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Figure 1. Example of some spherical
harmonics. Red is +1 and blue is -1.
Sourced from
https://github.com/NVIDIA /torch-
harmonics.
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Introduction QfGlasgovz

What is the general idea?
@ Analyse the independent angular contributions to our overall angular distribution do
@ Each "partial-wave" will contribute to an independent mode based on its quantum numbers
@ Essentially a large scale Fourier transform to extract "moments"

@ Followed by a non-linear minimisation to extract the underlying process amplitudes

Brief Results / Strengths:

@ Amplitude extraction and longitudinal / Weaknesses:
transverse separation at a fixed beam energy @ Specific cases result in ambiguous
@ "Moments" can encode interferences and solutions and null results
magnitudes for many overlapping resonances @ Scalability — currently use MINUIT
o Fully generalizable to polarised nucleon beams to minimize non-linear system but
and recoils this will not be practical for higher
. . . . spins and/or polarized observables
@ Further generalizable to higher spins and final P e e J
products
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Introduction: The Electron lon Collider (EIC) 2 of Glasgow

@ The EIC will (hopefully) be the next electron—proton
collider and the first since HERA

@ High luminosities and clean e™ p collisions will
provide more than adequate stats to resolve such
resonances

@ Polarized beams provide a great way to take full
advantage of the generality of this formalism

@ Not just limited to standard meson spectroscopy at
the EIC as this formalism is fully adaptable:

e Possibility to extend to vector-vector production and
the search for exotica
e Possible connection to structure with the "moments"
corresponding to distinct GPD related structures
e The current formalism developed can work for any Figure 2: Schematic of the EIC.
2-pseudoscalar exclusive final state Taken from
https://www.bnl.gov/eic/machine.php
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Starting Point: CLAS 2009 7"7~ Moments Analysis of Glasgow

week ending

PRL 102, 102001 (2009) PHYSICAL REVIEW LETTERS 13 MARCH 2009

Measurement of Direct f,(980) Photoproduction on the Proton

M. Banaglicri,' R. De Vita,' A.P. Szcchaniak.2 K.P. Adhikari,** M. Aghasyan,lg M.J. Amaryan,14 P. Ambrozewicz, JBIIII ular M

M. Anghinolﬁ,1 G. Asryan,47 H. Avakian,*' H. Bagdasaryan,34 N. Baillie,* J.P. Ball,4 N.A. Ballzell,40 V. Batourine,®
0F
E d*c
. (v = V“"/""* |Gy
% 10 <Ygp> T ™
" sE S g )
o e PR P INUTY RTTY SRTRY P VT 3
0.4 0s 06 07 08 0.9 1 L1 12 13 14 =
M, (GeV) e
s Disentangling S and P Waves
2
2 2
] ) == L @ Overlap: The 7+ 7~ final state contains
E] . i
= 05 overlapping S and P wave amplitudes.
Er b b b b b b b b b — @ Scale Limit: Direct scalar extraction is
04 05 06 07 08 09 1 L1 12 13 14 o 225 .
M., (GeV) £ — buried because the vector P-wave (p)
g 3 cross section is ~50X larger.
s
2 < - @ Resolution: Moments preserve the phase
3 Z 3 interference terms (e.g., (Y10)), allowing
E % = PWA to isolate the f(980).
=TT T PP P EOTTT FEUTE TN AT PO cE P~ 07”:»&'”:»'9””1'”n "1|2HH1|"-H” @ model dependent due to unpolarised
04 05 06 0.7 08 0.9 1 11 12 13 14 - - - g . - - - - >
Mz (GeV) M,z (GeV) photon beam )
Fig A: Extracted angular moments (Yyo), (Y10), and  Fig B: Resulting PWA cross sections cleanly splitting
(Y11) mapping the clear S-P interference profiles. the small scalar S-wave from the dominant vector
P-wave.
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Theory Overview (1) — From Angles to Amplitudes of Glasgow

@ From standard field theory we can write out our 2-body decay intensity as

do
Q ¢ T+ dm . A0 A A /7 ¢ A*/. Q .
Q. ) = dt dm,, dQ dd ”‘Z BN PM( ) Mo (2)

@ Can expand amplitudes out in a basis of A1 /\2
partial-wave amplitudes T)’\m_/\l)Q:

A)\;)\l)\z(Q) = Z Tfm;A1A2 Y[”(Q)

Im
e Formalism then deconstructs the /(2, ®) in
terms of each orthogonal ® component

8
=D 1M(Q)N*()
a=0

@ « collects our different polarizations: 0 — 3 are

purely transverse (TT) 4 is purely longitudinal  Figure 3: Gottfried-Jackson frame for the
(LL) and 5 — 8 are interferences general decay.

@
tnf
.0
SE
2
5
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Theory Overview (1) — Moments and Intensities of Glasgow

@ We can then expand our polarized intensities in terms of their orthogonal Q2 terms

@ The amplitudes appear as billinears within the spin density matrix elements (SDMEs)

@ put equations here

Definition

2L+1Y 0 _
Z ( o > H, Diio () if =0,
Q)=

2L +1
B Z (44_) Hg4uDE (),  otherwise.
T

LM

Z 2"+ 1
2/ +1

2I"+1

2/ +1

10 Im a,ll’ . _
Crowo Crim LMP if =0,

14 .
) C/IIOOLO Cll’";n’ LMp%m’ 3 otherwise.

v
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Generalised Moments for Electroproduction

a,ll’
Pmm’

@ Can relate each term to standard

concepts:
e Angular distribution /(Q, ®)
(the signal)
o Moments H(LM) (Fourier
coeffs)
o Spherical harmonics YM(Q)
(sinusoids)

@ For multiple resonances with

different spins moments encode

o Interference and phase between
resonances,
e Magnitudes of partial waves.

EIC ECR July 2026
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Theory Overview (I11) — something Glasgow

@ The SDME above is directly related to the virutal photon SDME through the linear map
’ 1 ’ *
a,ll a
Pmom = 5 Z T)I\m;MAQZ (Ti'm’:)q)\z)
A

@ X“ are just some orthogonal base of basis matrices with corresponding coefficients 1“ that are
model dependent

@ Here we now focus on developing this formalism specifically for vector meson production,
specifically the work of Schlling and Wolf [1]

000 _ 1 ¢ 0
/’mm'*g E E Tx mixi e T s e

5,00 1 4 0 % ¢ 0%
A—Z1 A he Prmt = 575 >y /\(T(Lrn:)\lAgTA.m’:)\u\z + T)\Jn:)\u\le).m’:)\u\z)"
100 1 ¢ s A=£1 M2
Pt = 75 Z Z TZx mexane Ixmrngaa e i . " . v
o * *
A=%1X1)2 Prm’ = —2\/5 Z Z (T(IJH:)\|)\2T/\JH’:/\|)\2 - T)\JH:)\V\zz—‘U.Hl’:)\V\))‘
o i , A=£1A1As
2,00 ‘ %
Pt = 5 AT maxore Thmriaiae T 1 , Vs ‘ 2
A==+1 At Pt = 5 75 Z Z (n;.,,,:A.AgTA.y.u:,\,Az + TA.,,.:A.Azn.,,./;A.A,)~
oy 1 , A=£1A1As
3,00 ¢ 0%
Py = 5 ATX max xo Txmiag Ags s.00' i . o . e
A=%1 21 he Pt = 5 75 Z Z A(Tx.m:,\.xzny.m':,\,xz - El.rr::A.AgTA.:::’:A|A2)-
4,00 _ e e A=£1 M2,
Pim: = E T mix 2o Tomriag an
AiAz
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Theory Overview (IV) — The Reflectivity Basis of Glasgow

@ The reflectivity basis is a transformation that is integral to this formalism

@ Can use its symmetric quantities to reduce complexity and also relate the corresponding
reflectivity eigenvalue ¢ = £1 to distinct exchanges [2]

Definitions:

1 1
€l / / €l / /
TTm;)\l)\z = 5 (T-i-lm;/\l)\g - (_1)mT—1m;)\1)\2) and TLm;)\l/\z = 5 (TOm;)\l)\z + (_1)mT0m;)\1)\2

N———

@ New index L/ T indicates whether we are dealing with a longitudinal or transverse

@ Can also reduce the nucleon helicites(A1A2) due to parity

[I]in;l = €Trln;—l-—{— and [/]fn;—l = ETrln;—l-—

o This represents the spin-flip of the nucleon
@ k =1 is non-spin flip (++ or - -) andn k = —1 is the spin flip state (+- or -+)
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Interlude: Naturality of Glasgow

For the decay to two pseudoscalars our reflectivity is equivalent to the naturality of the
exchange

Definition

o Naturality (natural parity) is defined as
n=P(-1)7,

where:

e P is the parity and J is the total angular momentum of the meson.

Examples

| A\

e Natural (n = +1) exchanges:

e Pomerons, ps, other vector mesons.
e Unnatural (n = —1) exchanges:

e 7s, other pseudoscalar mesons.

A,

D. Leahy (University of Glasgow) Generalised Moments for Electroproduction EIC ECR July 2026
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MINUIT Inversion Procedure of Glasgow

Evaluate the amplitudes through a non-linear minimisation procedure with bootstrap

resampling for uncertainties o (LM) — H*(LM)

2 obs
X = Z >
alM a; (LM)

For published results implemented here
( )

Randomly sampled amplitudes
bootstrap / resampling inputs

For unpublished results
Y
Measnfre .the. Fit moments ” | Minimiser Compute H(LM)
angular distribution Extract > 2 fit P
(Q, o) Ho(LM) U [ balil from literature SDMEs
Y

Reaction amplitudes
epsilonectivity-basis
fit result

Y
‘ Observables

R, form factors,
and asymmetries
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Application to existing unpolarised target data [3, 4, 5, 6]

Spin density matrix elements in exclusive p ©

electroproduction on 'Hand 2H targets at
27.5 GeV beam energy

Regular Article - Experimental Physics | Open access | Published: 17 July 2009

Spin density matrix elements in exclusive p0
meson muoproduction

Regular Article - Experimental Physics | Open access | Published: 13 October 2023

Volume 83, article number 924 (2023) Cite this article
Volume 62, pages 659—-695(2009) Cite thisarticle
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Real-World Data: p° Production (Transverse Sectors) of Glasgow

Applying the unconstrained reflectivity PWA numerical inversion to historical experimental data

e~ p" Natural Transverse

. 1~ p" Natural Transverse

1.0

(W) =4.8 GeV B P (W) =9.9 GeV S

. y Pio . : S Plo

051 (Q% = 1.19 GeV? Hae 031 (Q% = 1.6 GeV? FaR
0.0 L] . 0.0 L .

0.5 ~0.5

T T T 1.0
e~p" Unnatural Transverse

T

11~ p" Unnatural Transverse

1.0

Py B Py
i Pro . P
0.54 0.54
s S B Py
0.04 ,_t_ro-' 0.04 + o+

=059

-1.0

-1.0

Electron Production: Extracted e’po transverse amplitudes . Muon Production: Extracted [,L7p0 transverse amplitudes.

Observation: Both independent datasets display structural agreement, dominated by a highly prominent Natural
Transverse m = 1 no-helicity-flip amplitude ([£]%,) signifying expected Pomeron/Reggeon exchange trajectories.

D. Leahy (University of Glasgow) Generalised Moments for Electroproduction
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Real-World Data: p° Production (Longitudinal Sectors) of Glasgow

The corresponding longitudinal sector extractions illustrate clean isolation of the primary diffractive
structures alongside structural symmetry constraints :

" e p" Natural Longitudinal . 1~ p° Natural Longitudinal
&P & e
0.5 Py 0.5 Plo
0.04 é 0.04 L]
-0.59 -0.54
-1.0 T T T -1.0 T T T
,—ep" Unnatural Longitudinal o4—p" Unnatural Longitudinal
&Py + P
0.54 0.5
0.04 + 0.04 +
-0.54 -0.54
-1.0 T T T -1.0 T T T
—1.0 —0.5 0.0 0.5 10 —1.0 —0.5 0.0 0.5 1t
Real Real

Electron Production: Extracted e7p0 longitudinal amplitudes. Muon Production: Extracted /,pr0 longitudinal amplitudes.

Key Observation: The longitudinal sector shows clear dominance of the Natural Longitudinal m =0

non-helicity-flip wave([¢]},,) which relates to twist 2 GPDs.

q
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Real-World Data: w Production (Transverse Sectors)
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On w data the minimizer does not work as well...

e~ w Natural Transverse

-0.54

-1.0

(W) = 4.8 GeV P
(Q?) = 2.0 GeV? Pio

PT 1
'

1~ w Natural Transverse

0.59

0.04

1.0

e~ w Unnatural Transverse

(W) = 7.6 GeV & b,

N 1 ¢ ) Pl

(@Q%) = 1.64 GeV Far
SO

-1.0

+ P'}l
Py

+ P-},]

]

1~ w Unnatural Transverse

0.59

0.04

-0.54

Electron Production: Extracted e™ w transverse amplitudes .

T T T

-10

# Py
PTU
& S

g -

Muon Production: Extracted 1~ w transverse amplitudes.

Observation: Minimizer solution is less certain than p°, but can see a distinctly large Unnatural Transverse
m = 1 corresponding to expected pion exchange.

D. Leahy (University of Glasgow)
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ongitudinal Sectors)

Real-World Data: w® Production (

lasgow

The corresponding longitudinal sector extractions illustrate clean isolation of the primary diffractive

structures alongside structural symmetry constraints :
e~ w Natural Longitudinal

PG

Pl
e~ w Unnatural Longitudinal
Py

p~w Natural Longitudinal
+Pp

"
PI 0

1.0

10

0.54 0.54

0.04 0.0

+

0.54 -0.54

-10

1.0 T T T
1~ w Unnatural Longitudinal

Py

054 0.5

0.0 0.04

- +

-0.59 -0.54

-10 T

T
0.0 (

Real

-1.0 T

T
0.0

Real

Electron Production: Extracted e~ w longitudinal amplitudes. Muon Production: Extracted ;™ w longitudinal amplitudes.

Key Observation: Similarly large Natural m = 0 component to the p°.
EIC ECR July 2026
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Polarized Nucleons (1) of Glasgow

@ One of the key aspects provided by the EIC will be polarised nucleon beams

@ This will allow us to fully exploit this formalism and extract the nucleon helicity dependent
amplitudes

o For polarised nucleons we sum over the 16 extra degrees of freedom given by each

@ With our polarized electron this gives 9 x 16 = 144 different "polarization" mixtures

@ Now extend to include both nucleon density matrices

a1 / a B 5 % *
Pmm = 5 Z TAm;AV\QzA/\'U,\lA;U/\QA; (T)\’m’;A’I/\’Z)
)

@ Things get complicated fast by summing over each index but we can summarise it quite
neatly as all amplitudes end up as the form

€ B ) € % o € € %
Z TXm;)\1)\20-)\1)\£0-)\2)\’2 Ym/ M, T 2 Z Cas(€, k) Txmk Ty ke
ee’ ee’ kk’
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Polarized Nucleons (II)

D. Leahy (University of Glasgow)

(B,0) € k' Cgs(e k)

(0,0) ¢ Kk 1
0,1) ¢ —k 1
0,2) —e —k  —ik
0.3) —¢ Kk K
(1,0) e —k €
(1,1) € Kk €
(1,2) —e k —ike
(1.3) —e —k  —ke
(2,0) —e —k ie
(2,1) —e k ie
(2,2) € k ke
(2,3) e —k —ike
(3,0) —¢ Kk 1
(3,1) —e —k 1
(3.2) e —k —ik
(3,3) € k —k
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Polarized Nucleons (1) — Parameter Scaling f Glasgow

Emax Narnps Nreal NH

0 3 4 3
1 12 22 35
1 (no S-wave) 9 16 23
2 27 52 99
3 48 94 195
4 75 148 323
5 108 214 483

Table 2: lllustrative counting for the vector-meson-style electroproduction truncation using the inversion-counting method
described in the text. Here Namps = 3(£max + 1)? counts the complex amplitudes, Nyea1 = 2(Namps — 1) counts the real
fit parameters after fixing two reference phases, and Ny = 4(20max + 1)2 — 1 counts the experimentally accessible
moments. The max = 2 row is the case used in the fixed-amplitude study. Also shown is the special P-wave-only case
used when analysing vector-meson decay to two spin-0 particles.
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Polarized Nucleons (Ill) — Parameter Scaling f Glasgow

Lmax Namps Nreal NH

0 6 11 56

1 24 47 568
1 (no S-wave) 18 35 376
54 107 1592
96 191 3128
150 299 5176
216 431 7736

aprwWwN

Table 3: lllustrative counting for the case where both the target and recoil nucleons are polarized. The number of
amplitudes is the same as in the singly polarized case, since the two k sectors have already been separated:

Namps = 6(€max + 1)? and Nyeal = 2Namps — 1 = 12(€max + 1)?> — 1. The additional spin observables increase the number
of experimentally accessible moments to Ny = 64(20max + 1)2 — 8.
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Connection to Structure and GPDs (1) of Glasgow

@ In the high-Q? deeply virtual limit, the production vertex probes partonic structure through GPDs.
@ The advantage of the reflectivity PWA is that it first isolates amplitude sectors experimentally,
before imposing a dynamical GPD model.

@ For vector-meson production, the extracted P-wave amplitudes can be mapped onto helicity
amplitudes and then to Compton form factors (CFFs) [7, 8].

Leading longitudinal sector Why polarization matters
Pgi ~Hy, k = 1 — helicity conserving,
—t k = —1 — helicity flipping.
Pi o~ —\/5\/. y flipping
! 2mN

Unpolarized data mainly gives diagonal sums over k.
Transverse target or recoil polarization is needed to expose

Th -fli litude is dominated by th tor CFF
= EIETE SR o Rl 2y nis pes et the interference that separates the suppressed E-type CFFs.
o

Hy, while the flip amplitude accesses &y .
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Connection to Structure and GPDs (lII) of Glasgow

PWA label Physics filter Hard-exclusive limit Structural information
e=+1 Natural / parity-matched ex- Vector CFF sector H, E-type GPD information
change
e=-—1 Unnatural / parity-flipped ex- Axial or transversity- H, E and chiral-odd sensitiv-
change sensitive sector ity
k=1 Nucleon non-spin flip Helicity conserving Dominant H-like contribution
k=-1 Nucleon spin flip Helicity flipping Access to E-like orbital-
angular-momentum informa-
tion

Interpretation

The extracted amplitudes provide a model-independent intermediate layer between angular data and
GPD-based structure models. In the EIC regime, the same formalism can therefore serve both
spectroscopy, through mass-dependent amplitudes, and nucleon tomography, through the Q?, t, and
polarization dependence of the CFFs [9, 10, 11].

D. Leahy (University of Glasgow) Generalised Moments for Electroproduction EIC ECR July 2026
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Future Work of Glasgow

Physics interpretation

@ Develop Regge- and GPD-based amplitude models for the extracted reflectivity waves.

@ Use the Q% and t dependence to connect partial waves to transition form factors, CFFs,
and spatial structure.

Applications to data
@ Extend the present unpolarized-target studies to polarized target and recoil observables.

@ Prepare the framework for high-statistics EIC measurements, where the larger response
space should strongly constrain the amplitudes.

Computational development

@ Replace brute-force MINUIT scans with scalable inference methods for high-dimensional
amplitude extraction.

@ Generalize from two spin-zero decay products to higher-spin and multi-body final states.

D. Leahy (University of Glasgow) Generalised Moments for Electroproduction EIC ECR July 2026



Summary & Questions

@ Built a reflectivity-based partial-wave formalism for meson electroproduction.

@ Connected measured angular moments to bilinear amplitude constraints, enabling a
numerical inversion to reaction amplitudes.

e Demonstrated preliminary amplitude extractions for existing p° and w electroproduction
data.

@ Extended the formalism to polarized target and recoil observables, where additional spin
information unlocks otherwise inaccessible interference terms.

o Established the route from extracted amplitudes to transition form factors, CFFs, and
GPD-sensitive structure observables.

Any Questions?

D. Leahy (University of Glasgow) Generalised Moments for Electroproduction EIC ECR July 2026
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Full Spin Density Matrix

1—4/1—¢2 P cos ap eiio(\/6(1+6+26)7\/6(176)PCOSO{Q) —ge 2
eio(\/5(1+s+25)7\/5(175) P cos az) 2(e+9) 7efi°(\/5(1+s+25)+\/5(175) P cos az)
_ee?i® —ei¢(\/6(1+6+25)+\/6(1—6)PCOSOQ) 1+4/1—€2 P cos ay

o

Why can we decompose this?

@ As our spin density matrix is a hermitian matrix it can always be decomposed into N? basis
matrices (N is the dimension of the matrix)

@ General complex matrices form a vector space over R of dimension 2/N?

@ Hermitian matrices are a subspace of this with half the d.o.f so they form a vector space of
N2

.
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SDME Basis Matrices and Coefficient Vector of Glasgow

~v* Vector of Coefficients

M={1, —ecos(2®), —esin(29), 2?’"(1 —¢)Po, e+ 6, 1/2e(1 4+ €+ 25) cos ®,
\/2e(1+ e+ 29)sind, 2?’"(1 —¢€)(P1cos® + Ppsin®), 2?’”(1 —¢)(P1sin® — Pycos®) }

Vector of Vector Meson SDME Coefficients

1
Mn :m{ 1, —ecos(2®), —esin(29), 2?’"(1 —¢€)Po, €+ 6, \/2¢(1 + & + 26) cos P,
\/2e(1+¢€ +20)sind, 2?’"(1 —¢)(P1 cos® + Py sin ®), 2?’”(1 —¢€)(Pysin® — Pycos®) }
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Basis Matrices

001 00
y°=(0 0 0], y'=10 0 0], ¥2=10 0 o0 |,
001 100 i 0 0
10 0 000 | 1 0
3=[0 0 o0 |, y¥=2[0 1 0|, ¥=—7—]1 -1,
00 —1 000 vV2io 1 0
L (0 —i 0 L (010 , (0 —i 0
yO=——1|i 0 i|, ¥'=—1]10 1|, ¥¥=— 0 —i
V2o —i o V210 1 0 v2lo i o
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Parity Relations and the k-Basis of Glasgow

—

P ) T;_m;)\1)\2 = Tiom—xn-x = 2 [Té_m?—kl—M B 6(_1)mTém3_)‘1_)‘2}
1

= 2 [T, = (DN TG

—> under exchange m < —m

(©) TLm;—)q—)\z - _6(_1))\1_>\2 () TLm;>\1)\2'

o

Casting L into k-basis

@ Always have (©) Trman, = i(e)TLm;—)\l—)\z

o k-basis [/]{ ., is valid also for the longitudinal part

\
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Checking the Degrees of Freedom

Reflectivity Basis

o For our partial waves [/]F ., and [/]{, ., the total d.o.f. is

2
2 x 2 +2x =" = 6(2/ +1),
| S —
—_———
T L
where the longitudinal part is symmetric under —m < m:[/]g,. = —e(=1)" [/]{,,.-

@ For m = 0, only an unnatural contribution remains.

Standard Basis

o In the standard basis T 1\, (and considering parity):

3 x 22

=6(2/+1
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