha1_base64="GM8NTYUUr4ibYSYwtaEt8tIvOU8="></latexit>

z→ 1→→→↑ z2

2ω

<latexit sha1_base64="lPamlVkMH+XKDKrE/uqqK/wP+qs=">AAACFXicbVDLSgMxFL3js9bXqEs3wSJUKGVGpLoRim5cVrAP6JSSSdM2NJMZkoxQh/6EG3/FjQtF3Aru/Bsz0y609YTA4Zx7b26OH3GmtON8W0vLK6tr67mN/ObW9s6uvbffUGEsCa2TkIey5WNFORO0rpnmtBVJigOf06Y/uk795j2VioXiTo8j2gnwQLA+I1gbqWuXEi8bkvg8ppNLr2QOF8jjWAw4RaL4cOLJjE/y+a5dcMpOBrRI3BkpwAy1rv3l9UISB1RowrFSbdeJdCfBUjOSTvRiRSNMRnhA24YKHFDVSbKFJujYKD3UD6W5QqNM/d2R4ECpceCbygDroZr3UvE/rx3r/kUnYSKKNRVk+lA/5kiHKI0I9ZikRPOxIZhIZnZFZIglJtoEmYbgzn95kTROy26lXLk9K1SvZnHk4BCOoAgunEMVbqAGdSDwCM/wCm/Wk/VivVsf09Ila9ZzAH9gff4AOuueNQ==</latexit>

= ln→n(z)↑

• A relation between the Shadron and the initial-state parton 
entropy, Sgluon, due to “parton liberation” and “local 
parton-hadron duality (LPHD)”, is described by:

In agreement with 
Kharzeev and Levin 
(2017) predictions.

<latexit sha1_base64="8Hwqvck+OcQXjNVv2muSJOMHZP0="></latexit>

Shadron → Sgluons

<latexit sha1_base64="jv1CogC6YhlY0FfpKuhbnWrDyuo=">AAAB6XicbVDLTgJBEOzFF+IL9ehlIjHxRHYNokeiF49o5JHAhswOvTBhdnYzM2tCCH/gxYPGePWPvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJaPZpygH9GB5CFn1FjpoXLZK5bcsjsHWSVeRkqQod4rfnX7MUsjlIYJqnXHcxPjT6gynAmcFrqpxoSyER1gx1JJI9T+ZH7plJxZpU/CWNmShszV3xMTGmk9jgLbGVEz1MveTPzP66QmvPYnXCapQckWi8JUEBOT2dukzxUyI8aWUKa4vZWwIVWUGRtOwYbgLb+8SpoXZa9art5XSrWbLI48nMApnIMHV1CDO6hDAxiE8Ayv8OaMnBfn3flYtOacbOYY/sD5/AH4J40C</latexit>
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Conclusions and outlook

• We calculated the entropy and the multiplicity 
distributions directly from QCD evolution equations and 
the s-channel unitarity constraints. These results are in 
agreement with the predictions of Kharzeev and Levin. 

• σ1, σ2 and σ3 are cross sections for 1, 2 and 3 cut Pomeron 
production which are closely related to the moments and 
cumulants of the multiplicity distributions for DIS 
experiment. Calculations of the moments <n^k> for small k 
will be subject of next papers.
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