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Introduction

Aspect Pion Proton
Spin 0 172
Unpolarized GPDs H"™(x, &%) H{(z,&,1), Bz, & t)
Nonlocal decomposition built from P#, A#  z# only involves P*, A*  z" plus Dirac structures
Typical structure M¢ ~ PPAT + AFAT +m? 2t A% M~ d[yH, PHOAF 2P ie*Y A, . Ju
Lattice extraction no spinor / polarization projectors multiple projectors needed to isolate H and E
Experimental status limited, mostly indirect much richer constraints from DVCS and

exclusive processes

Fei Yao (BNL)

Pion GPDs offer a clean, complementary
benchmark for validating lattice GPD methodology
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w0 Theoretical definition of pion GPDs ciege

7(p;) >

o Pion Generalized Parton Distributions (GPDs)

(b5 (55)()

dz= . .
H™(x,&,1) = [%emp : <rc<pf>

(pi" = pf) (p{ +pf)
X A= (p—p)| —1=A f=—t T e T
- S - (pi* +p7) 2

momentum momentum momentum average hadron

fraction transfer transfer squared skewness momentum

fGPD (x, bT) —) H(x, 0, t) —— H(x, f, 1)

b, <A 'E =0
Impact-Parameter FT .
Distributions l [dx l I dx x"! n-th Mellin moments
-1
Form Factor A, , (FF) Generalized form factors A, , (GFFs)
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W0 Experimental access to pion GPDs caiege

< No fixed pion target — no direct ex scattering

= Pion GPDs are accessible only indirectly (via Sullivan process/pion pole DVCS)

See Garth’s talk.

e (1"

e

‘4/ I;ion forfn factor from pion-pole p: N
e” (1)

, . G. M. Huber et al., PRC 78, 045203 (2008
= first moment only T. Horn et al., PRC 78, 058201 (2008); |

v'No direct experimental extraction of pion

GPDs 1s available yet.

Chavez et al., PRL 128 (2022) 202501
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w0 Experimental access to pion GPDs cwze

< No fixed pion target — no direct ex scattering

- Pion GPDs are accessible only indirectly (via Sullivan process/pion pole DVCS)
4

~

A Summary of x? per Npts and Npis from Various Inputs

W POF W GFF

I Lattice GPD [lpvcs

Wovepr |

1.49 L 1.56 [
e (1 .

In addition to lattice x-dependent

per Npts

2

X

GPDs, lattice moments / GFFs

provide complementary constraints

p—  on global fits. o

e Wz e =i102

Npts

L 103

TT e Lo o) o
QR Q Q Q X ooQoQo Q\/\i&

9 More details in Yuxun’s presentation (nucleon). D 'i

Fei Yao (BNL)
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=20 Pion GPDs from lattice QCD ca 2

~ Traditionally, Mellin moments of pion GPD from local operators

[1] QCDSF/UKQCD Collab., PoS LAT2005 (2006);

+( U oty | ot — (AN | {u '<_>,Lt °(_)/1 'Hﬂn + [2] QCDSF/UKQCD Collab., EPJC 51 (2007).
(¥ (p") | O #2 b | g7 (p)) = (&7 (p") |4 (0) y ¥ iD#1iD¥2---i D¥r u(0) | x7(p)) [3] G. Bali et al., PoS LATTICE2013, 447, arXiv:1311.7639

n
— 2P{”Pﬂl'"Pﬂn}An+1,o(A2) +2 Z A{”N‘l'"N‘"P”"*‘"'P””}AHH,I-H(Az)
i=1,0dd

o Large momentum effective theory (LaMET) approach to x-dependent pion GPDs.

—— — —— — —— X.D. Ji, PRL 110 (2013); j ' — '

r T T T | ] — 9 Qe
3.0F | 02 Gev?) 4 X.D. Jiet. al.,, Rev.Mod.Phys. 9820 EﬁﬁSiéﬁg;ﬁaéG v
ok . B M 000 7 -:: = 8.23e1VGeV2

DFf \ HWo19 | -t = 0.455 GeV?

- 1 —t = 0.887 GeV?
2.0F M 039 15 ot = 1.095 GeV?

- W07 | —t = 1.690 GeV?

T 15 - W 0.97 i:

- & 10 ]
10 =
0.5F

: 0.5

0 e
L . -+ . v v v oy by oy sy ] Il;;‘;iii;;;\\ -
0 0.2 0.4 0.6 08 10 _ _ —l
X ‘i J | Zero Skewn eSS li 0.0 0.2 0.4 i 0.6 0.8 1.0
H.-W. Lin, Phys. Lett. B 846, 138181 (2023) ‘ ’ H.T. Ding et al., JHEP 02, 056 (2025)

Fei Yao (BNL) Towards Improved Hadron Femtography | University of Virginia | Jul. 23, 2026 6



2o Moments from nonlocal correlators c«: sz

T. lzubuchi et al., PRD 98, 056004 (2018); Y.-S. Liu et al., PRD 100, 034006 (2019).
- Operator product expansion (OPE) of nonlocal operators:

: X. Gao etal.,, PRD 109 (2024); X. Gao etal., PRD 107 (2023); B. Joo et al., PRD 100, 114512 (2019) ;
o PIOn and nucleon PDFS J. Karpie et al., JHEP 11, 178 (2018); ...
2.2 20 (= ”l)n : n ~
O, w222 = Zc U2H~—"a,.;; a,.,=| dxx"qx,u)  Ioffetime: A = zP,
-1

S. Bhattacharya et al., JHEP 01, 146 (2025);

@ Pion and nucleon GPDs (zero skewness) X.Gao etal., PRD 109, 094506 (2024)
X. Gao et al.,, PRD 104 (2021) ;

Value att=0

(l)

Az, P, 1) = Z C(u* ) —— u-d

1
1, A= dxx"'H(,t,
A, o(0); A, o) L xx"H(x, 1, 1) GPD E

@ Only nucleon GPDs (nonzero skewness) Hadstruc Collab., JHEP 08, 162 (2024)

HR(z, P& 1)

[e) (_ iz P )k—l k 1 ’
Z - Z Hn(g, t9 /’t) ék_nck,k—n(zzl’tz); Hn(éa t’ //l) = J/ dxxn_lH(x’ 57 [, M) ) s e, 0.370;‘?4
— -1 vf‘ “

Az + E*A; , becomes larger as £ increases. Y Opposite trend for pion case!!

%Y Only LL-resummed results were considered. 4
e OSSRl ISt HadStruc Collab., JHEP 08, 162 (2024)
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Theoretical framework

- OPE of nonlocal operators:

) |
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W50 Valence-quark pion matrix element and its LI decomposition cv%e

Renormalized matrix

{ elements

Ratio scheme:

— H(z, P&t
HR(Z7PZa€,t) = M
H (z,0,0,0)

A. Radyushkin, PRD 98, 014019 (2018)

Fei Yao (BNL)

(_ izP )k—l k

N H,(E 1) EF e (D) +0 (AZQCDzz)

n=1

* Valence-quark matrix element:
M¥(z,P,A) = <7r( P | (=2 /2" L(=2/2.212)y (2/2) | ( pl.)>"_d
* Lorentz-invariant (LI) amplitudes A,z - P,z - A, A%, z%):
M*(z, P, A) = PFA| + 2'm? A, + A*A,

* Traditional quasi-GPD defined with y° is frame dependent:
0 S. Bhattacharya et al.,

—~ 1 A
0 — PRD 106 (2022
H(z,P_ ¢ 1) = POM (z,P,A)=A + 5 A, ( )

* LI quasi-GPD: combining M° (y°) and M* (y*)

z-A

Hy(z-P,z-AAL D) = A +
z-P

{ Céhsisténc with the "yo definition!

e e

T —

e e——

Towards Improved Hadron Femtography | University of Virginia | Jul. 23, 2026 9



w0 Polynomiality of GPD moments caege

¥ th moment of |

H. B. O'Connell et al., PLB 354 (1995)
- 1. monopole-like parameterization

A, 0)
A =170
Polynomiality of GPD moments (£-dependent): k
G. Lee et al., PRD 92 (2015)
n-l 1 2. z-expansion (model-independent)
HE D= ) A, 0)20)" £ mod(n —1,2) 28)" C,(1) 2 P
k=0 GFFs D-term contribution A=Y a2 2t ty) = t°‘“_t+ ;‘“_ to
even (for even n) =0 \/ cut \/ cut 0
_— — B Z(t) is introduced to improve the convergence of
Ji, PRL 78, 610 (1997); H. B. O'Connell et al., PLB 354 (1995) the series expansion.
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w0 Matching and renormalization-group (RG) resummation c=2&e

. © (_j-P k—1 k
HR(Z7 Pz’ 5’ t) — Z ( (lzz— Zl)) | Z Hn(ga L, ﬂ) gk—n Ck,k—n(Z2ﬂ2)+ O (AéCD22>

k=1 n=1 &

)

¥ matrix (

d
RGE: 1’——C(z°p?) = y(a(w) C(z°u?), . /
dy lower-triangular) §

. da ), p

o 2 par=pS P B s NLL-RGR

WI 7(%) Yo O + 71 G, ﬂ(as) H du 2 Ay 2(2ﬂ)2 % (C 0 0 0 0 \
1,0

L ——— ———————————————
0 ¢, 0 0 O
Resummation order a"L* log resummed Anomalous dimension B-function Gl 0 0
0 ¢y €40
LL n==k l-loop l-loop  treelevel ¥ c 0 ¢ 0 ¢
\ 5.4 5,2 5,0 )
NLL n—1<k<n 2-loop 2-loop l-loop
NNLL n—2<k<n 3-loop ¢ 3-loop v 2-loop ¢

¥ No solution for & # 0 but & = 0 exists.
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w0 Matching and renormalization-group (RG) resummation c=2&e

. 00 (_' Pz)k—l k
HR(zZ, P, & =) Uf_ b D H 1) E " 6 D+ 0 ( M)

k=1 n=1 &

)

¥ matrix (

d
RGE: 1’——C(z°p?) = y(a(w) C(z°u?), | )
du lower-triangular) §

with y(a,) = yya, + 7, @2, Bla,) = u day _ _ &af — Laﬁ. NLL-RGR
du 2r 2(2m)? (¢ 0 0O 0 0)
1,0

T — T — 0 ¢ 0 0 0

0 ¢ 0 ¢ 0
(0266 0 0 0 0 ) 3’2 40’0
0 0512 0 0 0 ¢ Derived from Ref. [Y.Ji. F-Yao and €54 €5.2 .0,
e erived from Retf. [Y.JI, F.Yao an
7] 06064 _00061 0'%18 0288 8 J.H. Zhang, arXiv:2504.09367]
L —0.023 0 —0.066 0 0.742)
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Lattice calculation

- Asymmetric (non-Breit) approach: computationally economical

S. Bhattacharya et al., PRD 106 (2022)
_)

5= (0,0,P), B, = — A = (—Ax, —Ay,PZ—AZ>

24

— ;
- Lattice setup: HISQ gauge ensembles - i "
HotQCD collab., PRD 75 (2007) '
20 . » . 2.0
*
= * $ 18 >
a = 0.04 fm 51 . . o - 3
« Pion mass: 300 MeV T 1ol * % s W'
P_ = {0.968,1.453,1.937,2.428} GeV . x - " N
i ® 1
£ =1{-033,-025 —0.14,—0.11,0) e % & : 1.,
. —tupto?2.748 GeV? 0.0} % -
—035 —030 —0.25 —0.20 —0.15 —0.10 —0.05 0.00 '
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<20 Extraction of bare matrix elements c<2&e

- Bare matrix elements are extracted from
simultaneous fits at multiple source—sink

separations f,.

2/ EJ B Oy (PF, P £y, 73 2)
E({ —+ E8 C2pt (P‘f’ ts)

[CZpt (PZ, ts _T)C2pt (Pf, T)CZpt (Pf, ts) ] 1/2
C'2pt (P'f’ ts —T)C2pt (PZ, T)C2pt (P’L, ts)

RV PI,Pt,, 15 2)=

Fei Yao (BNL)

P/ = (0,0,1.94) GeV
P = (0.48,0.48,1.45) GeV |

75

95 00 25 50 75
(1—1ts/2) / a

(a) € = —0.14, —t = 0.597 GeV?

-3.0
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<250 Renormalized matrix elements c«i2&e

. . . —_ sz,P, 1
- Bare matrix elements are renormalized by ratio scheme: =z, P& 1) = ,\(, 2!
H (z2,0,0,0)
: ; | ' ~t = 0.29'2 GeV? 0.7F : ! : ; B 0_3[‘)9 GeV?
© 7 f s e 2085, oo
oot § § b BrciReyy "33 i fosinay
¢ $ ) L] il 0.5} Et § $ ) ] i il '
= | X F i = $ T
iiflagela SuE ERRg,  teln,
33158z g | 2Miiigeiiv,.%n m
g b3 Y - 3o T B 2 - ¥ s
102 ¢ Y = 01 & o EXTE ST
R ] F T @ = ] A ¥ o
3 = ¥ = [ O
¢ 7 Y ¥ t 0.1f $ b .\ ¥ ¥
0.0t ¢ l % : 0.0F I % f i
(€ = —0.11, P. = 2.42 GeV) e (€ =014, P. = 1.94 GeV I f | A= zP
7 i ; 3 i ; 5 : ; 3 i ; ¢
A A

Fitting region used in this work: 7z = {2a,6a} = {0.08,0.24} fm
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W0 Choice of fitting region cwiege

Resummation order a"L* log resummed Anomalous dimension B-function Con ke
LL n==k 1-loop 1-loop ¢  tree-level ¥
NLL n—1<k<n 2-loop v 2-loop 1-loop v
NNLL n—2<k<n 3-loop X 3-loop ¢ 2-loop X

¥ No solution for & # 0 but £ = 0 exists.

(—izP)* (—izP)*

ER(Z,PZ,g =0,0) =Ap()c1p + X Az (1) c39 + A1

As (1) ¢

e Fixed z.... = 0.08 fm, then varied z

min max*

* Considering LL, NLL and NNLL resummation effects.

o Evolve from u, = 2xe 75)/z topu = 2 GeVv, withk = {1,\/5,2}.
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| P.=1937 GeV,

¢=0,
—1 = 0.446 GeV>

Wi Choice of fitting region c< et

0.70

0.68 1

0.66 1

A10

0.64 1

0.62 1

0.60

0.04

Fei Yao (BNL)

Fixed order (NNLO)
LL-RGR

NLL-RGR
NNLL-RGR

A I 1

K=V2

020 025 0.30 0.35 0.40 0.45
Zmax [fm]

Fixed order (NNLO)
LL-RGR

NLL-RGR
NNLL-RGR

%MM

5§ g

M = e

HEH

,_

0.20 0.25 0.30 0.35 0.;-10 0.45
Zmax [fM]
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@ Fixed order (NNLO)
0121 @ LreR
¥ NLL-RGR
010/ ® NNLL-RGR %
0.08 ﬁ ﬁ # % % %
0.06 % 3 % f 5 g
=1 il
0.04 . ! : : .
0.20 0.25 0.30 0.35 0.40 0.45
Zmax [fm]
@ Fixed order (NNLO)
0.121 @ LL-RGR
¥ NLL-RGR
o104 +  NNLL-RGR
0.08
0.06 1
K=2

4 T T T T T
0.20 0.25 0.30 0.35 0.40 0.45

Zmax [fM]

17



Numerical results for GPD moments

o Extracting the moments through a joint fit of matrix elements over multiple £ and —¢,

R S GERR ke 2 2
(e B St)i= ZWZH”(Z’:’I’” ) E T pn(Z°p9)

(—izP)*
4!

(—izP)*
2!

— HiEel (Hy(&,1) E2 ey p+Ha(E, 1) c3) + (Hy(&, 1) E* o5 4+ Hy(E, 1) E2 c5 HHS(E, 1) c5.)

(—izP)*
2!

(—izP)*
4!

= A oBcio + lAl,O(t) E% c3 + (As30(1) + A3 5 (D(2£)?) C3,0] 7

NA

H,

(A3,o(t) ol A3,2(t)(25)2) 52 Cs50+ (As,o(f) s As,z(t)(2§)2+A5,4(t)(2§)4> Cs,o]
- = Lo

H

lALO(t) Eres,+

2 (e e = SR T

=N t)=\/cut Vieu ~ o
n,k TR et > “eut Y0

1=0 \/tcut = S \/tcut 5 tO
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GFFS AI,O’ A3’0 and AS,O (é — O) : % ';’f

0.12
1ol V772 A10 (NNLL-RGR) ® CERN FZZ] As,o (NNLL-RGR)
| 0 Az (NNLO) D0 Jtab 0.08 1 Ao (=2 GeV)
o - ¥ BNL21 (300 MeV) 3,855 <
0.00 T T T T T
06 0.0 0.5 1.0 1.5 2.0 2.5
—t [GeV?]
0.4 - 0.05 1 r771 As.o (NNLL-RGR)
700 As,o (u=2 GeV)
0.2 7
0.00 A SLL
0.0 1 1 Ll 1 1 Ll 1 T T Ll
0.0 0.5 1.0 1.5 2.0 2.5 0.0 0.5 1.0 1.5 2.0 2.5
—t [GeV?] —t [GeV?]
v The GFFs A, , are extracted from zero-skewness data. CERN: Amendolia et al., NPB 277 (1986)
’ JLab: Volmer et al., PRL 86 (2001);
v A, o = F, agree with CERN/JLab data and BNL21 results. Horn et al., PRL 97 (2006);
’ Huber et al., PRC 78 (2008);
v' NNLL-RGR uncertainty: varying x between 1 and 2. BNL21: Gao et al., PRD 104 (2021)
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GFFs A; ; and third Mellin moment H;(&,7) cwle

H3(E, 1) = Az 0(0) + (2¢)? As (1)

2 r =
[ 0.05 \
0.12 v—31 &=0only (NNLL-RGR)
£ =0 only (NLL-RGR) 0.00
combined fit (NLL-RGR)
0.09 A —0.05 -
0.06 - =QELOn
—-0.15 1
0.03 A
—-0.20 A
As o0 [A3,2 NLL-RGR]
0.00 1 T T T —0.25 T T T T
0.0 0.5 1.0 i 2:0 2.5 0.0 0.5 1.0 1.5 2.0
—t [GeV?] —t [GeV?]

v Combined fit using both £ = 0 and & # 0 data.

v Aj , 18 negative, giving visible skewness dependence.
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w0 GFFs A; ; and third Mellin moment H;(&, 1) carege

H3(E, 1) = Az 0(0) + (2¢)? As (1)

| Valueatt=0 0.05
0:12
0.00
0.09 - —0.05 -
0.06 - —0.10 1
0.03
-0.20 1
[A3,2 NLL-RGRJ
0.00 - -0.25 : : : :
0 5 0.0 05 1.0 1.5 2.0 2.5
—t [GeV?]

Opposite trend compared with the nucleon case.

HadStruc Collab., JHEP 08, 162 (2024) / arXiv:2604.21476
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W0 GFFs A; ; and third Mellin moment H;(&, 1)

Hy(E, 1) = Az () + (28)° As (1)

0.10 -1 G=02
W £=0.15
e £=025
0.08 - , -
| NLL-RGR
= 0.06 e ;
) i
™
T
0.04 -
0.02 -
0.00

00 05 1.0 1.5 20 25
—t [GeV?]

v H;(&, f) decreases as | £| increases.

v’ It also decreases with increasing —¢.

Fei Yao (BNL)

H3(£, t)

0.08

0.07 1
0,061
0.05 -
0.04 -
0.03 -
0.02 -

0.01 A

0.00

—t=0.5 GeV?
------------  —t=1.0 GeV?
i —t=1.5 GeV?

NLL-RGR
0.00 0.05 0.10 0.15 0.20 0.25 0.30

3
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W0 GFFs A ; and Fifth Mellin moment Hy(&,1) caake

0.04 1.

0.02 { %

zZ1 &=0 only (NNLL-RGR)
& =0 only (NLL-RGR)
combined fit (NLL-RGR)

0.00
As o
-0.02 T T T r
0.0 0.5 1.0 1.5 2.0 2.5
—t [GeV?]

0.04- |
0.03 -

0.02 &

Hs(&, t)

0.01 -

0.00

—0.01 =
0.0

0.5 1.0 15 2.0 2.5
—t [GeV?]

Fei Yao (BNL)

HS(EI t)

0.3
0.2
0.11
0.0 As » NLL-RGR
-0.1 ; ; : :
0.0 0.5 1.0 1.5 2.0 2.5
0.0
_0_5 .
0.0 0.5 1.0 15 2.0 2.5
—t [GeV?]
—t=0.5 GeV?
o —t=1.0 GeV?
0.03 EEE -t=1.5GeV?
0.02 -

0.01 4

0.00 A

-0.01

0.00 0.05 0.10 0.15 0.20 0.25 0.30

3

Towards Improved Hadron Femtography | University of Virginia | Jul. 23, 2026

H(E,1) = A5+ (26 As, + (28" As

v & =0and & # 0 data combined fit.
v The fifth-moment GFFs A5 ; are

strongly suppressed.

v H (&, 1) decreases with increasing

|E| and —1.
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Summary and outlook

Summary

v|  First lattice QCD determination of pion GPD Mellin moments at nonzero skewness.

v| Combined fitsto £ =0 and £ # 0 data — access to (&,t) dependence.

v/| Implemented NLL resummation to reduce perturbative matching uncertainties.

Outlook

e Extraction of x-dependent pion GPDs at nonzero skewness.

e D-term extraction from the imaginary part of matrix elements.

e Simulations at physical pion mass with higher statistics.
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12f| --=--NLO I
——NNLO, & = 0.707
——NNLO, & = 0.800
1.0} ——NNLO, & = 1.000 :
——NNLO, & = 1.200
——NNLO, & = 1.414
0.8F ——NNLO, x = 1.700 |
= ——NNLO, « = 2.000
=
S 06t 1
0.4} ]
0.2} .
0.05 0.10 0.15 0.20 0.25 0.30
z|fm)]
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1 U— n—1 A
‘ dx x"! (Z—j> (x,&, 1) = Z <B””‘Z;> &+ mod(n +1,2) " (C,(0)) .
-1 n,k

k=0,even

- Solution (¥, ¥; do not commute)

a,(u) d
[ == y(a)] Cu),

C(Z*u?) = P 2
(z°u°) exp [ v B@

e LL-resummation

Po
G j(as(ﬂ), Zzﬂz) =C; j(as(ﬂo), 22/43 )( Cz:('u()) > )

v'NLL-resummation

0]

Po
Ci,j(as(/’l)’ Zzﬂz) = Ci,j(as(/'lO), Zzﬂg) (M> exXp (

Pob a ()P +En)py

Bor1—Piro) in a (1)1 +47)p
()
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<Wwio Comparison between 7, and H caeke

!

P,=1937 GeV,
£=—033, 5
1 = (0864.2748) GeV?

il

T 4
P Ay

—t = 0.864 GeV? {

0.15¢

0.101

0.05f

i rase ey

A

—t = 2.748 GeV?

il
D 4

— - A
i HL](Z'PaZ'A,AZ,Z2)=A1+Z_PA3 i
Z-

0.51

045

0.3

0.21

0.17

0.0f

& |
EﬁLI

—t = 0.864 GeV?

Fei Yao (BNL)

LaMET2026 | Jagiellonian University | Jul. 07, 2026

0.00 ."-2!Jiijiinilii|ﬁ|ﬁTiilii DL
0 5 10 15 20 25 30
z/a

0.20f "
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