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e General concepts of small-x physics and saturation:

o Quarks and gluons in a proton; DIS in the dipole picture; BFKL
Pomeron; Unitarity; GGM/MV formula

« Small-x evolution:

« The non-linear BK evolution equation; Solution of BK equation;
geometric scaling

« Single diffractive dissociation

e Particle production at small-x
e AGK cross sections
« Solution to the AGK evolution equations

« Applications at EIC era: Multiplicity distribution and
entanglement entropy for produced gluons
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small-x physics and
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The structure of matter 1

electron <10-16 cm

J

atom 103 cm

gluon <10-16 cm

J

quark <10-16 cm

nucleon (proton/
neutron) 1013 cm

« We still don’t have a clear picture of how quarks and
gluons are distributed inside the proton.



Quarks and Ghuons in the Proton 2

« By colliding tiny electrons with relatively larger particles
such as protons or nuclei in particle accelerators, it help us
(nuclear physicists) to unlock the mysteries of the strong
force, which binds atomic nuclei together.
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Deep melastic scattering (DIS)

Small—xr < Highenergy s



Quarks and Gluons in the Proton 4

« There is a large number of quarks, anti-quarks and gluons

at small-x in a proton:

HERA o, working group
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Quarks and Gluons in the Proton 5

« High number of gluons populates the transverse extent of
the proton or nucleus, leading to a very dense saturated
wave function known as the Color Glass Condensate (CGC)
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Quariks and Gluons in the Proton Y

e Qualitatively we understand that these extra quarks and

gluons are emitted by the original three valence quarks in
the prot0| Linear evolution Nonlinear evolution

fast hadron
(p>>q,)

A

[
s
APy Y

N

t (time)
e The straight solid lines represent gluons.

« At some critical scale Q=Q;, we start having not only
emissions but also recombination of gluons






sdidepron Dipole picture of DIS {

collision

@ : eA/dipole-nucleus @

collision

6.

« The total DIS cross section is:

2 1
~v*p/A . d o1 d2b/ dz \Ij,y*_)qq 2 N(Y - b
oLt = [ SRy [, 2, Q%) N(Yixon, )
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Dipole picture of DIS 3

How does the dipole interacts with the proton?

8]—1

7 (RSO

J = spin of exchanged particle

Answer: the (two) gluon exchange dominates (J=1). Spin-2
particles, such as gravitons, luckily are weakly-coupled at
the energies of the modern-day accelerators.
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The BEKI. Pomeron

« The previous result does not include any energy
dependence. Energy dependence comes in through

quantum corrections, which bring in powers of ag In(1/x)

Gp(Y,kr,b) =

« This is the Balitsky-Fadin-Kuraev-Lipatov (BFKL) Pomeron.
« The Pomeron is a bound state of two reggeized gluons
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(due to evolution equation) and we denote it by G,



The BFKL. Pomeron 10

« As we increase energy, the single BFKL Pomeron violates
unitarity of the total cross section

/\0.

total

BFKL

Froissart bound

i __- Applicability of
T BFKL pomeron
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Fixing the problems 11

« Let us define the saturation scale Qs(Y) like a transition
point between the region where N (x_L,Y) grows with x_L
and the region where this growth is tamed, that is, by
requiring that N (x_L = 1/Qs(Y ), Y) = const, with some
order-one constant.

N
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Fixing the problems 12
« To reconcile with unitarity, we say that the dipole system in
the saturation region develops the BFKL Pomeron cascade:

Y pamal :
: O=§R

v _QOQ QO O QO R

Sp/a(Y,xo1,b) = > (=1)" Cn GB(Y,X01,b) = %C

n=0

dn T

271 sin(wn) Gl
e« S=1-N. The wavy lines denote the BFKL Pomeron

exchanges. The circles denote the Born amplitude.
« We don’t know how to sum exactly!



e Nucleus
=Bagof = &
quarks

Dlpole picture of DIS

nucleon

rAuclefid’

13

e For multiple exchanges simply exponentiate (Mueller "90)

NGO =1 —

e

1201220 = 7(x01, b)



Small-x Evolution 14

e Let us denote by the red rectangle the GGM exchanges. The
quantum corrections are the virtual and long-lived s-
channel gluons:

5. ’4
W CA
X 9D
D
O° 'i"'ﬂ Yo,
O 00000¢

e In general we don’t know how to sum this gluon cascade,
only at leading log-1/x and next to leading log. Also due to
color factors, still hard to resume. So we also employ the
large-N¢ limit ("t Hooft '77):




Small-x Evolution 15

« The original dipole has developed a dipole cascade, each
of which interacts with the nucleus via GGM scattering

-
> «

o 4 4 - 4§ A
3 Qg3 3 5y a:
: LHLF 4
: e n 2
: e n 2 2
Saa (Y;x01,b) = E =il /H d“xg1 ; d°b;
n=0 1=1

X Y(Xo01,i; X017, i) pr (Y5 {X01,i, Di })
« Where S=1-N and rho denotes the dipole densities
(probability to find n dipoles in the amplitude)



Small-x Evolution 16

« In arriving to that expression, the dipole—nucleus S-matrix
is found to obey the following non-linear evolution
equation (Balitsky '96; Kovchegov '99)

08aa (Y Xo1,b) _ asNe [, 4

oY Y ; I
X [Saa (Y;x12,b) Sga (Y;x02,b) — Sqa (Y;%01,b)]
where Y = 1I11/£C and Xz’j — X3 —Xj, Cl?ij — |Xz’j‘

« The initial condition with energy is given by

1
Saa (Y = Ya,x01,b) = exp (_Z w51 Qs (Ya, b))

%, _Kb"_ i
oY i ¥




Solution of BK equation 17
e For the leading twist BFKL kernel (E. Levin and K. Tuchin
’00) : >

5 o L1 7 3 ¥ 2T - 5 ¢ 3 ¢
a X a X a X a
25 d*z; D) 012 73 202 78 212 = 25 d&€o2 —|— e d&12
X L12 L2 T2 1o 2
Q5 %(Y,b) Q5 2(Y,b) —&s 2aps

where &;; = In(z;; Q2(Y =Y4,b)) and & =agrk (Y —Ya)
« The BK evolution equation can be rewritten in terms of &

and ¢ as §
IS qu (£ 1 : ’
dgg(f §) o ESdA s / dE (B A e e )
—53

 These equations can be solved by introducing the auxiliary
function

Saa (€s,8) = exp (—Q(&s,€))



Solution of BK equation 18

« We can obtain the non-linear equation for () (f’, fs)

Qe e o (1 & e—Q(gS,g))

0E;0E& K

« For the geometric scaling variable z=¢s+¢ it reduces to

g (zy sy (1 -~ e_Q(Z))

d 22 K
(2)

d ) 2
= = = \/; (z + C2)
/ B, § il o K
Qo (€) \/Q s 2 2 g

e Constants C; and C; can be found from matching with
perturbative QCD region.

« Geometric scaling has been observed in DIS data by
Stasto, Golec-Biernat, Kwiecinski in 00.



Single diffractive dissociation



Single diffi-active dissociation 19
« At high M,, in addition to the qgbar, one may have many
more gluons produced (y>Y0): -

o

> rapidity gap

proton or nucleus

The process Diffraction evolution as
fan diagrams



Single diffractive dissociation 20

« The single diffractive cross section is

ot L L 8SP (Y, Yy: Xo1, b
M?( dMi;(f o _/d2$0d2$1/0 dz‘quy —>QQ(X01727Q2)‘ ( 8}20 = )

« SD s the diffractive S-matrix with the rapidity gap greater
than or equal to Yo. It is descomposed as SP=1-2N+0sp.

« SDjs a complicated object:

Sia (Y, Yo;x01,b) = Z(—l)n Z(—l)k

X / 1] @wors @b [ dwor; d?b;
1=1 9

=1
X ’YBA(X01,7;, X017/ bi) VBA(X01,j7 X017 bj)
X P (Y Yo; {x01,5, bi}) pn(Yo; {x01,i, bs })



Diffractive S-matrix 21
e Fortunately, doing one step in evolution and using the
following cancellations of final state interactions for gluons

with y>Y, (2. Chen, A. Mueller "95)

oy

1

s

|
|
0
|
|

0

« The equation for the single diffraction production in QCD
satisfies again the BK equation, but with different I.C.:

anDA (Y, YO; X01, b) ok 8XS NC
oY 2 w2

28 [SC?A (Y, Yo; %12, b) SC?A (Y, Yo; %02, b) — SC?A X, Y05X01,b)]

I.C. SCIZDA(Y o Y(), YO; X01 b) ==



Solution in the saturation region 2
+ Introducing Sz (€,€5) = exp (— Q7 (§,¢&,))

e e kP (1 i e_QD(£S,£)>

0&,0¢& K

e The solution to this equation has the form:

SC?A (2) = S]E(ZW)SCQZA(ZO)

« This notation reflects that the production of gluons with
mass My occurs in the dipole-Pomeron scattering
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Gluon production at small-x 23

coherent state
of dipoles

( mess of dipole interactions | dipole-gluon | detectors
dipole ,  transitions
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interaction

« The interaction of fast hadron (dipole) with the virtual
photon (v+). The coherence of the partonic wave function
of the fast hadron is destroyed at t = 0, while the gluons
can be measured at t = oo,



The AGK cutting rules

e« The Pomeron or uncut Pomeron is related to the ‘cut »
Pomeron” through the optical theorem =

« The Abramovsky-Gribov-Kancheli (AGK) cuttlng rules
allows us to calculate the cross sections for production of
n-cut Pomerons if we know Fi: the contribution of the
exchange of k-Pomerons to the cross section

e N R R R A
where
R (zk % Q)Fk(Y;r,b) for n =0
O',ﬁ (Ya r, b) P - k!
B e
and I (Y§ X015 b) ==y (X017 b) (Im s (Y§ X015 b))k

2% Fi(Y;r,b) for n>1



The AGK cutting rules 25

e The l.C. from the GGM formula .
NO(Y = Y4, x01,b) = 1 — exp i P 2(YA,b))

k! 4
k':]- \ ~ _/
AGK — k—n k! k 1 x%l 30 :
oI =¥0) = S0 g (B
S 'n! !
L2 3 = 1
BUETSN I
2 2
e For f =Rk 7 (517()1 QSO) (leg)n - 1 3
2
O'SGK(Y:YA;X()l,b) - b exXp < —ieg >




The AGK cutting rules 20

e General case n=1

- i ¥ k! k
e e b (k — 1)!1! 2" C (Im Garcr)
k=1

=N G e T G, (2ImGBFKL) by
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Produced particles 27

« To find the multiplicity distribution of particles in the final
states one needs to convolute ok with the distribution of
particles inside k-cut Pomerons

0'5’8' (Y§ X01, D Z UAGK Y; X01; b) Pf(k ABFKLY>

e e
BFKL)k Poisson

X (U’m distribution

s 5 ACGK
4 k n/(ABFKL Y) (Y7 X017 b)




The AGK evolution equations

« The AGK cutting rules can be replaced by the evolution
equations for o,. From the s-channel unitarity:

2N (Y;x01,b) = osp(Y;x01,b) + 0in(Y; %01, b)

« We define a new quantity — the particle production S-
matrix “S, ”: it includes o, along with the no-interaction

term (=1) and all the interaction terms (N and 6_,) on
either side (or both sides) of the final state cut:

O
Sin:1—2N—|—O'SD—|—ZO'n
n=d
e From the final state cancellations, the evolution equation
for S, is of BK type too

0 Qs 2 Lo1
\8Y ( X01 Z Dy xo x%2 ng L ( X12 ) ( >i92 ) ( X01 )l

select fixed multiplicity terms select fixed multiplicity terms

2




The AGK evolution equations 2°

« Replacing S, =1-2N+0sp+2,0, in the equation for the S, -

matrix, we obtain the evolution equation for on:
2

0 Qg x
— 0, (Y;%01,b) = == [ d° -
5y ¢ (Y;%01,b) 5o ol 22, 22,

X |lon (Yixi12,b) + 0, (Yix02,b) — 0, (Y;X01,b)
+ o0, (Y;x12,b) 0sp (Y;X02,b) + 0, (Y;X02,b) 05p (Y;Xx12,b)

n—1

N ZUn—k (Y;x02,b) ok (Y;x12,b)
k=1
— 20, (Yix12,b) N (Y;x02,b) — 20, (Y;%02,b) N (Y;x12,b)



Evolution of onat IargeN )

0

(@ - B G

B HeRe DERE
+5 %i}”'z{ﬂ} 2~ ‘QJ”

« We can see the equation is linear but with complicated
kernel (KsrxL + 2 - 4 N) and non-homogeneous




FEvolution of onat large N,

e Noticing that
= g AV (s o (O NS =g s (YRS

n

= N o S NG AT et (Y S B e )

n

e we reduceto

0 Qg 12
2o (Vikob) = 25 Py
Y on (¥, Xo1 ) 2T e 33%2 :C%2

X [—on (Y,%01,b) + on (Y, x12,b) S° (Y, Y5 = 2,%02,b)]

—1
T SD (Y7 YO o 27 X12; b) On (Y7 X025 b) + Z On—k (Y7 X025 b) Ok (Y7 X125 b) ]
k=1

e For model LT kernel and GS scaling we have
K di;’;z) = —(z — /dz’SD(z',zo —=2)aE2)

A\

+ 52(z0=2) [dron@) + Y [ don i) on)
k=1
§

A
fo 0



FEvolution of onat large N,

e Defining X,,(2) = /dz’ o,(z"), we can rewrite it as

BTz _ ii(T(z) $n(2)) + Za(2)

dz dz
n—1
Rewriting the sum as Z Sh_k(2) op(z) = : dz Zzn K (

k=1 * —

and introducing S, (2) :/dz Y, (2", we have

2D
SBTaG)

. 45 0)
dz dz

d

dz

dz

T(z) Xn(z)) +

Zzn k

1
2

32



The large nz=<n(z)> Solution 33

e Rewriting the sum as

,; Mpecple) otz e

« and introducing S,, (z) = /dz’ ¥, (z) , we have

|
|
Rt
=

]
i
2
AN
N
N—"
\g
2
7 T
N
N—"

33
dz plz) A% d | dS,(2)
L e e A 020N B S T
1_:{__n_1 §




The large nz=<n(z)> Solution 34
« We suggest that the solution has the following form
Yn(2) = ¢(2) exp (—n 2(2))

e Functions @ (z) and ¢ (z) we will find from the equation.
Replacing and taking the large z and n limit we find

o (2 DA 5 D600 B ()

« We can now solve the equation and find for DIS:

on (2) = (¢’ (2) — n¢ (2) @’ (Z))eXp(ncb (2))

KNO structure

n>(n(z)) 2 2° SIS ey but without
graee) (5 : <n<z>>) KNO scaling
where I (£) = 56—5 and (n(z)) = 2ngze o



Homotopy solution 39
» For o, jnregion | (GS) (here SP=A)

mdgcliz(z) = —201(2) + o1 (2) / dZ A(2) + A(2) / d2' o1 ()
e 33
- — (z — /dz’A(z’)) o1(2) + A(z) /dz’al (2")
2 3
N " .
T(Z) /dz’al(z’) = /dz o1(2') — /dz’al(z)
& £
IR, —$,(2)
U S A N DR O
=3 Hda;iz) + T(2)o1(2) — 091 A(z) + A(2)X1(z) = 0



Homotopy solution 36

« We have divided the equation in two parts

yido s = /ﬁzdaallz(z) ORI N R % i e DA

Nelon] = A(z) 21 (2)

o As a solution, we introduce
o1 = (O) i paf) e ) Jf) B
suchthat |0 (p)] + pN¢ilo (p>] — 0

« The Oth iteration is
do}” (2)
dz

Loy n = —T(2)0}"(2) + 001A(2)




Homotopy solution 37

« The solution is a sum of the solution to the homogeneous
part of the equation and the particular solution of the
non-homogeneous one. We obtain

> 2 1 Z
O'%O’I) (Z) — exp (i/dZ/T(Z/)) {O-::[/dz/A(z/) exp (/ﬁ:/dZHT(ZH)> il Cg(bl)}

e &6

A\ 7 \ 7

&0 50D

1 1
where C{" = 56564 exp <—2€£64)

e For the next homotopy iteration we need to account for
the linear terms in p: E[a%o) . pa%l)] + pN¢ [a§0>] =40
« The equation takes the form

dit (4 (1,1) ~,(0)
oo VN, e G PN I




Homotopy solution 33

where 21" (z) = /dz’ (). The general solution is

z

1 P [ : b
0_51,1) (Z) — ——exp (/dZ/T<Z/)) /dZ/A (Z/) Zgo) (z/) exp (/dz’/T(z//))
K K 5

39 £ 33
« In general, the equation for the p-iteration (p21) in
region | takes the form

J(p,) 5 S
LB L el ) A BED ()

with solution

oD () = — lexp (1 /dz’T(z’)) /dz’A(z’) S8 (1) exp (1 /dz"T(z”))
K K K




Homotopy solution foro,,

« Now we need to add to our definition of L[o1] the non-
homogeneous term

flow) = #2228 L 1G)0,(2) = 000 A() = T Buck (2) 01 (2

e SN e e
= Upiz)

« We solve the equation in a similar way to o3, yielding

07(10,1') (z2) = exp (1/dZ/T(Z/)) {1/61,2’ U, (z/) exp (i/dz’/T(z//>) ¥ Cén)}
K K

13 gs o

A n
1,6

: ) =+*, The formula for the p-iteration is

where ¢{" = (

n!

0P (2) = exp (i/dZ'T(Z’)) {%/dz’(] (2') 2P~V (') exp (i/d%’ﬂ/)) Z ng}

£ 39 &'



Numenrical estimmates

« Ratios of 01, 02, 03 and os for &0A=0, as=0.2, zo=2.
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Numenrical esimates

« Ratios of 01, 02, 03 and os for &0A=0, as=0.2, zo=2.
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Nunnerical estimates 42

e One can see that the first iteration turns out to be rather
large in the small-z region which corresponds to region |I.

e Despite the fact that after an appropriate number of
iterations the corrections become small, the approach
may break down for a sufficiently large n. For this reason,
we use this method only for small values of n.

« We solve the equation in the large-n limit, and study the
possible matching with this solution.






Apphcations at EIC era 43

« Having these cross sections, we can calculate the
multiplicity moments using Mueller’s formula

(n"(2)) = 05 (2) (np(2))"

Where <np(z)> = Yz
e And therefore, all cumulants can be calculated:
C1(z) = (n(2)) Mean

2 L Third central
Gy (Z) <n3(z)> <n(z3> bl moment of our
C3(2) = (n°(2)) — 3(n°(2)) (n(2)) distributions
e Finally we can obtain the multiplicity distribution of the
produced gluons in the saturation region as follows

< FOV
fm:Z%V”’PU fdxe

Ay e




Entropy of produced ghions 44

e DIS probes only a part of the proton’s wave function

(region A).
@ T AN
B

e The probability to have n-cut BFKL Pomerons in the final

state is equal to
O.AGK (Z) < 2 22

B — Zzoio-AGK (2) & <n(z)>qj<<né)>>

« The probability to have n-gluons in the final state is

Pgluon Y XO]_, Z PAGK Y; XO]_, Poi sson(k, ABFKLY)

b) P,
2 i <ni>> 2 << f»)




Entropy of produced ghuons 45

« The new observable of DIS — the entanglement entropy —
is given by the von Neumann’s formula

Se(e) =iy B Loy In (R ()

s I g 2
< ( )> In agreement with

S | 22 Kharzeev and Levin
’ Q_E (2017) predictions.

« A relation between the Shadron and the initial-state parton
entropy, Sgiuon, due to “parton liberation” and “local
parton-hadron duality (LPHD)"”, is described by:

N

Shadron i Sgluons



Conclusions and outlook

i
; .'/?"’ %

o ,;,}fl}" ’I'

We calcg éd the entropy ar P the multiplicity

.

dlstrlbutlons directly from Q D ellolutlon equations and

the S- charmel unitarity constraints. These results are in
greement withithe predlctlons i Kharzeev and Levin.

01, (7] and, O3 are c,ross sectlons for 1,12 and 3 cut Pomeron
productldh whitk,/ are cloqely related to the moments and
_cumulants of the' mulﬂphfiity dlsthbutlons for DIS
experlment Calcfulatlons;of the moments <n”k> for small k
will be subject o“ next pahoers (
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