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Symmetry is beautiful but asymmetry is why the universe exists

Why is the visible universe matter-dominated instead of being EMPTY filled with only radiation?
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Physics of neutrinos can potentially hold the key to answering this! 

Identical in nearly every way, except with reversed charge, these equal yet opposite particles are called

antimatter. Graphic courtesy Fermilab

“The problem is, if we take our favorite model and calculate the evolution of the universe, we get

a prediction that is completely o!,” de Gouvêa said. “There should not be any matter in the

universe we live in today.”

We know, of course, that this didn’t happen. We live in a matter-dominated universe with swirling

galaxies, innumerable stars and at least one life-sustaining planet. Somehow, about one billionth

Why DUNE? Searching for the origin of matter | Sanford Underground... https://sanfordlab.org/article/why-dune-searching-origin-matter
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proton

Why the universe is the way it is? 
Why only proton and no anti-proton?
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Deep Underground Neutrino Experiment (DUNE) @ Fermilab

Highest priority : Vision of the 2023 Particle Physics Project 
Prioritization Panel (P5)
 

We envision a new era of scientific leadership, centered on decoding the quantum realm, 
unveiling the hidden universe, and exploring novel paradigms. Balancing current and future 
large- and mid-scale projects with the agility of small projects is crucial to our vision. We 
emphasize the importance of investing in a highly skilled scientific workforce and enhanc-
ing computational and technological infrastructure. Particle physics has a long-proven 
record of creating new technologies and provides a training ground for a skilled workforce 
that drives not only fundamental science, but quantum information science, AI/ML, com-
putational modeling, finance, national security, and microelectronics.

We recommend the following:

As the highest priority independent of the budget scenarios, complete construction projects and support 
operations of ongoing experiments and research to enable maximum science. This includes HL-LHC, the 
first phase of DUNE and PIP-II, the Rubin Observatory to carry out the Legacy Survey of Space and Time (LSST), and 
the LSST Dark Energy Science Collaboration.

Construct a portfolio of major projects that collectively study nearly all fundamental constituents of our 
universe and their interactions, as well as how those interactions determine both the cosmic past and future. 
1.  CMB-S4, which looks back at the earliest moments of the universe, 
2.  Re-envisioned second phase of DUNE with an early implementation of an enhanced 2.1 MW beam  

as the definitive long-baseline neutrino oscillation experiment,
3.  Offshore Higgs factory, realized in collaboration with international partners, in order to reveal  

the secrets of the Higgs boson, 
4.  Ultimate Generation 3 (G3) dark matter direct detection experiment reaching the neutrino fog, 
5.  IceCube-Gen2 for the study of neutrino properties using non-beam neutrinos complementary to DUNE and  

for indirect detection of dark matter.

Create an improved balance between small-, medium-, and large-scale projects to open new scientific 
opportunities and maximize their results, enhance workforce development, promote creativity, and  
compete on the world stage. The proposed portfolio includes implementing the recommended program, Advancing 
Science and Technology using Agile Experiments (ASTAE).

Support a comprehensive effort to develop the resources—theoretical, computational and technologi-
cal—essential to our 20-year vision for the field. This includes an aggressive R&D program that, while 
technologically challenging, could yield revolutionary accelerator designs that chart a realistic path to 
a 10 TeV parton center-of-momentum (pCM) collider. In particular, the muon collider option builds on Fermilab 
strengths and capabilities and supports our aspiration to host a major collider facility in the US. 

Invest in initiatives aimed at developing the workforce, broadening engagement, and supporting ethical 
conduct in the field. This commitment nurtures an advanced technological workforce not only for particle physics, but 
for the nation as a whole.

DRAFT Report of the 2023 Particle Physics Project Prioritization Panel 2023p5report.org



 Challenges for the DUNE
Two major challenges:

Neutrino beams are not mono-energetic (      )
Modeling of unknown nuclear effects (and even at the level of nucleons) 
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Neutrino cross sections at atmospheric Neutrino cross sections at atmospheric nn energies energies

Paschos,JYY,PRD65(2002)033002

P. Lipari, hep-ph/0207172

Neutrino cross sections at atmospheric ν energies
With increasing energy E the deep inelastic region dominates the phase space!
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The neutrino cross-section landscape

For energies > 5 GeV, inelastic scattering 
dominates the inclusive cross-section

Common misconception: inelastic scattering 
does not coincide with deep-inelastic 
scattering (DIS) where pQCD can be applied!

How robust is our theoretical understanding 
of neutrino inelastic scattering interactions?

uncertainty 
bands?

+ Shallow Inelastic 
Scattering (SIS)

Research objective: Hadronic tensor in QE, RES, SIS, and DIS regions using Lattice QCD

USQCD White Paper, Kronfeld, Richards, RSS , et al [EPJA 2019]
L. Ruso, et al [J.Phys.G 52 (2025) 4, 043001]
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• BSM searches will be an important part of 
the overall neutrino experimental program 
going forward


• Many scenarios of interest require changes 
to the leptonic part of the interaction only

- Nuclear calculations are hard, but 

generators handle this already

- Requires exposing the hadronic tensor 

calculation (generator) so that BSM events 
can be simulated using a modified leptonic 
tensor (theory groups)


• Existing tools from LHC efforts can automate 
much of the required work

Theory interface: supporting wide-ranging BSM studies

Josh Isaacson et al., FNAL Neutrino 
Joint Theory-Experiment Working 
Group meeting, 12 August 2021

Leptonic tensor 

(Easy)

Hadronic tensor

(Nonperturbative)

Calculable with 


Lattice QCD 

[K. F. Liu, PRL 1994]
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Field theoretical formalism for QCD: Lattice QCD
LQCD: lattice regularization of QCD  

First principle and nonperturbative approach to numerically study QCD

Quark mass and coupling strength

L

a

T

Quark fields

Gluon fields

Based on the path integral formalism of QFT

Transition to the lattice
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Discretize space as well, with N points 

Periodic lattice  with lattice spacing Λ a

Λ = {n = (n, n4) | ni = 0,1,…, N − 1
n4 = 0,1,…, NT − 1}

Allows for numerical simulation

Lattice Gauge Theory
RBC/UKQCD 32If DWF ensemble

fmL⇥ T = 323 ⇥ 64 MeV
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Hadronic tensor is relevant in all energy regions

 Hadronic tensor from lattice QCD  
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USQCD white paper: Kronfeld, Richards, Liu, RSS, et al [2019] / A. Meyer, et al [Annu. Rev. 2022]  

Ability to investigate different channels with different current combinations on lattice

4

states. Additionally, it is important to note that elastic and resonance structures are significantly suppressed in
the DIS region. When analyzed within the DIS framework, the hadronic formalism provides an alternative avenue
for investigating the nucleon’s partonic structure. This approach complements lattice QCD calculations conducted
through di↵erent methodologies, where substantial progress has already been achieved (for many recent developments
and results, see [47–50] and the references therein). In principle, the hadronic tensor serves as a framework that
enables the investigation of hadron structure across the elastic, resonance, and DIS regions, including the challenging
transition regions that lie in between them.

III. CALCULATION OF ELASTIC AND TRANSITION FORM FACTORS FROM HADRONIC
TENSOR FORMALISM ON THE LATTICE

The response of the target nucleon to the photon probe is characterized by a hadronic tensor. The hadronic tensor
involved in the inclusive lepton-nucleon scattering cross section is the imaginary part of the Compton amplitude Tµ⌫

and can be written in the following form for spin-averaged nucleon states:

Wµ⌫(q
2, ⌫) =

1

⇡
Im Tµ⌫(q

2, ⌫) =
1

2

X

n

Z nY

i=1


d3pi

(2⇡)32Epi

�
hN(p)| Jµ(0) |ni hn| J⌫(0) |N(p)i (2⇡)3�4(pn � p� q), (1)

where p and pn are the 4-momentum of the nucleon and n-th intermediate states, q is the momentum transfer
(q2 = �Q2), and ⌫ is the energy transfer. Being an inclusive reaction, the hadronic tensor in the lepton-nucleon
scattering includes all intermediate states as shown in Eq. (1). Wµ⌫ cannot be calculated in perturbation theory. It
parametrizes our ignorance of the nucleon when analyzing experimentally measured cross sections.

Formally, the hadronic tensor formalism expressed as in Eq. (1), can be obtained in the Euclidean space by calcu-
lating a four-point correlation of two currents on the lattice. This Euclidean hadronic tensor WE

µ⌫ can be converted
into the hadronic tensor in Minkowski space WM

µ⌫ by employing the inverse Laplace transform, wherein ⌧ is treated
as a continuous dimensionful variable:

WM
µ⌫ (~p, ~q, ⌫) =

1

2mN i

Z c+i1

c�i1
d⌧ e⌫⌧WE

µ⌫(~p, ~q, ⌧), (2)

with c > 0. However, since there is no lattice data at imaginary ⌧ , it is not a feasible approach to execute the
transformation as indicated in Eq. (2). On the other hand, this can be cast into an inverse problem in the form of a
Laplace transform [51]:

WE
µ⌫(~p, ~q, ⌧) =

Z
d⌫ e�⌫⌧WM

µ⌫ (~p, ~q, ⌫) (3)

However, in this work, we are interested in the nucleon elastic form factor and the transition form factor of the first
radial excitation in the finite volume. In order to extract these form factors or structure functions, it is necessary to
evaluate the nucleon two-point (2pt) and four-point (4pt) correlation functions. We can start by expressing the 2pt
correlation function as follows:

C2pt
↵� (~pf = ~p, tf , ~pi = ~p, t0) =

X

~x0

ei~p·~x0
X

~x

e�i~p·~x h0|�N
↵ (~x, tf )�

N
� (~x0, t0) |0i , (4)

where �N (�N ) is the nucleon annihilation(creation) interpolation field and ~pi, x0, t0 and ~pf , x, tf are nucleon momenta,
spatial, and temporal positions of the source and sink, respectively. In the limit where (tf � t0) is large, taking the
trace for positive parity projection, we can write

Tr
�
�eG

2pt
�
(~pf , tf , ~pi, t0)

(tf�t0)�0�������! ZiZf
(EN,~p +mN )

EN,~p
e�EN,~p(tf�t0), (5)

where Z is the transition matrix element h0|�N |Ni and �e = (1+ �4)/2. The Euclidean hadronic tensor WE
µ⌫ can be

constructed from the following 4pt correlation function with current insertions at two di↵erent space-time positions
(~x2, t2) and (~0, t1) and momentum transfer ~q between the currents. The nucleon 4pt correlation function can be
written as:

C4pt
↵� (~pf = ~p, tf , ~q, t2, t1, ~pi = ~p, t0) =

X

~x0

ei~p·~x0
X

~x

e�i~p·~x h0|�N
↵ (~x, tf )

X

~x2

e�i~q·~x2Jµ(~x2, t2)J⌫(~0, t1)�
N
� (~x0, t0) |0i . (6)

All allowed intermediate states, different from excited-states from the nucleon source and sink
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t2
<latexit sha1_base64="2gUKM8xh6wWEJDe6v1gIyww8gmo=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilB+x7/XLFrbpzkFXi5aQCORr98ldvELM04gqZpMZ0PTdBP6MaBZN8WuqlhieUjemQdy1VNOLGz+anTsmZVQYkjLUthWSu/p7IaGTMJApsZ0RxZJa9mfif100xvPYzoZIUuWKLRWEqCcZk9jcZCM0ZyokllGlhbyVsRDVlaNMp2RC85ZdXSeui6l1Wa/e1Sv0mj6MIJ3AK5+DBFdThDhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzifPwiGjaU=</latexit>

t1

<latexit sha1_base64="sAvQXe8mxQrs7QpV05Tu1/YPcnQ=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilB+yH/XLFrbpzkFXi5aQCORr98ldvELM04gqZpMZ0PTdBP6MaBZN8WuqlhieUjemQdy1VNOLGz+anTsmZVQYkjLUthWSu/p7IaGTMJApsZ0RxZJa9mfif100xvPYzoZIUuWKLRWEqCcZk9jcZCM0ZyokllGlhbyVsRDVlaNMp2RC85ZdXSeui6l1Wa/e1Sv0mj6MIJ3AK5+DBFdThDhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzifP1jajdo=</latexit>

tf

<latexit sha1_base64="N1bQF1eqDfmDxCplzsJmDBdgCjc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilB+y7/XLFrbpzkFXi5aQCORr98ldvELM04gqZpMZ0PTdBP6MaBZN8WuqlhieUjemQdy1VNOLGz+anTsmZVQYkjLUthWSu/p7IaGTMJApsZ0RxZJa9mfif100xvPYzoZIUuWKLRWEqCcZk9jcZCM0ZyokllGlhbyVsRDVlaNMp2RC85ZdXSeui6l1Wa/e1Sv0mj6MIJ3AK5+DBFdThDhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzifPwcCjaQ=</latexit>

t0

<latexit sha1_base64="VfQlbjz14oEvJ+wNqJlCEmczKxA=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKUY9FLx4r2lpoQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUNnGqGW+xWMa6E1DDpVC8hQIl7ySa0yiQ/DEY38z8xyeujYjVA04S7kd0qEQoGEUr3WO/1i9X3Ko7B1klXk4qkKPZL3/1BjFLI66QSWpM13MT9DOqUTDJp6VeanhC2ZgOeddSRSNu/Gx+6pScWWVAwljbUkjm6u+JjEbGTKLAdkYUR2bZm4n/ed0Uwys/EypJkSu2WBSmkmBMZn+TgdCcoZxYQpkW9lbCRlRThjadkg3BW355lbRrVe+iWr+rVxrXeRxFOIFTOAcPLqEBt9CEFjAYwjO8wpsjnRfn3flYtBacfOYY/sD5/AEKCo2m</latexit>

t2
<latexit sha1_base64="2gUKM8xh6wWEJDe6v1gIyww8gmo=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilB+x7/XLFrbpzkFXi5aQCORr98ldvELM04gqZpMZ0PTdBP6MaBZN8WuqlhieUjemQdy1VNOLGz+anTsmZVQYkjLUthWSu/p7IaGTMJApsZ0RxZJa9mfif100xvPYzoZIUuWKLRWEqCcZk9jcZCM0ZyokllGlhbyVsRDVlaNMp2RC85ZdXSeui6l1Wa/e1Sv0mj6MIJ3AK5+DBFdThDhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzifPwiGjaU=</latexit>

t1

<latexit sha1_base64="sAvQXe8mxQrs7QpV05Tu1/YPcnQ=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilB+yH/XLFrbpzkFXi5aQCORr98ldvELM04gqZpMZ0PTdBP6MaBZN8WuqlhieUjemQdy1VNOLGz+anTsmZVQYkjLUthWSu/p7IaGTMJApsZ0RxZJa9mfif100xvPYzoZIUuWKLRWEqCcZk9jcZCM0ZyokllGlhbyVsRDVlaNMp2RC85ZdXSeui6l1Wa/e1Sv0mj6MIJ3AK5+DBFdThDhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzifP1jajdo=</latexit>

tf
<latexit sha1_base64="N1bQF1eqDfmDxCplzsJmDBdgCjc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilB+y7/XLFrbpzkFXi5aQCORr98ldvELM04gqZpMZ0PTdBP6MaBZN8WuqlhieUjemQdy1VNOLGz+anTsmZVQYkjLUthWSu/p7IaGTMJApsZ0RxZJa9mfif100xvPYzoZIUuWKLRWEqCcZk9jcZCM0ZyokllGlhbyVsRDVlaNMp2RC85ZdXSeui6l1Wa/e1Sv0mj6MIJ3AK5+DBFdThDhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzifPwcCjaQ=</latexit>

t0

<latexit sha1_base64="VfQlbjz14oEvJ+wNqJlCEmczKxA=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKUY9FLx4r2lpoQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUNnGqGW+xWMa6E1DDpVC8hQIl7ySa0yiQ/DEY38z8xyeujYjVA04S7kd0qEQoGEUr3WO/1i9X3Ko7B1klXk4qkKPZL3/1BjFLI66QSWpM13MT9DOqUTDJp6VeanhC2ZgOeddSRSNu/Gx+6pScWWVAwljbUkjm6u+JjEbGTKLAdkYUR2bZm4n/ed0Uwys/EypJkSu2WBSmkmBMZn+TgdCcoZxYQpkW9lbCRlRThjadkg3BW355lbRrVe+iWr+rVxrXeRxFOIFTOAcPLqEBt9CEFjAYwjO8wpsjnRfn3flYtBacfOYY/sD5/AEKCo2m</latexit>

t2
<latexit sha1_base64="2gUKM8xh6wWEJDe6v1gIyww8gmo=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilB+x7/XLFrbpzkFXi5aQCORr98ldvELM04gqZpMZ0PTdBP6MaBZN8WuqlhieUjemQdy1VNOLGz+anTsmZVQYkjLUthWSu/p7IaGTMJApsZ0RxZJa9mfif100xvPYzoZIUuWKLRWEqCcZk9jcZCM0ZyokllGlhbyVsRDVlaNMp2RC85ZdXSeui6l1Wa/e1Sv0mj6MIJ3AK5+DBFdThDhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzifPwiGjaU=</latexit>

t1

<latexit sha1_base64="sAvQXe8mxQrs7QpV05Tu1/YPcnQ=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilB+yH/XLFrbpzkFXi5aQCORr98ldvELM04gqZpMZ0PTdBP6MaBZN8WuqlhieUjemQdy1VNOLGz+anTsmZVQYkjLUthWSu/p7IaGTMJApsZ0RxZJa9mfif100xvPYzoZIUuWKLRWEqCcZk9jcZCM0ZyokllGlhbyVsRDVlaNMp2RC85ZdXSeui6l1Wa/e1Sv0mj6MIJ3AK5+DBFdThDhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzifP1jajdo=</latexit>

tf
<latexit sha1_base64="N1bQF1eqDfmDxCplzsJmDBdgCjc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilB+y7/XLFrbpzkFXi5aQCORr98ldvELM04gqZpMZ0PTdBP6MaBZN8WuqlhieUjemQdy1VNOLGz+anTsmZVQYkjLUthWSu/p7IaGTMJApsZ0RxZJa9mfif100xvPYzoZIUuWKLRWEqCcZk9jcZCM0ZyokllGlhbyVsRDVlaNMp2RC85ZdXSeui6l1Wa/e1Sv0mj6MIJ3AK5+DBFdThDhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzifPwcCjaQ=</latexit>

t0

<latexit sha1_base64="VfQlbjz14oEvJ+wNqJlCEmczKxA=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKUY9FLx4r2lpoQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUNnGqGW+xWMa6E1DDpVC8hQIl7ySa0yiQ/DEY38z8xyeujYjVA04S7kd0qEQoGEUr3WO/1i9X3Ko7B1klXk4qkKPZL3/1BjFLI66QSWpM13MT9DOqUTDJp6VeanhC2ZgOeddSRSNu/Gx+6pScWWVAwljbUkjm6u+JjEbGTKLAdkYUR2bZm4n/ed0Uwys/EypJkSu2WBSmkmBMZn+TgdCcoZxYQpkW9lbCRlRThjadkg3BW355lbRrVe+iWr+rVxrXeRxFOIFTOAcPLqEBt9CEFjAYwjO8wpsjnRfn3flYtBacfOYY/sD5/AEKCo2m</latexit>

t2
<latexit sha1_base64="2gUKM8xh6wWEJDe6v1gIyww8gmo=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilB+x7/XLFrbpzkFXi5aQCORr98ldvELM04gqZpMZ0PTdBP6MaBZN8WuqlhieUjemQdy1VNOLGz+anTsmZVQYkjLUthWSu/p7IaGTMJApsZ0RxZJa9mfif100xvPYzoZIUuWKLRWEqCcZk9jcZCM0ZyokllGlhbyVsRDVlaNMp2RC85ZdXSeui6l1Wa/e1Sv0mj6MIJ3AK5+DBFdThDhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzifPwiGjaU=</latexit>

t1

<latexit sha1_base64="sAvQXe8mxQrs7QpV05Tu1/YPcnQ=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilB+yH/XLFrbpzkFXi5aQCORr98ldvELM04gqZpMZ0PTdBP6MaBZN8WuqlhieUjemQdy1VNOLGz+anTsmZVQYkjLUthWSu/p7IaGTMJApsZ0RxZJa9mfif100xvPYzoZIUuWKLRWEqCcZk9jcZCM0ZyokllGlhbyVsRDVlaNMp2RC85ZdXSeui6l1Wa/e1Sv0mj6MIJ3AK5+DBFdThDhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzifP1jajdo=</latexit>

tf

Calculate nucleon matrix elements on the lattice

<latexit sha1_base64="N1bQF1eqDfmDxCplzsJmDBdgCjc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilB+y7/XLFrbpzkFXi5aQCORr98ldvELM04gqZpMZ0PTdBP6MaBZN8WuqlhieUjemQdy1VNOLGz+anTsmZVQYkjLUthWSu/p7IaGTMJApsZ0RxZJa9mfif100xvPYzoZIUuWKLRWEqCcZk9jcZCM0ZyokllGlhbyVsRDVlaNMp2RC85ZdXSeui6l1Wa/e1Sv0mj6MIJ3AK5+DBFdThDhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzifPwcCjaQ=</latexit>

t0

<latexit sha1_base64="2gUKM8xh6wWEJDe6v1gIyww8gmo=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilB+x7/XLFrbpzkFXi5aQCORr98ldvELM04gqZpMZ0PTdBP6MaBZN8WuqlhieUjemQdy1VNOLGz+anTsmZVQYkjLUthWSu/p7IaGTMJApsZ0RxZJa9mfif100xvPYzoZIUuWKLRWEqCcZk9jcZCM0ZyokllGlhbyVsRDVlaNMp2RC85ZdXSeui6l1Wa/e1Sv0mj6MIJ3AK5+DBFdThDhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzifPwiGjaU=</latexit>

t1

<latexit sha1_base64="sAvQXe8mxQrs7QpV05Tu1/YPcnQ=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilB+yH/XLFrbpzkFXi5aQCORr98ldvELM04gqZpMZ0PTdBP6MaBZN8WuqlhieUjemQdy1VNOLGz+anTsmZVQYkjLUthWSu/p7IaGTMJApsZ0RxZJa9mfif100xvPYzoZIUuWKLRWEqCcZk9jcZCM0ZyokllGlhbyVsRDVlaNMp2RC85ZdXSeui6l1Wa/e1Sv0mj6MIJ3AK5+DBFdThDhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzifP1jajdo=</latexit>

tf

<latexit sha1_base64="VfQlbjz14oEvJ+wNqJlCEmczKxA=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKUY9FLx4r2lpoQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUNnGqGW+xWMa6E1DDpVC8hQIl7ySa0yiQ/DEY38z8xyeujYjVA04S7kd0qEQoGEUr3WO/1i9X3Ko7B1klXk4qkKPZL3/1BjFLI66QSWpM13MT9DOqUTDJp6VeanhC2ZgOeddSRSNu/Gx+6pScWWVAwljbUkjm6u+JjEbGTKLAdkYUR2bZm4n/ed0Uwys/EypJkSu2WBSmkmBMZn+TgdCcoZxYQpkW9lbCRlRThjadkg3BW355lbRrVe+iWr+rVxrXeRxFOIFTOAcPLqEBt9CEFjAYwjO8wpsjnRfn3flYtBacfOYY/sD5/AEKCo2m</latexit>

t2

<latexit sha1_base64="N1bQF1eqDfmDxCplzsJmDBdgCjc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilB+y7/XLFrbpzkFXi5aQCORr98ldvELM04gqZpMZ0PTdBP6MaBZN8WuqlhieUjemQdy1VNOLGz+anTsmZVQYkjLUthWSu/p7IaGTMJApsZ0RxZJa9mfif100xvPYzoZIUuWKLRWEqCcZk9jcZCM0ZyokllGlhbyVsRDVlaNMp2RC85ZdXSeui6l1Wa/e1Sv0mj6MIJ3AK5+DBFdThDhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzifPwcCjaQ=</latexit>

t0

<latexit sha1_base64="2gUKM8xh6wWEJDe6v1gIyww8gmo=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilB+x7/XLFrbpzkFXi5aQCORr98ldvELM04gqZpMZ0PTdBP6MaBZN8WuqlhieUjemQdy1VNOLGz+anTsmZVQYkjLUthWSu/p7IaGTMJApsZ0RxZJa9mfif100xvPYzoZIUuWKLRWEqCcZk9jcZCM0ZyokllGlhbyVsRDVlaNMp2RC85ZdXSeui6l1Wa/e1Sv0mj6MIJ3AK5+DBFdThDhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzifPwiGjaU=</latexit>

t1

<latexit sha1_base64="sAvQXe8mxQrs7QpV05Tu1/YPcnQ=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilB+yH/XLFrbpzkFXi5aQCORr98ldvELM04gqZpMZ0PTdBP6MaBZN8WuqlhieUjemQdy1VNOLGz+anTsmZVQYkjLUthWSu/p7IaGTMJApsZ0RxZJa9mfif100xvPYzoZIUuWKLRWEqCcZk9jcZCM0ZyokllGlhbyVsRDVlaNMp2RC85ZdXSeui6l1Wa/e1Sv0mj6MIJ3AK5+DBFdThDhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzifP1jajdo=</latexit>

tf
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where we have used EN,~0 = mN . In the following, the mass mR associated with the transition matrix elements will
be denoted by m⇤ and various energy di↵erences in Eq. (10) will be denoted by �En.

IV. DESCRIPTION OF NUMERICAL SETUPS

For the numerical calculation of the hadronic tensor on the lattice, one needs to calculate several topologically
di↵erent diagrams (both the connected insertions and disconnected insertions) as depicted in Fig. 1. Di↵erent Wick
contractions for the 4pt function lead to these diagrams in the Euclidean path-integral formulation. However, for this
calculation, we only concentrate on the connected insertion contributions as depicted in the first row of Fig. 1 and
ignore the disconnected insertions (in the second row of Fig. 1). In general, the Wick contraction in the third column
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FIG. 1. Topologically distinct diagrams in the Euclidean-path integral formulation of the nucleon hadronic tensor. The flavors
of the quark lines are not specified in the figure. The first row shows the connected insertion and the second row shows the
disconnected insertion contributions.

of the first row in Fig. 1, known as the cat’s ear diagram in the DIS jargon describes nonperturbative interactions
between the struck quark and the spectator quarks in DIS process. In the DIS, the matrix elements of the cat ear
diagram yield contributions of the structure functions that are suppressed by 1/Q2 and are often ignored. However,
as we investigate the QE and RES regions at low energies and low Q2, the contribution from this diagram is not
negligible [35] and we include it in this calculation.

We adopt similar numerical techniques from the work in Ref. [54] for the lattice QCD implementation of this
calculation. Our calculations are conducted on the RBC/UKQCD domain wall lattice, 32Ifine [55], characterized by
a lattice spacing of approximately 0.06 fm. The tadpole improved clover coe�cient csw = 1.033 is used to generate
the clover term of the clover action for the valence quarks. The pion mass is tuned to be close to the unitary point
m⇡ = 371 MeV. A fast fermion smearing scheme [56] is employed on both the source and sink sides to enhance
the ground-state overlap. We use two sequential propagators for constructing the 4pt correlation function with one
starting at the nucleon source location t0 through the first current at t1 to the second current at t2. The second one
starts from t0 and goes through the nucleon sink position tf to t2. Therefore, for each calculation, the source point t0
and the two sequential points t1 and tf are fixed. This allows us to have variable t2 for the second current insertion
time. For this calculation, we choose t0 = 0, t1 = 4 and tf = 20 in the lattice units. We therefore have t2 in the range
of 0 � 16 in lattice units. We also perform the calculation with t1 = 5 and 6 in the lattice units to investigate the
excited-state contamination from the nucleon source to the first current temporal separation. As discussed earlier,
since we are interested in the elastic and transition electric form factors, we choose µ = ⌫ = 4 for the choice of currents
in Eqs. (7) and (8). We keep the nucleon source and sinks at rest ~pi = ~pf = ~0 and insert seven momentum transfers
at the currents with ~q = [(0, 0, 0), (0, 0, 1), (0, 1, 1), (1, 1, 1), (0, 0, 2), (0, 1, 2), (1, 1, 2)] in the lattice units.

Calculate nucleon matrix elements on the lattice

Cat’s ear diagram



5

The current associated with the matrix element of the nucleon form factors in the elastic region can be parameterized
in terms of the Dirac F1, and Pauli F2, form factors:

hN(p)| Jµ |N(p0)i = ū(p)[�µF1(�q2)� �µ⌫q⌫
F2(�q2)

2m
]u(p0), (7)

where q = p�p0, �µ⌫ = 1
2i [�µ, �⌫ ]. Here all the matrices are in Euclidean notation and we will also continue using these

notations in the subsequent parts of the calculation. On the other hand, a Lorentz decomposition of the �⇤N ! N⇤

transition matrix element associated with the electromagnetic current can be written as [23, 52, 53]:

hN⇤(p)| Jµ |N(p0)i = ūN⇤(p)


(�µ �

qµ/q

q2
)F ⇤

1 (�q2)� �µ↵q↵

mN + m⇤F ⇤
2 (�q2)

�
uN (p0). (8)

Note that the structure of the current, which closely resembles its nucleonic counterpart, with the exception of the
qµ/q component. In the case of the nucleon, the form factor related to this operator must vanish to maintain current
conservation. However, this requirement does not hold for the Roper, given the di↵erence in mass between the nucleon
and Roper, with m⇤ 6= mN . In this work, we concentrate on the electric form factors, such as the nucleon Sachs
electric form factor, GE , and the nucleon to its radial excitation electric transition form factor, G⇤

E , only. Therefore,
we will explicitly choose µ = ⌫ = 4 in the above expressions for currents and matrix elements. In this calculation, we
consider the source and sink to be at rest, ~pf = ~pi = ~0 and consider various momentum transfers at the currents. For
this case, after inserting a complete set of intermediate states and with nucleon-to-nucleon (N-N) and nucleon to its
first radial excitation, (N-R) scattering included, we can write Eq. (6) as the following:

Tr[�eG
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where we have written the temporal dependence of the two currents as a function of Euclidean time separation,

⌧ = t2 � t1. Here, we have defined GE(Q2) = F1(Q2) � Q2

4m2
N

F2(Q2) for the nucleon elastic form factor. Similarly,

G⇤
E(Q

2) can be defined from the matrix element definition (8) as a function of F ⇤
1 (Q

2) and F ⇤
2 (Q

2). As we will
discuss in the numerical details, our lattice has a relatively heavy pion mass at 371 MeV and a lattice size of 1.92
fm. Therefore, the expected first ⇡N state is ⇠ 200 MeV higher than the Roper. Thus, we shall not consider the
potential ⇡N state contribution in the present calculation of the hadronic tensor. The form factors GE and G⇤

E can
be determined from the ratio of the nucleon 4pt to 2pt functions and we obtain

R4pt/2pt(~pf = ~0, tf , ~q, t2, t1, ~pi = ~0, t0) =
1

2
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In the above equation, ml is the maximum of each normal distribution with the uncertainty of the width equal to 1/↵l,
and the Euclidean correlator from the lattice Di is known at N⌧ discrete points ⌧i. In the absence of the simulation
data, ml denotes the most probable a priori value of !l with intrinsic uncertainty 1/↵l. �µl is the width of the
discretized lattice data at frequencies µl along Nµ equidistant frequency bins. One important feature of the above
ratio is that the logarithm requires none of the !l and ml be zero. The ratios between the parameters of the unknown
process and the default model ensure that the posterior does not depend on the units of the spectral function. �µl

can be absorbed in the re-definition of ↵ and after integrating out the hyper-parameter ↵, we get,

P [!|D, m] =
P [D|!, I]

P [D, m]

Z
d↵P [↵|D, m], (14)

where I is the prior information and P [D|!, I] can be determined in terms of the likelihood function L. L =
1
2

P
i,j(c(⌧i) � c!(⌧i))C

�1
ij (c(⌧j) � c!(⌧j)) is determined with c!(⌧i) being the correlator reconstructed using c(⌧i) =P

j k(⌧i, ⌫j)!(⌫j)�⌫j with discretized target function !(⌫). Here, k(⌧i, ⌫) is the integral kernel of c(⌧i).
As mentioned above, we can now use the hadronic tensor formalism to extract the form factors from the 4pt/2pt

correlation functions. We use the BR method in the following to explore the reconstruction of the spectral weights
from these 4pt/2pt correlation functions. Following the functional form in Eq. (10), the ratio of 4pt to 2pt correlation
functions can be expressed in the following functional form:

R4pt/2pt(~pf = ~0, tf , ~q, t2, t1, ~pi = ~0, t0)
t�⌧�0�����!
n=m=N

X

n

Wn(~q)e
�(En,~q � EN,~p)⌧ . (15)

To determine the values of Wn(~q) required for extracting the form factors, one encounters the challenge of selecting
suitable prior values, particularly when prior knowledge of the spectral weight of the excited states is lacking. On
the contrary, the selection of a prior can introduce unknown systematic uncertainties. Nevertheless, the BR method
does not explicitly depend on the knowledge of physics and does not necessitate the provision of priors associated
with the physical state parameters. Below, we demonstrate how the ratio of 4pt to 2pt correlation functions can be
transformed into a continuous form suitable for applying the BR method. If written in a continuous form, we have
from Eq. (15):

R4pt/2pt(~pf = ~0, tf , ~q, t2, t1, ~pi = ~0, t0)
t�⌧�0�����!
n=m=N

Z
d!⇢(!; ~q)e�!⌧ , (16)

where ! = En,~q � EN,~p and we assume that there is no degeneracy of states in terms of energy so that

⇢n(!; ~q) = Wn(~q)�(! � (En,~q � EN,~p)). (17)

However, the spectral weight will be a↵ected by the discretization, and integration over the peak region should give an
approximate weight for each discrete state. It is important to mention that the spectral functions in the BR method
are twice di↵erentiable and it gradually approximates well-defined peaks in the spectral function as the quality of
the input data improves. We illustrate four such reconstructions of spectral weights and qualitative features of the
various !-peaks in Fig. 2. We provide examples of these reconstructions for four momentum transfers represented as
~q = (0, 0, 1), (0, 1, 1), (1, 1, 1), (0, 1, 2) in the lattice units.

Notably, we observe a significant physical insight stemming from these Bayesian reconstructions. Specifically, at
small momentum transfers, the first peak associated with the ground-state nucleon and its radial excitation exhibits
sharper characteristics. As we will elaborate below, when the momentum transfer ~q increases, the corresponding Q2

associated with the nucleon’s elastic spectral weight becomes substantially larger than that of the nucleon’s transition
to its radial excitation’s spectral weight. Consequently, with increasing ~q, the nucleon’s elastic peak experiences more
pronounced suppression compared to the peaks associated with the nucleon’s transition to its radial excitation. It is
important to note that the precision and resolution of the lattice data do not enable BR to discern a third peak. As the
momentum transfer ~q increases, causing the elastic structure to become more suppressed, BR becomes less e↵ective
in providing accurate estimates for !n and ⇢n. Consequently, in the subsequent analyses aimed at determining the
nucleon’s elastic and resonance structures, we rely on exponential fitting as the preferred approach. Depending on
the situation, one may use the results from the BR method as priors for the exponential fits in the future.

B. Matrix elements extraction from fits to the correlation functions

In this section, we determine the spectral weights Wn and �En(~p, ~q) = En,~q � EN,~p by fitting the 4pt/2pt
correlation functions using an exponential form, as can be read from Eqs. (10) or (15). As indicated in the BR

Lattice QCD calculation of hadronic tensor
Fit the LQCD correlation function with:

Access to nucleon elastic and nucleon-to-first radially excited state in finite volume
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FIG. 5. Simultaneous extraction of spectral weights Wn and energy gap !En between the ground-state nucleon and its excited
states due to momentum transfer from datasets for ωmax = 14 (t1 → t0 = 4, tf → t0 = 18, ω = t2 → t1 = 0 → 14), ωmax =
16 (t1 → t0 = 4, tf → t0 = 20, ω = t2 → t1 = 0 → 16), ωmax = 18 (t1 → t0 = 4, tf → t0 = 22, ω = t2 → t1 = 0 → 18). The relative
distance t1 → t0 = 4 is kept fixed and the second current is inserted at all temporal locations from the first current to the sink,
including the positions of the first current and the sink. The datasets for ωmax = 14 and ωmax = 18 are shifted by 0.2 to the
left and right for better visibility. The figure in the left-upper panel shows fit to the up-quark 4pt/2pt correlation function
R4pt/2pt (u → quark) for three-momentum transfer εq = (1, 1, 1). The cyan bands show the fitted band constructed from the
parameters using fit Eq. (23). The figure in the right-upper panel shows fit to the up-quark 4pt/2pt correlation function for
three-momentum transfer εq = (1, 1, 2) in the lattice units. For demonstration purposes, in the second row, we zoom in on the
same data points of the plots in the first row for the range ω = 4 → 15 and the y-axis is plotted in logarithmic scale.

εq = (qx, qy, qz) m0 = mN (GeV) m→
1 (GeV) Average ϑ2/d.o.f.

(0,0,1) 1.26(07) 1.98(05) 1.1

(0,1,1) 1.25(04) 1.97(04) 0.58

(1,1,1) 1.31(04) 2.00(03) 0.88

(0,0,2) 1.19(12) 2.02(03) 0.72

(0,1,2) 1.28(14) 2.15(04) 0.92

(1,1,2) 1.22(11) 2.06(04) 0.71

TABLE II. Nucleon and its radial excitation masses extracted from the fits to the 4pt/2pt correlation function using the
functional form in Eq. (23). The !En values are converted to masses in the unit of GeV. The average ϑ2/d.o.f. reported in
the fourth column is obtained by performing separate fits to the up- and down-quark matrix elements, and then averaging the
resulting ϑ2/d.o.f. values.
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FIG. 4. Investigation of excited-state contamination as a function of the nucleon source to the first current temporal separation
t1 for ωq = (0, 0, 1) and (0, 1, 2). Three di!erent t1→t0 = 4, 5, 6 for which the maximum values of ε are εmax = 16, 15, 14 have been
chosen for comparison. The t1 → t0 = 4 and t1 → t0 = 6 data points are shifted by 0.2 to the left and right for better visibility.
The left-upper panel figure shows such a comparison for the up-quark correlation function, labeled by R4pt/2pt (u → quark) for
ωq = (0, 0, 1) and the right-upper panel shows such a comparison for the down-quark correlation, R4pt/2pt (d → quark). The
second-row figures show such a comparison for ωq = (0, 1, 2). For a better illustration, in the third row, we zoom in on the data
points for the u and d-quark matrix elements for ωq = (0, 1, 2) in the range ε = 5 → 14 and plot the y-axis in logarithmic scale.

6

ID a (fm) mω (MeV) L3 → Nt Ncfg

32Ifine a = 0.0627(3) 371 323 → 64 645

TABLE I. Parameters for the gauge ensemble used in this work: lattice spacing, pion mass, spatial and temporal sizes, and
number of configurations used.

quadrupole, C2 form factor in the nucleon to ! transition. The dominating magnetic dipole, M1 form factor arises
from the spatial charge current Ji [51]. Given the partial width of Roper (N(1440)) → pω is 0.035 ↑ 0.048% and that
of ! → pω is 0.28 ↑ 0.32% and the total widths of the Roper and ! are comparable, the photo-decay of ! is about
an order of magnitude larger than that of the Roper. However, since the C2/M1 ratio is about 5% from a previous
lattice QCD calculation [52] and the hadronic tensor is the square of the form factors, this makes the transition to
the ! about two orders of magnitude smaller than the transition to Roper with the charge current J4 that we use in
this calculation. This may well be the reason that in the spectral decomposition analysis in later sections, we don’t
see the ! which is expected to be ↓ 300 MeV above the nucleon.

IV. DESCRIPTION OF NUMERICAL SETUPS

For the numerical calculation of the hadronic tensor on the lattice, one needs to calculate several topologically
distinct insertions (both connected and disconnected) as depicted in Fig. 1. Di”erent Wick contractions for the 4pt
function lead to these insertions in the Euclidean path-integral formulation. However, for this calculation, we only
concentrate on the connected insertion contributions as depicted in the first row of Fig. 1 and ignore the disconnected
insertions (in the second row of Fig. 1). In general, the Wick contraction in the third column of the first row in Fig. 1,
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FIG. 1. Topologically distinct diagrams in the Euclidean-path integral formulation of the nucleon hadronic tensor. The flavors
of the quark lines are not specified in the figure. The first row shows the connected insertion and the second row shows the
disconnected insertion contributions.

known as the cat’s ear diagram in the DIS jargon describes nonperturbative interactions between the struck quark
and the spectator quarks in DIS process. In the DIS, the matrix elements of the cat’s ear diagram yield contributions
of the structure functions that are suppressed by 1/Q2 and are often ignored. However, as we investigate the QE
and RES regions at low energies and low Q2, the contribution from this insertion is not negligible [53] and we have
included it in this calculation.

Our calculations are conducted on the RBC/UKQCD domain wall fermion lattice, 32Ifine [54] at a lattice spacing
of a = 0.06 fm (Table I). The tadpole-improved clover coe#cient csw = 1.033 is used to generate the clover term of
the clover action for the valence quarks. The pion mass is tuned to be close to the unitary point mω = 371 MeV.
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ID a (fm) mω (MeV) L3 → Nt Ncfg

32Ifine a = 0.0627(3) 371 323 → 64 645

TABLE I. Parameters for the gauge ensemble used in this work: lattice spacing, pion mass, spatial and temporal sizes, and
number of configurations used.

quadrupole, C2 form factor in the nucleon to ! transition. The dominating magnetic dipole, M1 form factor arises
from the spatial charge current Ji [51]. Given the partial width of Roper (N(1440)) → pω is 0.035 ↑ 0.048% and that
of ! → pω is 0.28 ↑ 0.32% and the total widths of the Roper and ! are comparable, the photo-decay of ! is about
an order of magnitude larger than that of the Roper. However, since the C2/M1 ratio is about 5% from a previous
lattice QCD calculation [52] and the hadronic tensor is the square of the form factors, this makes the transition to
the ! about two orders of magnitude smaller than the transition to Roper with the charge current J4 that we use in
this calculation. This may well be the reason that in the spectral decomposition analysis in later sections, we don’t
see the ! which is expected to be ↓ 300 MeV above the nucleon.

IV. DESCRIPTION OF NUMERICAL SETUPS

For the numerical calculation of the hadronic tensor on the lattice, one needs to calculate several topologically
distinct insertions (both connected and disconnected) as depicted in Fig. 1. Di”erent Wick contractions for the 4pt
function lead to these insertions in the Euclidean path-integral formulation. However, for this calculation, we only
concentrate on the connected insertion contributions as depicted in the first row of Fig. 1 and ignore the disconnected
insertions (in the second row of Fig. 1). In general, the Wick contraction in the third column of the first row in Fig. 1,
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FIG. 1. Topologically distinct diagrams in the Euclidean-path integral formulation of the nucleon hadronic tensor. The flavors
of the quark lines are not specified in the figure. The first row shows the connected insertion and the second row shows the
disconnected insertion contributions.

known as the cat’s ear diagram in the DIS jargon describes nonperturbative interactions between the struck quark
and the spectator quarks in DIS process. In the DIS, the matrix elements of the cat’s ear diagram yield contributions
of the structure functions that are suppressed by 1/Q2 and are often ignored. However, as we investigate the QE
and RES regions at low energies and low Q2, the contribution from this insertion is not negligible [53] and we have
included it in this calculation.

Our calculations are conducted on the RBC/UKQCD domain wall fermion lattice, 32Ifine [54] at a lattice spacing
of a = 0.06 fm (Table I). The tadpole-improved clover coe#cient csw = 1.033 is used to generate the clover term of
the clover action for the valence quarks. The pion mass is tuned to be close to the unitary point mω = 371 MeV.
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FIG. 8. Square of the total charges of the u and d quarks in the proton in the forward limit, normalized by the square of the
individual quark charges.

FIG. 9. Nucleon Sachs electric form factor Gu,d
E (Q2) for the u and d quarks in the range of Q2 → [0, 1.74] GeV2 using the

hadronic tensor formalism. For comparison purposes, Gu,d
E (Q2) form factors obtained from the nucleon 3pt function are also

plotted for the first three nonzero momentum transfers as well as Q2 = 0 GeV2. The error bars in the determination of GE(Q2)
from the 3pt function encompass both statistical and systematic uncertainties, which are added in quadrature.

momentum transfers, Q2 in the hadronic tensor formalism are obtained from the fitted parameters !En and that is
why they have uncertainty along the x-axis in Fig. 9.

We present a comparison of Gu,d
E (Q2) determined from the 4pt and 3pt functions in Fig. 9. It is important to

note that the Q2-values obtained for the nucleon 3pt function calculation derived from the nucleon mass and the
three-momentum transfer ωq through the dispersion relation may not necessarily coincide with those obtained in the
4pt functional calculation. However, they are found to be consistent within the uncertainty range of the Q2-values
obtained through the hadronic tensor formalism. The numerical agreement observed in the Gu,d

E (Q2) values between
the 3pt and the 4pt extractions a”rms the feasibility of extracting form factors using the hadronic tensor formalism
and our method to extract it using the fit form in Eq. (23).

18

FIG. 10. Determination of the nucleon to its excited states transition electric form factor in the momentum transfer range
of Q2 → [0.08, 0.48] GeV2. Based on the discussion in the main text, this state is qualitatively identified with the Roper state
in comparison with the CLAS experimental data [86, 87] of N ↑ N(1440)P11 transition form factor. The experimental data
points [86, 87] are compiled from Ref. [88] only in a limited range of Q2 for comparison with the lattice QCD calculation within
the hadronic tensor formalism.

E. Nucleon to its excited states transition form factor

In this section, we present the results of the nucleon’s transition to its finite-volume excitations from the W1 spectral
weights, as determined according to Eq. (23) with two terms. All kinematic factors are determined from the fitted
parameters !En. Given that we employed the fit form described in Eq. (23) for fitting the hadronic tensor, we tried
to determine the properties of both the first and the second finite-volume radial excitations of the nucleon. However,
as previously discussed, the current statistics of the lattice data do not allow distinguishing two closely situated states,
where the separation is on the order of approximately 300 MeV. Consequently, we report results with the understand-
ing that the obtained excitation energy represents the mixed average of those of 1/2+N(1440)(Roper), N(1710), and
1/2→N↑(1535), N(1650) and a suppressed contributions from ! as discussed above. The obtained spectral weight rep-
resents the mixed average of the squared form factors of these resonances. Keeping this in mind, we shall nevertheless
compare with the transition form factor G↑

E(Q2) between the nucleon and the Roper resonance.
We first note that for ωq = (0, 0, 1) and (0, 1, 1) the four-momentum transfers Q2 determined from !En are negative.

In Fig. 10, we plot our lattice QCD determination of G↑
E(Q2) for Q2 > 0 and the CLAS experimental results for the

Roper [86–89]. We see from the figure that the lattice result with the smallest Q2
→ 0.08GeV2 is about the same size

as the experimental data at higher Q2; whereas, the errors of the lattice results at these higher Q2 are large, so that
one cannot draw definitive conclusions at this stage. Our results are consistent with the earlier lattice calculation of
the nucleon to Roper transition with the 3-pt function approach, which also has large errors [90]. We should also
keep in mind the fact that our lattice is small and the pion mass is heavy. Moreover, the second state will contain
N(1710), N(1650) and a very small contribution from isospin 3/2 intermediate states in addition to the Roper.

Besides the transition form factor, we shall examine the helicity amplitude to gain a di”erent perspective. Through
the nucleon electroexcitation reactions, eN ↑ e↓N↑, the excitation of nucleon resonances occurs through the inter-
mediate processes ε↑N ↑ N↑, where ε↑ is a virtual photon, and the cross sections of the processes can usually be
expressed in terms of the electromagnetic transition form factors, or helicity amplitudes S1/2(Q

2) and A1/2(Q
2). Since

we have extracted only the G↑
E form factor, the relevant amplitude is the longitudinal helicity amplitude, S1/2(Q

2),
which measures the resonance response to the longitudinal component of the virtual photon:

S1/2(Q
2) =

√

2ϑϖ
Q2 + (m↑

2 ↓ mN )2

mN (m↑2
2 ↓ m2

N )

m↑
2 + mN

2
↔

2 Q2 m↑
2

√
[Q2 + (m↑

2 ↓ mN )2][Q2 + (m↑
2 + mN )2] G↑

E(Q2), (25)

where ϖ → 1/137 is the fine structure constant.
In Fig. 11, we compare the helicity amplitude S1/2(Q

2) from Eq. (25), determined from the hadronic tensor cal-
culation for the excited state(s) with the corresponding values extracted from the CLAS Collaboration experimental
data.
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A detailed discussion on the BR method and its comparison with Backus-Gilbert and the maximum entropy method
can be found in the latest review article [76].

According to the BR method developed in [70], the posterior to be maximized is

P [ω|D, m] =
P [D|ω, I]

P [D, m]

∫
dεP [ω|ε, m], (13)

where the dependence on the hyperparamter ε in the prior is removed by integrating over all possible values of ε and
using P [ε] = 1.

With discrete data in Euclidean time ϑi and discretization of the “frequency” ϖ in the model ω, we can calculate
the likelihood P [D|ω, I] → e→L where

L = [D(ϑi) ↑ Dω(ϑi)]C
→1
ij [D(ϑj) ↑ Dω(ϑj)], (14)

where D(ϑi) denotes the mean of the simulated data at the ith Euclidean time separation and Dω(ϑi) denotes the
corresponding Euclidean data point reconstructed from the model ω based on the discretized transformation like the
one in Eq. (11). Cij is the covariance matrix of the mean

Cij =
1

Nconf(Nconf ↑ 1)

Nconf∑

i=1

(D(k)(ϑi) ↑ D(ϑi))(D
(k)(ϑj) ↑ D(ϑj)), (15)

where D(k)(ϑi) is the kth measurement in the ensemble.
And the prior P [ω|ε, m] → eεS→

can be calculated from the regulator

S↑ =
∑

l

[
1 ↑

ωl(ϖl)

ml(ϖl)
+ ln

(
ωl(ϖl)

ml(ϖl)

)]
!ϖl, (16)

where ϖl is the lth discrete frequency, ωl(ϖl) and ml(ϖl) are the discretized model function and default model sepa-
rately, and !ϖl is the size of the lth interval.

We can then plug the likelihood P [D|ω, I] → e→L and prior P [ω|ε, m] → eεS→
in Eq. (13). The corresponding

posterior can be expressed as

P [ω|D, m] →

∫
dεeSBR , (17)

where

SBR = εS↑
↑ L ↑ ϱ(L ↑ Nϑ )2 (18)

Please note a Lagrangian multiplier term ϱ(L ↑ Nϑ )2 has been introduced to constrain the likelihood with condition
|L ↑ Nϑ | ↓ 0 where Nϑ is the number of data points in Euclidean time.

Given the formulas to calculate the posterior from the data D and model spectral function ω, one can apply
numerical methods to find ω that optimizes the posterior and take it as the solution.

B. Reconstruction of spectral distributions with the BR method

We can now map the hadronic tensor formalism to the inverse problem with a Laplace transform, use the BR method
to explore the reconstruction of the spectral weights from these 4pt/2pt correlation functions. One can extract the
form factors from the spectral weights.

Following the functional form in Eq. (10), the ratio of 4pt to 2pt correlation functions can be expressed in the
following functional form:

R4pt/2pt(ϑ) ↔

∑

n

Wne→(En→EN )ϑ , (19)

where we have W0 → G2
E and W1 → (G↓

E)2. Here we have dropped the kinematic parameters to simplify the notation.
By denoting the time separation between the two inserted currents ϑ = t2 ↑ t1, and comparing this with Eq. (11), we
can transform ratio of 4pt to 2pt correlation functions into a continuous form suitable for applying the BR method:

R4pt/2pt(ϑ) ↔

∑

n

Wne→(En→EN )ϑ =

∫
dϖω(ϖ)e→ϖϑ , (20)
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FIG. 3. The reconstructed spectral distribution ω(ε) obtained from the 4pt/2pt ratio using the Bayesian reconstruction
method for down-quark at various momentum transfers, ϑq = (0, 0, 1), (0, 1, 1), (1, 1, 1), (0, 0, 2). For each momentum transfer
case, we also show the changes in the reconstructed spectra with input data R4pt/2pt(ϖ) in ranges [ϖmin,ϖmax = 1, 4].

As we can see, BR is reasonable in resolving the ground state nucleon and the overall structure of the excited states,
but not the individual excited states which might appear under the structure. Even so, it is helpful in gaining insight
on the behavior of the spectral weights of the elastic peak relative to those of the excited states as a function of Q2,
which is consistent with our understanding in terms of the electric form factors.

We also notice that, as the momentum transfer ωq increases, causing the elastic structure to become more suppressed,
BR becomes less e!ective in providing accurate estimates for En and Wn within the present statistics.

Moreover, obtaining spectral weights using the BR method requires integrations that may introduce additional
systematic uncertainties. Therefore, we shall use the conventional multi-exponential fitting for our quantitative results.
Consequently, in the subsequent analyses aimed at determining the nucleon’s elastic and resonance structures, we rely
on exponential fitting as the preferred approach.

C. Matrix elements extraction from fits to the correlation functions

In this section, we determine the spectral weights Wn and ”En(ωp, ωq) = En,ωq → EN,ωp by fitting the 4pt/2pt correlation
functions using an exponential form, as can be read from Eqs. (10) or (19). As indicated in the BR method discussed in
Sec. VA, the current state of lattice data lacks the resolution to distinguish between two or more closely situated peaks.
We also attempted a three-exponential fit (n = 0, 1, 2) in Eq. (19), but the second and third exponentials yield nearly
identical fit parameters. Because the first and second excited states cannot be separated, and the fitted parameters
associated with the first and second excited states are identical within uncertainties, we perform a two-exponential
fit to the data. In this case, the extracted first excited state should be regarded as an e!ective excited state, i.e., a
linear combination of first and higher excited states. Writing R4pt/2pt(ωp, ωq, ε) ↑ R4pt/2pt(ωpf = ω0, tf , ωq, t2, t1, ωpi = 0)
for simplicity, we thus have:

R4pt/2pt
truncated(ωp, ωq, ε) =

∑

n=0,1

Wn(Q2)e→!En(ωp,ωq)ε . (22)

FIG. 3. The reconstructed spectral distribution ω(ε) obtained from the 4pt/2pt ratio using the Bayesian reconstruction
method for down-quark at various momentum transfers, ϑq = (0, 0, 1), (0, 1, 1), (1, 1, 1), (0, 0, 2). For each momentum transfer
case, we also show the changes in the reconstructed spectra with input data R4pt/2pt(ϖ) in ranges [ϖmin,ϖmax = 1, 4].

the resonances in this mass range, such as 1/2+N(1440)(Roper), N(1710), and 1/2→N(1535), N(1650), are likely the
states that contribute to this structure. As explained in Sec. III, we do not see the ! at → 300 MeV (i.e., ω → 0.1)
above the nucleon.

We note that, at smaller momentum transfer |εq|, the first peak is prominent. As |εq| increase, the peak becomes
smaller and disappears at εq = (0, 1, 2). This is because as |εq| increases, so does Q2 which spans the range from
0.4 to 1.9 GeV2. For the dipole form of the proton electric form factor GE(Q2), the dipole mass squared is M2

D →

0.71GeV2. Since the hadronic tensor for the elastic scattering is the square of GE(Q2), its Q2 dependence is, therefore,
1/(Q2 + M2

D)4. As a consequence, no peak is seen for the case εq = (0, 1, 2), Q2 = 1.8 GeV2. On the other hand,
Q2 = |εq|2 ↑ω2 ranges from 0.1 GeV2 to 0.6 GeV2 for the second peak, which may include several states, are smaller as
compared to the first one. This is because, given the same |εq|, ω is larger. If the states under the second structure have
dipole form factors and a similar dipole mass as that of the nucleon, they will not be as suppressed as the nucleon in
this range of |εq|. In fact, if 1/2+N(1440) and N(1710) are responsible for the bulk of the structure, this Q2 behavior
will favor the higher state and may explain the shift of the second peak by → 200 MeV as |εq| increases.

As we can see, BR is reasonable in resolving the ground state nucleon and the overall structure of the excited states,
but not the individual excited states which might appear under the structure. Even so, it is helpful in gaining insight
on the behavior of the spectral weights of the elastic peak relative to those of the excited states as a function of Q2,
which is consistent with our understanding in terms of the electric form factors.

We also notice that, as the momentum transfer εq increases, causing the elastic structure to become more suppressed,
BR becomes less e”ective in providing accurate estimates for En and Wn within the present statistics.

Moreover, obtaining spectral weights using the BR method requires integrations that may introduce additional
systematic uncertainties. Therefore, we shall use the conventional multi-exponential fitting for our quantitative results.
Consequently, in the subsequent analyses aimed at determining the nucleon’s elastic and resonance structures, we rely
on exponential fitting as the preferred approach.

C. Matrix elements extraction from fits to the correlation functions

In this section, we determine the spectral weights Wn and !En(εp, εq) = En,ωq ↑ EN,ωp by fitting the 4pt/2pt correlation
functions using an exponential form, as can be read from Eqs. (10) or (19). As indicated in the BR method discussed in
Sec. VA, the current state of lattice data lacks the resolution to distinguish between two or more closely situated peaks.
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ωq = (qx, qy, qz) m1 = mN (GeV) m→
2 (GeV) m→

3 (GeV)

(0,0,1) 1.25(20) 1.81(04) 1.81(04)

(0,1,1) 1.27(19) 1.89(04) 1.89(05)

(1,1,1) 1.38(19) 1.92(03) 1.98(03)

(0,0,2) 1.19(16) 1.96(14) 1.96(10)

(0,1,2) 1.14(40) 2.00(14) 2.03(10)

(1,1,2) 1.10(15) 1.98(06) 1.98(10)

TABLE II. Nucleon and its radial excitation masses extracted from the fits to the 4pt/2pt correlation function using the
functional form in Eq. (19). The !En values are converted to masses in the unit of GeV.

states, as well as shallow and deep inelastic regions. In these cases, the hadronic tensor naturally includes inclusive
contributions, making it a viable framework for such studies [3]. This serves as the primary motivation for performing
the hadronic tensor calculation. In this article, our focus is primarily on the electric form factor, and we plan to
address the magnetic and axial form factors in a forthcoming work, while also delving into the investigation of the
nucleon-to-Delta transition form factors.

In this section, we compare the flavor-separated nucleon Sachs electric form factor determined from the conventional
nucleon three-point function calculation to that obtained from the hadronic tensor. First, we briefly mention the
GE(Q2) calculation from the traditional approach of the nucleon 3pt function calculation. We determine flavor-
separated GE(Q2) for the first four-momentum transfers (including the zero momentum transfer) to compare with
those determined from the hadronic tensor calculation as a consistency check of the hadronic tensor formalism.
In the computation of the nucleon 3pt function, we do not include the disconnected u/d-quarks insertions as their
contributions were found to be much smaller in previous calculations [11, 68–70]. Here we briefly discuss the calculation
of GE(Q2) from the nucleon 3pt function calculation.

For the nucleon, with the source at rest, the ratio of the 3pt to the 2pt function can be used for the determination
of GE(Q2). Following Ref. [71], the functional form with first excited state terms can be written as:

R3pt/2pt(t, ω ; εpi = ε0, εpf ) =
C

SiSf

N,3pt(t, ω ; εpi = ε0, εpf )

C
Sf

N,2pt(t; εpf )

√√√√CSi
N,2pt(t → ω ; εpi)C

Sf

N,2pt(t; εpf )C
Sf

N,2pt(ω ; εpf )

C
Sf

N,2pt(t → ω ; εpf )C
Si
N,2pt(t; εpi)C

Si
N,2pt(ω ; εpi)

↑ GE(Q
2)

√
mN + Eωpf

2Eωpf

+ C →
1e

↑!E1
i ε + C →

2e
↑!E1

f (t↑ε) + C →
3e

↑!E1
i ε↑!E1

f (t↑ε),

(20)

where, εpi and εpf are the source and sink momenta and εq = εpf → εpi is the three-momentum injected by the current,
and ω is current insertion time. We perform 3pt calculations for 6 source-sink separations: t = 10, 12, 14, 16, 18, 20
in the lattice units. We fit the ratios in Eq. (20) in two ways: the constant fit and the reduced ratio fit with first
excited state terms (Eq. (20)) for multiple source-sink separations. Similar to the method used in Ref. [72], we use
a Gaussian prior term in addition to the conventional ϑ2 ↓

∑
ij(Di → D̃i)C

↑1
ij (Dj → D̃j) to stabilize the fitting of

the ground state by constraining the excited states [73]. We introduced the above-mentioned Gaussian priors for the
excited state energies using the energy di!erences of the nucleon mass and the first excited states (”Ei’s and ”Ef ’s)
obtained from the 2pt fits. On the other hand, we have studied the consistency of the extracted spectrum and matrix
elements from various analyses, especially the dependence of the results on the priors, including the case where we
only use the mean values of ”Ei’s and ”Ef ’s as the initial values of fitting, i.e., no priors. We found the results from
the ground state are robust against the choices of the priors.

We present examples of the ratios and the fitted results in Figs. 5 and 6 separately for these two fitting procedures.
The results exhibit consistency among themselves, reflected in a goodness-of-fit statistic of ϑ2/d.o.f ↔ 1. To facilitate
a comparison, we incorporate the fitted values obtained from the constant fit at t = 18. We calculate the di!erences
for the constant fits at t = 14, 16, summing them in quadrature to estimate the systematic uncertainty, as illustrated
in Fig. 8. Since the excited-state fit results have smaller uncertainties and are mostly a!ected by smaller source-
sink separation data, due to the lack of the ability to pin down the excited state, we choose the constant fit at
t = 18 which has an error much larger than the excited-state fit. However, the 3pt function calculation here is for
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and results, see [44–47] and the references therein.) In principle, the hadronic tensor serves as a framework that enables
the investigation of hadron structure across the elastic, resonance, and DIS regions, including the challenging transition
regions that lie in between them.

III. CALCULATION OF ELASTIC AND TRANSITION FORM FACTORS FROM HADRONIC
TENSOR: FORMALISM ON THE LATTICE

The response of the target nucleon to the photon probe is characterized by a hadronic tensor. The hadronic tensor
involved in the inclusive lepton-nucleon scattering cross section is the imaginary part of the forward virtual Compton
amplitude Tµω and can be written in the following form for spin-averaged nucleon states:

Wµω(q2, ω) =
1

ε
Im Tµω(q2, ω) =

1

2

∑

n

∫ n∏

i=1

[
d3pi

(2ε)32Epi

]
→N(p)| Jµ(0) |n↑ →n| Jω(0) |N(p)↑ (2ε)3ϑ4(pn ↓ p ↓ q), (1)

where p and pn are the 4-momentum of the nucleon and n-th intermediate states, q is the momentum transfer
(q2 = ↓Q2), and ω is the energy transfer. Being an inclusive reaction, the hadronic tensor in the lepton-nucleon
scattering includes all intermediate states as shown in Eq. (1). Wµω cannot be calculated in perturbation theory. It
encapsulates the aspects of nucleon structure relevant for the analysis of experimentally measured cross sections.

Formally, the hadronic tensor formalism expressed as in Eq. (1), can be obtained in the Euclidean space by cal-
culating a four-point correlation of two currents on the lattice [1, 2]. This Euclidean hadronic tensor WE

µω can be
converted into the hadronic tensor in Minkowski space WM

µω by employing the inverse Laplace transform, wherein ϖ
is treated as a continuous dimensionful variable:

WM
µω (ϱp, ϱq, ω) =

EN,εp

εi

∫ c+i→

c↑i→
dϖ eωϑWE

µω(ϱp, ϱq, ϖ), (2)

with c > 0. However, since there is no lattice data at imaginary ϖ , it is not a feasible approach to execute the
transformation as indicated in Eq. (2). On the other hand, this can be cast into an inverse problem in the form of a
Laplace transform [48]:

WE
µω(ϱp, ϱq, ϖ) =

∫ →

0

dω

2EN,εp
e↑ωϑWM

µω (ϱp, ϱq, ω) (3)

In this work, we are interested in the nucleon elastic form factor and the transition form factors of the radial excitations
in the finite volume. In order to extract these form factors or structure functions, it is necessary to evaluate the nucleon
two-point (2pt) and four-point (4pt) correlation functions. We can start by expressing the 2pt correlation function as
follows:

C2pt
ϖϱ (ϱpf = ϱp, tf ; ϱpi = ϱp, t0) =

∑

εx0

eiεp·εx0
∑

εx

e↑iεp·εx
→0| ςN

ϖ (ϱx, tf )ςN
ϱ (ϱx0, t0) |0↑ , (4)

where ςN (ςN ) is the nucleon annihilation(creation) interpolation field and ϱpi, x0, t0 and ϱpf , x, tf are nucleon momenta,
spatial, and temporal positions of the source and sink, respectively. In the limit where (tf ↓ t0) is large, taking the
trace for positive parity projection, we can write

Tr
(
!eG

2pt
)
(ϱpf , tf , ϱpi, t0)

(tf ↑t0)↓0
↓↓↓↓↓↓↓↔ ZiZf

(EN,εp + mN )

EN,εp
e↑EN,ωp(tf ↑t0), (5)

where Z is the transition matrix element →0| ςN
|N↑ and !e = (1 + φ4)/2. The Euclidean hadronic tensor WE

µω can be
constructed from the following 4pt correlation function with current insertions at two di”erent space-time positions
(ϱx2, t2) and (ϱ0, t1) and momentum transfer ϱq between the currents. The nucleon 4pt correlation function can be
written as:

C4pt
ϖϱ (ϱpf = ϱp, tf , ϱq, t2, t1, ϱpi = ϱp, t0) =

∑

εx0

eiεp·εx0
∑

εx

e↑iεp·εx
→0| ςN

ϖ (ϱx, tf )
∑

εx2

e↑iεq·εx2Jµ(ϱx2, t2)Jω(ϱ0, t1)ς
N
ϱ (ϱx0, t0) |0↑ . (6)

The current associated with the matrix element of the nucleon form factors in the elastic region can be parametrized
in terms of the Dirac F1, and Pauli F2, form factors:

→N(p)| Jµ |N(p↔)↑ = ū(p)[φµF1(↓q2) ↓ ↼µωqω
F2(↓q2)

2m
]u(p↔), (7)

LQCD calculation of the Euclidean hadronic tensor suffers from an inverse problem

The inverse problem is the task of reconstructing the Minkowski space hadronic tensor from Euclidean 
lattice data, where limited and noisy information makes the reconstruction non-unique and numerically 
challenging.

Inverse problem is everywhere

Advantage of ML in the reconstruction of blackhole image

Event Horizon Telescope 
2019a, ApJL, 875, L1

Impact of ML 
2023, ApJL, 94, L7
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ML-advantage in extracting the hadronic tensor 
Consider data at all momentum transfers and different quark-flavors together

Implement architecture of a neural network by decomposing the problem into two complementary 
subnetworks trained jointly by back-propagation through the physical model

The “PhysicsGNet” subnetwork holds the masses of the intermediate hadronic states obeying 
the dispersion relation for each momentum transfer as learnable scalar parameters and computes 
the energy gaps analytically, dramatically reducing the effective parameter space and eliminating 
an entire class of unphysical local minima

A two-hidden-layer (128 neurons in each layer) multi-layer perceptron (MLP) called “FNet” 

maps squared momentum transfer to overlapping spectral weights. 

With O(50) trained networks, the framework already identifies 3 distinct structures in the spectral 
function at high precision

11

Ongoing investigation for 4th structure



ML extraction of hadronic tensor

Figure 6: Jointly trained physics-informed architecture for predicting multi-layer perception spec-
tral weights and mass parameters.

with known low moments from local operator matrix elements, and smooth dependence on Q
2

across di!erent momentum transfers.
In ongoing preliminary studies as outlined in Fig. 6, we implemented the architecture of a

neural network by decomposing the problem into two complementary subnetworks trained jointly
by backpropagation through the physical model. The “PhysicsGNet” subnetwork holds the masses
of the intermediate hadronic states obeying the dispersion relation for each momentum transfer as
learnable scalar parameters and computes the energy gaps analytically, dramatically reducing the
e!ective parameter space and eliminating an entire class of unphysical local minima. A two-hidden-
layer (128 neurons in each layer) multi-layer perceptron (MLP) called “FNet” maps the squared
momentum transfer to overlapping spectral weights. All parameters (masses and MLP weights)
are optimized simultaneously by minimizing the mean squared error between the predicted and
measured correlator over mini-batches. The Adam optimizer and a ReduceLROnPlateau learning
rate scheduler are used throughout. In preliminary studies using moderate-scale models (O(50)
independently trained networks on CPU architectures), the framework already identifies 4 distinct
structures in the spectral function with 3 of them at high precision compared to the previous
non-ML traditional analysis [28] which identified at most two.

We combine both statistical noise in the data and epistemic uncertainty from the optimization
landscape by employing the Deep Ensemble strategy where N network instances are trained from
di!erent random weight initializations, each converging to a di!erent local minimum of the loss
landscape. In collaboration with the computer scientist Dr. Kamruzzaman, a lead author of our
recent work on ML applications in LQCD calculations of gluon distributions [22] (see collaboration
letter), we are carrying out high-statistics training with increased model capacity, finer discretiza-
tion of the spectral variable, and full covariance treatment of lattice data, while extending these
studies to large-scale GPU training at NERSC [87]. These studies will have even much greater
precision compared to preliminary study with O(50) training model and systematically assess the
stability of the reconstruction, quantify uncertainties, and determine the extent to which ML im-
proves the resolution for extracting transition form factors.

Optimal Outcomes and Risk-Mitigation Strategy: In the optimal scenario, we will perform
calculations on four RBC/UKQCD domain-wall fermion ensembles [88, 89] with lattice spacings in
the range a = 0.04–0.11 fm and pion masses in the range 139-370 MeV, including two ensembles
at the physical pion mass (details in the Milestone table 1 and APPENDIX 2 for a description of

13

Consider data at all momentum transfers and different quark-flavors together

12



ML extraction of hadronic tensor
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In preparation
Kamruzzaman (Computer Science), RSS, et al

PhysicsGNet and FNet extraction of form factors 
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Reconstruction of spectral functions: instead of learning several parameters such as peak positions and 
widths, the network may contain tens of thousands of parameters
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ω(ε) = fω(ε)Parametrizing the spectral function directly with a deep neural network

Forward Laplace transform as the training objective

Second-derivative Tikhonov regulariser

Bayesian hyperparameter optimisation (Optuna / Tree-structured Parzen Estimator)

Abstract

We present a Physics-Informed Neural Network (PINN) framework for reconstructing the
hadronic spectral function ω(ε, q2) from Euclidean lattice correlation functions C(ϑ, q2).
The inverse Laplace transform connecting the two is severely ill-posed; standard regular-
isation methods yield limited resolution. We address this by parameterising ω directly
with a deep neural network whose output is non-negative by construction, enforcing
the forward Laplace transform as the training objective and adding a second-derivative
Tikhonov regulariser to suppress unphysical oscillations. Predictive uncertainty is quan-
tified through a 30-member deep ensemble of independently initialised networks, whose
inter-member disagreement provides calibrated posterior bands on ω. Bayesian hyper-
parameter optimisation (Optuna / Tree-structured Parzen Estimator) is run for 40 tri-
als per quark flavour before ensemble training. Results are reported separately for
the up (U) and down (D) quark contributions across six momentum-transfer values
q
2 → {0.039, 0.077, 0.116, 0.154, 0.193, 0.231} GeV2. Both quarks show a dominant low-ε
peak whose position shifts with q

2 in a manner consistent with dispersion, with the U-quark
spectral weight approximately four times larger than the D-quark contribution.

1 Introduction

The hadronic tensor spectral function ω(ε, q2) encodes the partonic structure of the nucleon
in the space-like momentum region. In lattice QCD, direct access to Minkowski-space
quantities is precluded; instead, one computes Euclidean two-point functions

C(ϑ, q2) =

∫ →

0

ω(ε, q2) e↑ωε
dε, (1)

where ϑ is the Euclidean time separation and q
2 the squared three-momentum transfer.

Inverting (1) from a finite, noisy set of ϑ values is a prototypical ill-posed inverse problem.
Classical approaches — MEM (Maximum Entropy Method), Backus-Gilbert, Tikhonov
regularisation — each introduce strong prior assumptions that limit spectral resolution.

Machine learning methods o!er an alternative: a neural network trained to minimise the
discrepancy between the predicted forward correlator and the measured one, while imposing
physical constraints (positivity, smoothness) through the architecture and loss. This work
implements such a model, SpectralPINN, using a two-phase workflow: (1) Bayesian
hyperparameter search and (2) deep-ensemble training for uncertainty quantification.

2 Data

2.1 Dataset

The training data are lattice QCD ratio measurements stored in processed data.csv.
The file contains rows indexed by quark flavour (D column: U or D), momentum transfer
q
2, Euclidean time ϑ , and the dimensionless correlation function value C(ϑ, q2).

Six momentum-transfer values (GeV2):

q
2 → {0.0385531, 0.0771063, 0.115659, 0.154213, 0.192766, 0.231319}
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Reconstruction of spectral functions

Verifications

In preparation, Kamruzzaman (Computer Science), RSS, et al

line (fixed ω0 = 0.005, blue solid), the ±1ω uncertainty band (blue shaded), and dashed
vertical lines marking the three energy-gap positions g1 (blue), g2 (orange), g3 (green).

Figure 2: Discrete spectral function ε(ϑ, q2) for Quark U across all six q2 values. Central
line: hybrid fixed smearing (ω0 = 0.005). Shaded band: ±1ω analytical error propagation.
Dashed verticals: g1 (blue), g2 (orange), g3 (green).

Figure 3: Discrete spectral function ε(ϑ, q2) for Quark D across all six q2 values. Layout
identical to Figure 2.

7

5.2 Laplace Verification

Figures 4 and 5 compare the reconstructed correlator Ĉrec(ω ) (solid coloured lines) against
the measured lattice data C(ω, q2) (grey scatter points) for all six q2 values on a single
overlay plot. Good agreement across all momentum channels confirms physical self-
consistency of the extracted spike parameters.

Figure 4: Laplace verification for Quark U: reconstructed Ĉrec(ω) (solid lines) versus
measured data (grey scatter) for all six q2 values.

Figure 5: Laplace verification for Quark D: layout identical to Figure 4.
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Impact of hadronic tensor calculation in lattice QCD

Thank you!

First attempt towards studying resonance structure from hadronic tensor and encouraging result 
towards comparing with experimental data

Next, nucleon-to-Delta transition (most dominant resonance structure for neutrino oscillation experiment)

By integrating LQCD with AI-driven methodologies, we can predict neutrino-nucleon scattering cross 
sections across multiple channels with precision beyond conventional methods can achieve alone

1.1 Motivation

Figure 1.1: Schematic overview of the nuclear response to a electroweak probe as a
function of the energy transfer ω. Taken from Ref. [Pra09].

its structure functions and charge radius, as the distribution of its quark and gluon
constituents, and its excitation spectrum has been gathered. Neutrinos provide a
unique opportunity to gain even more information on the structure of the nucleon and
baryonic resonances since they probe not only the vector but also the axial structure.
Current and future experiments address relevant problems like the extraction of the
nucleon and N − ∆ axial form factors. NC neutrino-nucleus interactions are also
relevant to answer a fundamental question of hadronic structure, namely, the strange-
quark contribution to the nucleon spin.

Fig. 1.1 shows schematically what processes contribute to the neutrino-nucleus re-
action in the few-GeV region. There, the nuclear response is plotted as a function of
the energy ω that is transferred from the neutrino to the system. At very small en-
ergy transfers of only a few MeV, one scatters into discrete nuclear states and excites
so-called giant resonances. We focus on the energy region of the quasielastic (QE),
∆ and N∗ peaks with energy transfers of few hundred MeV up to about a GeV. The
QE peak is caused by processes like !N → !′N′ where one has only nucleons, both in
the initial and final state. With increasing ω, one can excite the ∆ resonance (second
peak) or even higher lying resonances (third peak) via !N → !′R. At even higher ω,
one reaches the deep-inelastic scattering (DIS) region where one starts to probe quark
degrees of freedom.
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Direct impact on explaining and constraining various nuclear models and experimental data 
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Calculation of DIS structure function using hadronic tensor (with Christian Zimmermann - UKY/LBL)


