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We present a neural-network–based framework for modeling generalized parton distributions, re-
ferred to as NNGPD, in which GPDs are represented as flexible functions constrained through
physically motivated integral relations. In this approach, experimental and theoretical information
is incorporated into the training procedure via loss functions enforcing convolution integrals that
define Compton form factors, as well as Mellin moments related to generalized form factors accessi-
ble in lattice QCD. This formulation reflects the inverse-problem character of GPD phenomenology
without assuming a specific functional ansatz. As a proof of concept, we benchmark the NNGPD
framework using a phenomenological spectator-based GPD model, from which synthetic training
data for Compton form factors and Mellin moments are generated. The neural network is trained
solely on these aggregate observables, and the resulting GPDs are compared directly with the un-
derlying model distributions in a closure-type test. We find that the neural-network representation
reproduces the main features of the GPDs over the relevant kinematic domain, despite being con-
strained only by their integral projections. This study demonstrates the viability of neural-network
representations of GPDs constrained by global physical observables and provides a basis for future
phenomenological applications combining experimental measurements of deeply virtual Compton
scattering, including those anticipated at the Electron–Ion Collider, with lattice QCD inputs for
Mellin moments and generalized form factors.

I. INTRODUCTION

The extraction of the QCD parton correlation func-
tions from experiment is intrinsically an inverse problem
in that they are not directly observable but they enter
the physical processes through integral relations involv-
ing known kernels. Specific projections are given, for in-
stance, by the parton distribution functions (PDFs) from
deep inelastic scattering, the transverse momentum dis-
tributions (TMDs), and the generalized parton distribu-
tions (GPDs). Machine-learning (ML) approaches have
proven highly e!ective in addressing inverse problems of
this type. For example, the PDF and TMD communities
have pioneered artificial neural network (ANN)–based
frameworks aimed at reducing the functional-form bias
inherent in traditional parametric fits [1–5]. The in-
verse problem associated with GPDs is considerably more
stringent than for other parton distributions, as the de-
pendence on the parton longitudinal momentum fraction
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x cannot be accessed directly in experiment. Instead,
it is integrated over in the measured observables, which
are expressed in terms of Compton form factors (CFFs)
probed in deeply virtual Compton scattering (DVCS)
and related hard exclusive processes. To extract GPDs
from DVCS-type data, ML approaches become, there-
fore, indispensable. More recently, sophisticated deep-
learning methods have been developed to extract CFFs
directly from DVCS data [6–8], and, more generally, to
uncover underlying functional structures in a data-driven
yet interpretable manner [9]. Despite these advances, the
extraction of GPDs remains substantially more challeng-
ing than that of other QCD correlations, owing to their
higher dimensionality.

Another source of information on GPDs is from lat-
tice QCD (LQCD), where the Mellin moments have been
evaluated up to n = 5 for the proton [10]. Consequently,
any phenomenologically viable representation of GPDs
must satisfy a hierarchy of global integral constraints (for
reviews on GPDs we refer the reader to Refs. [11–13]).

These challenges motivate learning frameworks that go
beyond purely data-driven fitting and explicitly incorpo-
rate the theoretical structure of the GPD inverse prob-
lem. A promising direction is provided by ML approaches
in which global or integral constraints are imposed di-
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The second inverse problem

Learn the GPD—not a prescribed functional form
Represent the unknown multidimensional function directly, then require it to satisfy everything physics already tells us.

FLEXIBLE REPRESENTATION
A feed-forward network represents the GPD

PHYSICS DEFINES ADMISSIBILITY
The learned function must…

1 Reproduce complex CFFs
through the known nonlocal convolution

2 Match Mellin moments
including form-factor and lattice-QCD information

3 Obey exact symmetries
linking the positive- and negative-x regions

4 Respect endpoint behavior
at the kinematic boundaries of the GPD
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NOT AN ANSATZ FIT

No fixed x-, ξ-, or t-dependence is assumed.
Physics enters through operators and constraints
—not through a chosen functional shape.
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PHYSICS-INFORMED FUNCTION LEARNING

Physics Informed Neural Networks (PINNs):  
learning through differential constraints

A neural approximation is trained by minimizing differential-equation residuals, together with initial 
and boundary conditions.
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ωtu = N [u]

<latexit sha1_base64="ZwKkaJcdU3hHlnhMyVD4tdz55QM=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNryPRi0dI5JHAhswODYzMzm5mZo1kwxd48aAxXv0kb/6NA+xBwUo6qVR1p7sriAXXxnW/ndzK6tr6Rn6zsLW9s7tX3D9o6ChRDOssEpFqBVSj4BLrhhuBrVghDQOBzWB0O/Wbj6g0j+S9Gcfoh3QgeZ8zaqxUe+oWS27ZnYEsEy8jJchQ7Ra/Or2IJSFKwwTVuu25sfFTqgxnAieFTqIxpmxEB9i2VNIQtZ/ODp2QE6v0SD9StqQhM/X3REpDrcdhYDtDaoZ60ZuK/3ntxPSv/ZTLODEo2XxRPxHERGT6NelxhcyIsSWUKW5vJWxIFWXGZlOwIXiLLy+TxlnZuyxf1M5LlZssjjwcwTGcggdXUIE7qEIdGCA8wyu8OQ/Oi/PufMxbc042cwh/4Hz+AOl5jQY=</latexit>x
<latexit sha1_base64="2TyYox69prPZKG28G7NCoWz8v3M=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNnJbDJmdnaZ6RXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LR3dRvPXFtRKwecJxwP6IDJULBKFqpjr1S2a24M5Bl4uWkDDlqvdJXtx+zNOIKmaTGdDw3QT+jGgWTfFLspoYnlI3ogHcsVTTixs9mh07IqVX6JIy1LYVkpv6eyGhkzDgKbGdEcWgWvan4n9dJMbzxM6GSFLli80VhKgnGZPo16QvNGcqxJZRpYW8lbEg1ZWizKdoQvMWXl0nzvOJdVS7rF+XqbR5HAY7hBM7Ag2uowj3UoAEMODzDK7w5j86L8+58zFtXnHzmCP7A+fwB42mNAg==</latexit>

t

<latexit sha1_base64="xXGhe73jRKts53g8Xq99LRv7430=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivV016p7FbcGcgy8XJShhy1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns0Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzxMy6T1KBk80VhKoiJyfRr0ucKmRFjSyhT3N5K2JAqyozNpmhD8BZfXibN84p3VbmsX5Srt3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kD5O2NAw==</latexit>u



PHYSICS-INFORMED FUNCTION LEARNING

Physics Informed Neural Networks (PINNs):  
learning through differential constraints

A neural approximation is trained by minimizing differential-equation residuals, together with initial 
and boundary conditions.

NEURAL FUNCTION

Automatic differentiation

<latexit sha1_base64="deTkHrK7LOGAJjVmf6J1lroCKeI=">AAAB+XicbVDLSsNAFJ3UV62vqEs3g0WoICURX8uiG5cV7APaECbTSTt0MgkzN8US+iduXCji1j9x5984bbPQ1gMXDufcy733BIngGhzn2yqsrK6tbxQ3S1vbO7t79v5BU8epoqxBYxGrdkA0E1yyBnAQrJ0oRqJAsFYwvJv6rRFTmsfyEcYJ8yLSlzzklICRfNtO/awLAwZkUnk6w3Dq22Wn6syAl4mbkzLKUfftr24vpmnEJFBBtO64TgJeRhRwKtik1E01Swgdkj7rGCpJxLSXzS6f4BOj9HAYK1MS8Ez9PZGRSOtxFJjOiMBAL3pT8T+vk0J442VcJikwSeeLwlRgiPE0BtzjilEQY0MIVdzciumAKELBhFUyIbiLLy+T5nnVvapePlyUa7d5HEV0hI5RBbnoGtXQPaqjBqJohJ7RK3qzMuvFerc+5q0FK585RH9gff4AyCaTHA==</latexit>

uω(x, t)

<latexit sha1_base64="HStK8xTN8p9Kf+hMZrkzGkYJ5kc=">AAACBnicbVDLSsNAFJ3UV62vqEsRBovgqiTiayMU3biSCvYBSQiT6bQdOpmEeQgldOXGX3HjQhG3foM7/8ZJm4W2HrhwOOde7r0nShmVynG+rdLC4tLySnm1sra+sbllb++0ZKIFJk2csER0IiQJo5w0FVWMdFJBUBwx0o6G17nffiBC0oTfq1FKghj1Oe1RjJSRQnvfT5FQFLFQQQ0voR8jNcCIZbdjTwehXXVqzgRwnrgFqYICjdD+8rsJ1jHhCjMkpec6qQqyfAVmZFzxtSQpwkPUJ56hHMVEBtnkjTE8NEoX9hJhiis4UX9PZCiWchRHpjO/Us56ufif52nVuwgyylOtCMfTRT3NoEpgngnsUkGwYiNDEBbU3ArxAAmElUmuYkJwZ1+eJ63jmntWO707qdavijjKYA8cgCPggnNQBzegAZoAg0fwDF7Bm/VkvVjv1se0tWQVM7vgD6zPH75jmK4=</latexit>

ωtu = N [u]

<latexit sha1_base64="ZwKkaJcdU3hHlnhMyVD4tdz55QM=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNryPRi0dI5JHAhswODYzMzm5mZo1kwxd48aAxXv0kb/6NA+xBwUo6qVR1p7sriAXXxnW/ndzK6tr6Rn6zsLW9s7tX3D9o6ChRDOssEpFqBVSj4BLrhhuBrVghDQOBzWB0O/Wbj6g0j+S9Gcfoh3QgeZ8zaqxUe+oWS27ZnYEsEy8jJchQ7Ra/Or2IJSFKwwTVuu25sfFTqgxnAieFTqIxpmxEB9i2VNIQtZ/ODp2QE6v0SD9StqQhM/X3REpDrcdhYDtDaoZ60ZuK/3ntxPSv/ZTLODEo2XxRPxHERGT6NelxhcyIsSWUKW5vJWxIFWXGZlOwIXiLLy+TxlnZuyxf1M5LlZssjjwcwTGcggdXUIE7qEIdGCA8wyu8OQ/Oi/PufMxbc042cwh/4Hz+AOl5jQY=</latexit>x
<latexit sha1_base64="2TyYox69prPZKG28G7NCoWz8v3M=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNnJbDJmdnaZ6RXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LR3dRvPXFtRKwecJxwP6IDJULBKFqpjr1S2a24M5Bl4uWkDDlqvdJXtx+zNOIKmaTGdDw3QT+jGgWTfFLspoYnlI3ogHcsVTTixs9mh07IqVX6JIy1LYVkpv6eyGhkzDgKbGdEcWgWvan4n9dJMbzxM6GSFLli80VhKgnGZPo16QvNGcqxJZRpYW8lbEg1ZWizKdoQvMWXl0nzvOJdVS7rF+XqbR5HAY7hBM7Ag2uowj3UoAEMODzDK7w5j86L8+58zFtXnHzmCP7A+fwB42mNAg==</latexit>

t

<latexit sha1_base64="xXGhe73jRKts53g8Xq99LRv7430=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivV016p7FbcGcgy8XJShhy1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns0Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzxMy6T1KBk80VhKoiJyfRr0ucKmRFjSyhT3N5K2JAqyozNpmhD8BZfXibN84p3VbmsX5Srt3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kD5O2NAw==</latexit>u



PHYSICS-INFORMED FUNCTION LEARNING

Physics Informed Neural Networks (PINNs):  
learning through differential constraints

A neural approximation is trained by minimizing differential-equation residuals, together with initial 
and boundary conditions.

NEURAL FUNCTION

PDE residual

Automatic differentiation

<latexit sha1_base64="deTkHrK7LOGAJjVmf6J1lroCKeI=">AAAB+XicbVDLSsNAFJ3UV62vqEs3g0WoICURX8uiG5cV7APaECbTSTt0MgkzN8US+iduXCji1j9x5984bbPQ1gMXDufcy733BIngGhzn2yqsrK6tbxQ3S1vbO7t79v5BU8epoqxBYxGrdkA0E1yyBnAQrJ0oRqJAsFYwvJv6rRFTmsfyEcYJ8yLSlzzklICRfNtO/awLAwZkUnk6w3Dq22Wn6syAl4mbkzLKUfftr24vpmnEJFBBtO64TgJeRhRwKtik1E01Swgdkj7rGCpJxLSXzS6f4BOj9HAYK1MS8Ez9PZGRSOtxFJjOiMBAL3pT8T+vk0J442VcJikwSeeLwlRgiPE0BtzjilEQY0MIVdzciumAKELBhFUyIbiLLy+T5nnVvapePlyUa7d5HEV0hI5RBbnoGtXQPaqjBqJohJ7RK3qzMuvFerc+5q0FK585RH9gff4AyCaTHA==</latexit>

uω(x, t)

<latexit sha1_base64="HStK8xTN8p9Kf+hMZrkzGkYJ5kc=">AAACBnicbVDLSsNAFJ3UV62vqEsRBovgqiTiayMU3biSCvYBSQiT6bQdOpmEeQgldOXGX3HjQhG3foM7/8ZJm4W2HrhwOOde7r0nShmVynG+rdLC4tLySnm1sra+sbllb++0ZKIFJk2csER0IiQJo5w0FVWMdFJBUBwx0o6G17nffiBC0oTfq1FKghj1Oe1RjJSRQnvfT5FQFLFQQQ0voR8jNcCIZbdjTwehXXVqzgRwnrgFqYICjdD+8rsJ1jHhCjMkpec6qQqyfAVmZFzxtSQpwkPUJ56hHMVEBtnkjTE8NEoX9hJhiis4UX9PZCiWchRHpjO/Us56ufif52nVuwgyylOtCMfTRT3NoEpgngnsUkGwYiNDEBbU3ArxAAmElUmuYkJwZ1+eJ63jmntWO707qdavijjKYA8cgCPggnNQBzegAZoAg0fwDF7Bm/VkvVjv1se0tWQVM7vgD6zPH75jmK4=</latexit>

ωtu = N [u]

<latexit sha1_base64="ZwKkaJcdU3hHlnhMyVD4tdz55QM=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNryPRi0dI5JHAhswODYzMzm5mZo1kwxd48aAxXv0kb/6NA+xBwUo6qVR1p7sriAXXxnW/ndzK6tr6Rn6zsLW9s7tX3D9o6ChRDOssEpFqBVSj4BLrhhuBrVghDQOBzWB0O/Wbj6g0j+S9Gcfoh3QgeZ8zaqxUe+oWS27ZnYEsEy8jJchQ7Ra/Or2IJSFKwwTVuu25sfFTqgxnAieFTqIxpmxEB9i2VNIQtZ/ODp2QE6v0SD9StqQhM/X3REpDrcdhYDtDaoZ60ZuK/3ntxPSv/ZTLODEo2XxRPxHERGT6NelxhcyIsSWUKW5vJWxIFWXGZlOwIXiLLy+TxlnZuyxf1M5LlZssjjwcwTGcggdXUIE7qEIdGCA8wyu8OQ/Oi/PufMxbc042cwh/4Hz+AOl5jQY=</latexit>x
<latexit sha1_base64="2TyYox69prPZKG28G7NCoWz8v3M=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNnJbDJmdnaZ6RXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LR3dRvPXFtRKwecJxwP6IDJULBKFqpjr1S2a24M5Bl4uWkDDlqvdJXtx+zNOIKmaTGdDw3QT+jGgWTfFLspoYnlI3ogHcsVTTixs9mh07IqVX6JIy1LYVkpv6eyGhkzDgKbGdEcWgWvan4n9dJMbzxM6GSFLli80VhKgnGZPo16QvNGcqxJZRpYW8lbEg1ZWizKdoQvMWXl0nzvOJdVS7rF+XqbR5HAY7hBM7Ag2uowj3UoAEMODzDK7w5j86L8+58zFtXnHzmCP7A+fwB42mNAg==</latexit>

t

<latexit sha1_base64="xXGhe73jRKts53g8Xq99LRv7430=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivV016p7FbcGcgy8XJShhy1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns0Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzxMy6T1KBk80VhKoiJyfRr0ucKmRFjSyhT3N5K2JAqyozNpmhD8BZfXibN84p3VbmsX5Srt3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kD5O2NAw==</latexit>u



PHYSICS-INFORMED FUNCTION LEARNING

Physics Informed Neural Networks (PINNs):  
learning through differential constraints

A neural approximation is trained by minimizing differential-equation residuals, together with initial 
and boundary conditions.

NEURAL FUNCTION

PDE residual

PINN principle No pointwise labels for the unknown solution are required: the PDE residual, initial conditions, 
and boundary conditions define the loss.

Automatic differentiation

<latexit sha1_base64="deTkHrK7LOGAJjVmf6J1lroCKeI=">AAAB+XicbVDLSsNAFJ3UV62vqEs3g0WoICURX8uiG5cV7APaECbTSTt0MgkzN8US+iduXCji1j9x5984bbPQ1gMXDufcy733BIngGhzn2yqsrK6tbxQ3S1vbO7t79v5BU8epoqxBYxGrdkA0E1yyBnAQrJ0oRqJAsFYwvJv6rRFTmsfyEcYJ8yLSlzzklICRfNtO/awLAwZkUnk6w3Dq22Wn6syAl4mbkzLKUfftr24vpmnEJFBBtO64TgJeRhRwKtik1E01Swgdkj7rGCpJxLSXzS6f4BOj9HAYK1MS8Ez9PZGRSOtxFJjOiMBAL3pT8T+vk0J442VcJikwSeeLwlRgiPE0BtzjilEQY0MIVdzciumAKELBhFUyIbiLLy+T5nnVvapePlyUa7d5HEV0hI5RBbnoGtXQPaqjBqJohJ7RK3qzMuvFerc+5q0FK585RH9gff4AyCaTHA==</latexit>

uω(x, t)

<latexit sha1_base64="HStK8xTN8p9Kf+hMZrkzGkYJ5kc=">AAACBnicbVDLSsNAFJ3UV62vqEsRBovgqiTiayMU3biSCvYBSQiT6bQdOpmEeQgldOXGX3HjQhG3foM7/8ZJm4W2HrhwOOde7r0nShmVynG+rdLC4tLySnm1sra+sbllb++0ZKIFJk2csER0IiQJo5w0FVWMdFJBUBwx0o6G17nffiBC0oTfq1FKghj1Oe1RjJSRQnvfT5FQFLFQQQ0voR8jNcCIZbdjTwehXXVqzgRwnrgFqYICjdD+8rsJ1jHhCjMkpec6qQqyfAVmZFzxtSQpwkPUJ56hHMVEBtnkjTE8NEoX9hJhiis4UX9PZCiWchRHpjO/Us56ufif52nVuwgyylOtCMfTRT3NoEpgngnsUkGwYiNDEBbU3ArxAAmElUmuYkJwZ1+eJ63jmntWO707qdavijjKYA8cgCPggnNQBzegAZoAg0fwDF7Bm/VkvVjv1se0tWQVM7vgD6zPH75jmK4=</latexit>

ωtu = N [u]

<latexit sha1_base64="ZwKkaJcdU3hHlnhMyVD4tdz55QM=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNryPRi0dI5JHAhswODYzMzm5mZo1kwxd48aAxXv0kb/6NA+xBwUo6qVR1p7sriAXXxnW/ndzK6tr6Rn6zsLW9s7tX3D9o6ChRDOssEpFqBVSj4BLrhhuBrVghDQOBzWB0O/Wbj6g0j+S9Gcfoh3QgeZ8zaqxUe+oWS27ZnYEsEy8jJchQ7Ra/Or2IJSFKwwTVuu25sfFTqgxnAieFTqIxpmxEB9i2VNIQtZ/ODp2QE6v0SD9StqQhM/X3REpDrcdhYDtDaoZ60ZuK/3ntxPSv/ZTLODEo2XxRPxHERGT6NelxhcyIsSWUKW5vJWxIFWXGZlOwIXiLLy+TxlnZuyxf1M5LlZssjjwcwTGcggdXUIE7qEIdGCA8wyu8OQ/Oi/PufMxbc042cwh/4Hz+AOl5jQY=</latexit>x
<latexit sha1_base64="2TyYox69prPZKG28G7NCoWz8v3M=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNnJbDJmdnaZ6RXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LR3dRvPXFtRKwecJxwP6IDJULBKFqpjr1S2a24M5Bl4uWkDDlqvdJXtx+zNOIKmaTGdDw3QT+jGgWTfFLspoYnlI3ogHcsVTTixs9mh07IqVX6JIy1LYVkpv6eyGhkzDgKbGdEcWgWvan4n9dJMbzxM6GSFLli80VhKgnGZPo16QvNGcqxJZRpYW8lbEg1ZWizKdoQvMWXl0nzvOJdVS7rF+XqbR5HAY7hBM7Ag2uowj3UoAEMODzDK7w5j86L8+58zFtXnHzmCP7A+fwB42mNAg==</latexit>

t

<latexit sha1_base64="xXGhe73jRKts53g8Xq99LRv7430=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivV016p7FbcGcgy8XJShhy1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns0Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzxMy6T1KBk80VhKoiJyfRr0ucKmRFjSyhT3N5K2JAqyozNpmhD8BZfXibN84p3VbmsX5Srt3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kD5O2NAw==</latexit>u



From differential to integral constraints: NNGPD
NNGPD keeps the PINN strategy, but replaces local differential residuals with nonlocal integral relations to measured observables.

PHYSICS-INFORMED FUNCTION LEARNING

<latexit sha1_base64="Vf1Azr0psEe8sNLkarqAone9LXI=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rGi/YA2lM120y7dbMLuRCyhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXJtRKwecJxwP6IDJULBKFrpvvskeqWyW3FnIMvEy0kZctR7pa9uP2ZpxBUySY3peG6CfkY1Cib5pNhNDU8oG9EB71iqaMSNn81OnZBTq/RJGGtbCslM/T2R0ciYcRTYzoji0Cx6U/E/r5NieOVnQiUpcsXmi8JUEozJ9G/SF5ozlGNLKNPC3krYkGrK0KZTtCF4iy8vk+Z5xatWqncX5dp1HkcBjuEEzsCDS6jBLdShAQwG8Ayv8OZI58V5dz7mrStOPnMEf+B8/gBfd43g</latexit>

⇠

<latexit sha1_base64="QhaWXmnGoOlgmZu6DZZxvnONEzE=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpl272YTdiVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJFIYdN1vZ219Y3Nru7BT3N3bPzgsHR23TJxqxpsslrHuBNRwKRRvokDJO4nmNAokbwfju5nffuLaiFg94CThfkSHSoSCUbRSA/ulsltx5yCrxMtJGXLU+6Wv3iBmacQVMkmN6Xpugn5GNQom+bTYSw1PKBvTIe9aqmjEjZ/ND52Sc6sMSBhrWwrJXP09kdHImEkU2M6I4sgsezPxP6+bYnjjZ0IlKXLFFovCVBKMyexrMhCaM5QTSyjTwt5K2IhqytBmU7QheMsvr5LWZcWrVqqNq3LtNo+jAKdwBhfgwTXU4B7q0AQGHJ7hFd6cR+fFeXc+Fq1rTj5zAn/gfP4A47uNAw==</latexit>

t

<latexit sha1_base64="E0XpO4H885hSHBfyj0LGTWzXR2s=">AAAB6HicdVBNSwMxEJ31s9avqkcvwSJ4Ktkia3srevHYgv2AdinZNNvGZrNLkhVL6S/w4kERr/4kb/4bs20FFX0w8Hhvhpl5QSK4Nhh/OCura+sbm7mt/PbO7t5+4eCwpeNUUdaksYhVJyCaCS5Z03AjWCdRjESBYO1gfJX57TumNI/ljZkkzI/IUPKQU2Ks1LjvF4q4hC08D2XErWDXkmq1Ui5XkTu3MC7CEvV+4b03iGkaMWmoIFp3XZwYf0qU4VSwWb6XapYQOiZD1rVUkohpfzo/dIZOrTJAYaxsSYPm6veJKYm0nkSB7YyIGenfXib+5XVTE1b8KZdJapiki0VhKpCJUfY1GnDFqBETSwhV3N6K6IgoQo3NJm9D+PoU/U9a5ZLrlbzGebF2uYwjB8dwAmfgwgXU4Brq0AQKDB7gCZ6dW+fReXFeF60rznLmCH7AefsEQR+NRA==</latexit>x

<latexit sha1_base64="Vwlk7WaJYm7tQGLaoQHsbXkE8Q8=">AAAB6nicbVDLTgJBEOz1ifhCPXqZSEw8kV1i0CPRi0eI8khgJbPDLEyYnd3M9JoQwid48aAxXv0ib/6NA+xBwUo6qVR1p7srSKQw6Lrfztr6xubWdm4nv7u3f3BYODpumjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGtzO/9cS1EbF6wHHC/YgOlAgFo2il+/pjuVcouiV3DrJKvIwUIUOtV/jq9mOWRlwhk9SYjucm6E+oRsEkn+a7qeEJZSM64B1LFY248SfzU6fk3Cp9EsbalkIyV39PTGhkzDgKbGdEcWiWvZn4n9dJMbz2J0IlKXLFFovCVBKMyexv0heaM5RjSyjTwt5K2JBqytCmk7cheMsvr5JmueRVSpX6ZbF6k8WRg1M4gwvw4AqqcAc1aACDATzDK7w50nlx3p2PReuak82cwB84nz/TyI2E</latexit>

Q2

<latexit sha1_base64="Ai2M9/F50DBNOhKEMaskfrBwi44=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKezmED0GFfQY0TwgWcLspDcZMju7zMwKIeQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApG1zO/9YRK81g+mnGCfkQHkoecUWOlh9v6Ta9YcsvuHGSVeBkpQYZ6r/jV7ccsjVAaJqjWHc9NjD+hynAmcFrophoTykZ0gB1LJY1Q+5P5qVNyZpU+CWNlSxoyV39PTGik9TgKbGdEzVAvezPxP6+TmvDSn3CZpAYlWywKU0FMTGZ/kz5XyIwYW0KZ4vZWwoZUUWZsOgUbgrf88ippVspetVy9r5RqV1kceTiBUzgHDy6gBndQhwYwGMAzvMKbI5wX5935WLTmnGzmGP7A+fwBye6NfA==</latexit>

GPD

NEURAL FUNCTION
<latexit sha1_base64="2uLrhDVX20dP6E6WQzB38lLJBJs=">AAACA3icbVDJSgNBEO2JW4zbqDe9NAYhQggzwe0Y9JJjAmaBzBh6Op2kSc9Cd40kDAEv/ooXD4p49Se8+Td2loMmPih4vFdFVT0vElyBZX0bqZXVtfWN9GZma3tnd8/cP6irMJaU1WgoQtn0iGKCB6wGHARrRpIR3xOs4Q1uJ37jgUnFw+AORhFzfdILeJdTAlpqm0flduJAnwEZ54Z57Ax5HkMeV++LZ20zaxWsKfAysecki+aotM0vpxPS2GcBUEGUatlWBG5CJHAq2DjjxIpFhA5Ij7U0DYjPlJtMfxjjU610cDeUugLAU/X3REJ8pUa+pzt9An216E3E/7xWDN1rN+FBFAML6GxRNxYYQjwJBHe4ZBTESBNCJde3YtonklDQsWV0CPbiy8ukXizYl4WL6nm2dDOPI42O0QnKIRtdoRIqowqqIYoe0TN6RW/Gk/FivBsfs9aUMZ85RH9gfP4AVx2WCQ==</latexit>

Hω(x, ω, t, Q
2)



From differential to integral constraints: NNGPD
NNGPD keeps the PINN strategy, but replaces local differential residuals with nonlocal integral relations to measured observables.

PHYSICS-INFORMED FUNCTION LEARNING

<latexit sha1_base64="Vf1Azr0psEe8sNLkarqAone9LXI=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rGi/YA2lM120y7dbMLuRCyhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXJtRKwecJxwP6IDJULBKFrpvvskeqWyW3FnIMvEy0kZctR7pa9uP2ZpxBUySY3peG6CfkY1Cib5pNhNDU8oG9EB71iqaMSNn81OnZBTq/RJGGtbCslM/T2R0ciYcRTYzoji0Cx6U/E/r5NieOVnQiUpcsXmi8JUEozJ9G/SF5ozlGNLKNPC3krYkGrK0KZTtCF4iy8vk+Z5xatWqncX5dp1HkcBjuEEzsCDS6jBLdShAQwG8Ayv8OZI58V5dz7mrStOPnMEf+B8/gBfd43g</latexit>

⇠

<latexit sha1_base64="QhaWXmnGoOlgmZu6DZZxvnONEzE=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpl272YTdiVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJFIYdN1vZ219Y3Nru7BT3N3bPzgsHR23TJxqxpsslrHuBNRwKRRvokDJO4nmNAokbwfju5nffuLaiFg94CThfkSHSoSCUbRSA/ulsltx5yCrxMtJGXLU+6Wv3iBmacQVMkmN6Xpugn5GNQom+bTYSw1PKBvTIe9aqmjEjZ/ND52Sc6sMSBhrWwrJXP09kdHImEkU2M6I4sgsezPxP6+bYnjjZ0IlKXLFFovCVBKMyexrMhCaM5QTSyjTwt5K2IhqytBmU7QheMsvr5LWZcWrVqqNq3LtNo+jAKdwBhfgwTXU4B7q0AQGHJ7hFd6cR+fFeXc+Fq1rTj5zAn/gfP4A47uNAw==</latexit>

t

<latexit sha1_base64="E0XpO4H885hSHBfyj0LGTWzXR2s=">AAAB6HicdVBNSwMxEJ31s9avqkcvwSJ4Ktkia3srevHYgv2AdinZNNvGZrNLkhVL6S/w4kERr/4kb/4bs20FFX0w8Hhvhpl5QSK4Nhh/OCura+sbm7mt/PbO7t5+4eCwpeNUUdaksYhVJyCaCS5Z03AjWCdRjESBYO1gfJX57TumNI/ljZkkzI/IUPKQU2Ks1LjvF4q4hC08D2XErWDXkmq1Ui5XkTu3MC7CEvV+4b03iGkaMWmoIFp3XZwYf0qU4VSwWb6XapYQOiZD1rVUkohpfzo/dIZOrTJAYaxsSYPm6veJKYm0nkSB7YyIGenfXib+5XVTE1b8KZdJapiki0VhKpCJUfY1GnDFqBETSwhV3N6K6IgoQo3NJm9D+PoU/U9a5ZLrlbzGebF2uYwjB8dwAmfgwgXU4Brq0AQKDB7gCZ6dW+fReXFeF60rznLmCH7AefsEQR+NRA==</latexit>x

<latexit sha1_base64="Vwlk7WaJYm7tQGLaoQHsbXkE8Q8=">AAAB6nicbVDLTgJBEOz1ifhCPXqZSEw8kV1i0CPRi0eI8khgJbPDLEyYnd3M9JoQwid48aAxXv0ib/6NA+xBwUo6qVR1p7srSKQw6Lrfztr6xubWdm4nv7u3f3BYODpumjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGtzO/9cS1EbF6wHHC/YgOlAgFo2il+/pjuVcouiV3DrJKvIwUIUOtV/jq9mOWRlwhk9SYjucm6E+oRsEkn+a7qeEJZSM64B1LFY248SfzU6fk3Cp9EsbalkIyV39PTGhkzDgKbGdEcWiWvZn4n9dJMbz2J0IlKXLFFovCVBKMyexv0heaM5RjSyjTwt5K2JBqytCmk7cheMsvr5JmueRVSpX6ZbF6k8WRg1M4gwvw4AqqcAc1aACDATzDK7w50nlx3p2PReuak82cwB84nz/TyI2E</latexit>

Q2

<latexit sha1_base64="Ai2M9/F50DBNOhKEMaskfrBwi44=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKezmED0GFfQY0TwgWcLspDcZMju7zMwKIeQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApG1zO/9YRK81g+mnGCfkQHkoecUWOlh9v6Ta9YcsvuHGSVeBkpQYZ6r/jV7ccsjVAaJqjWHc9NjD+hynAmcFrophoTykZ0gB1LJY1Q+5P5qVNyZpU+CWNlSxoyV39PTGik9TgKbGdEzVAvezPxP6+TmvDSn3CZpAYlWywKU0FMTGZ/kz5XyIwYW0KZ4vZWwoZUUWZsOgUbgrf88ippVspetVy9r5RqV1kceTiBUzgHDy6gBndQhwYwGMAzvMKbI5wX5935WLTmnGzmGP7A+fwBye6NfA==</latexit>

GPD

NEURAL FUNCTION
<latexit sha1_base64="2uLrhDVX20dP6E6WQzB38lLJBJs=">AAACA3icbVDJSgNBEO2JW4zbqDe9NAYhQggzwe0Y9JJjAmaBzBh6Op2kSc9Cd40kDAEv/ooXD4p49Se8+Td2loMmPih4vFdFVT0vElyBZX0bqZXVtfWN9GZma3tnd8/cP6irMJaU1WgoQtn0iGKCB6wGHARrRpIR3xOs4Q1uJ37jgUnFw+AORhFzfdILeJdTAlpqm0flduJAnwEZ54Z57Ax5HkMeV++LZ20zaxWsKfAysecki+aotM0vpxPS2GcBUEGUatlWBG5CJHAq2DjjxIpFhA5Ij7U0DYjPlJtMfxjjU610cDeUugLAU/X3REJ8pUa+pzt9An216E3E/7xWDN1rN+FBFAML6GxRNxYYQjwJBHe4ZBTESBNCJde3YtonklDQsWV0CPbiy8ukXizYl4WL6nm2dDOPI42O0QnKIRtdoRIqowqqIYoe0TN6RW/Gk/FivBsfs9aUMZ85RH9gfP4AVx2WCQ==</latexit>

Hω(x, ω, t, Q
2) Nonlocal integral constraints

Numerical integration



From differential to integral constraints: NNGPD
NNGPD keeps the PINN strategy, but replaces local differential residuals with nonlocal integral relations to measured observables.

Observable 
residuals

PHYSICS-INFORMED FUNCTION LEARNING

<latexit sha1_base64="Vf1Azr0psEe8sNLkarqAone9LXI=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rGi/YA2lM120y7dbMLuRCyhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXJtRKwecJxwP6IDJULBKFrpvvskeqWyW3FnIMvEy0kZctR7pa9uP2ZpxBUySY3peG6CfkY1Cib5pNhNDU8oG9EB71iqaMSNn81OnZBTq/RJGGtbCslM/T2R0ciYcRTYzoji0Cx6U/E/r5NieOVnQiUpcsXmi8JUEozJ9G/SF5ozlGNLKNPC3krYkGrK0KZTtCF4iy8vk+Z5xatWqncX5dp1HkcBjuEEzsCDS6jBLdShAQwG8Ayv8OZI58V5dz7mrStOPnMEf+B8/gBfd43g</latexit>

⇠

<latexit sha1_base64="QhaWXmnGoOlgmZu6DZZxvnONEzE=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpl272YTdiVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJFIYdN1vZ219Y3Nru7BT3N3bPzgsHR23TJxqxpsslrHuBNRwKRRvokDJO4nmNAokbwfju5nffuLaiFg94CThfkSHSoSCUbRSA/ulsltx5yCrxMtJGXLU+6Wv3iBmacQVMkmN6Xpugn5GNQom+bTYSw1PKBvTIe9aqmjEjZ/ND52Sc6sMSBhrWwrJXP09kdHImEkU2M6I4sgsezPxP6+bYnjjZ0IlKXLFFovCVBKMyexrMhCaM5QTSyjTwt5K2IhqytBmU7QheMsvr5LWZcWrVqqNq3LtNo+jAKdwBhfgwTXU4B7q0AQGHJ7hFd6cR+fFeXc+Fq1rTj5zAn/gfP4A47uNAw==</latexit>

t

<latexit sha1_base64="E0XpO4H885hSHBfyj0LGTWzXR2s=">AAAB6HicdVBNSwMxEJ31s9avqkcvwSJ4Ktkia3srevHYgv2AdinZNNvGZrNLkhVL6S/w4kERr/4kb/4bs20FFX0w8Hhvhpl5QSK4Nhh/OCura+sbm7mt/PbO7t5+4eCwpeNUUdaksYhVJyCaCS5Z03AjWCdRjESBYO1gfJX57TumNI/ljZkkzI/IUPKQU2Ks1LjvF4q4hC08D2XErWDXkmq1Ui5XkTu3MC7CEvV+4b03iGkaMWmoIFp3XZwYf0qU4VSwWb6XapYQOiZD1rVUkohpfzo/dIZOrTJAYaxsSYPm6veJKYm0nkSB7YyIGenfXib+5XVTE1b8KZdJapiki0VhKpCJUfY1GnDFqBETSwhV3N6K6IgoQo3NJm9D+PoU/U9a5ZLrlbzGebF2uYwjB8dwAmfgwgXU4Brq0AQKDB7gCZ6dW+fReXFeF60rznLmCH7AefsEQR+NRA==</latexit>x

<latexit sha1_base64="Vwlk7WaJYm7tQGLaoQHsbXkE8Q8=">AAAB6nicbVDLTgJBEOz1ifhCPXqZSEw8kV1i0CPRi0eI8khgJbPDLEyYnd3M9JoQwid48aAxXv0ib/6NA+xBwUo6qVR1p7srSKQw6Lrfztr6xubWdm4nv7u3f3BYODpumjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGtzO/9cS1EbF6wHHC/YgOlAgFo2il+/pjuVcouiV3DrJKvIwUIUOtV/jq9mOWRlwhk9SYjucm6E+oRsEkn+a7qeEJZSM64B1LFY248SfzU6fk3Cp9EsbalkIyV39PTGhkzDgKbGdEcWiWvZn4n9dJMbz2J0IlKXLFFovCVBKMyexv0heaM5RjSyjTwt5K2JBqytCmk7cheMsvr5JmueRVSpX6ZbF6k8WRg1M4gwvw4AqqcAc1aACDATzDK7w50nlx3p2PReuak82cwB84nz/TyI2E</latexit>

Q2

<latexit sha1_base64="Ai2M9/F50DBNOhKEMaskfrBwi44=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKezmED0GFfQY0TwgWcLspDcZMju7zMwKIeQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApG1zO/9YRK81g+mnGCfkQHkoecUWOlh9v6Ta9YcsvuHGSVeBkpQYZ6r/jV7ccsjVAaJqjWHc9NjD+hynAmcFrophoTykZ0gB1LJY1Q+5P5qVNyZpU+CWNlSxoyV39PTGik9TgKbGdEzVAvezPxP6+TmvDSn3CZpAYlWywKU0FMTGZ/kz5XyIwYW0KZ4vZWwoZUUWZsOgUbgrf88ippVspetVy9r5RqV1kceTiBUzgHDy6gBndQhwYwGMAzvMKbI5wX5935WLTmnGzmGP7A+fwBye6NfA==</latexit>

GPD

NEURAL FUNCTION
<latexit sha1_base64="2uLrhDVX20dP6E6WQzB38lLJBJs=">AAACA3icbVDJSgNBEO2JW4zbqDe9NAYhQggzwe0Y9JJjAmaBzBh6Op2kSc9Cd40kDAEv/ooXD4p49Se8+Td2loMmPih4vFdFVT0vElyBZX0bqZXVtfWN9GZma3tnd8/cP6irMJaU1WgoQtn0iGKCB6wGHARrRpIR3xOs4Q1uJ37jgUnFw+AORhFzfdILeJdTAlpqm0flduJAnwEZ54Z57Ax5HkMeV++LZ20zaxWsKfAysecki+aotM0vpxPS2GcBUEGUatlWBG5CJHAq2DjjxIpFhA5Ij7U0DYjPlJtMfxjjU610cDeUugLAU/X3REJ8pUa+pzt9An216E3E/7xWDN1rN+FBFAML6GxRNxYYQjwJBHe4ZBTESBNCJde3YtonklDQsWV0CPbiy8ukXizYl4WL6nm2dDOPI42O0QnKIRtdoRIqowqqIYoe0TN6RW/Gk/FivBsfs9aUMZ85RH9gfP4AVx2WCQ==</latexit>

Hω(x, ω, t, Q
2) Nonlocal integral constraints

Numerical integration



From differential to integral constraints: NNGPD
NNGPD keeps the PINN strategy, but replaces local differential residuals with nonlocal integral relations to measured observables.

Observable 
residuals

PINN → NNGPD The same physics-informed idea survives: train the unknown function through the projections it must reproduce—not 
through unavailable pointwise GPD labels.

PHYSICS-INFORMED FUNCTION LEARNING

<latexit sha1_base64="Vf1Azr0psEe8sNLkarqAone9LXI=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rGi/YA2lM120y7dbMLuRCyhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXJtRKwecJxwP6IDJULBKFrpvvskeqWyW3FnIMvEy0kZctR7pa9uP2ZpxBUySY3peG6CfkY1Cib5pNhNDU8oG9EB71iqaMSNn81OnZBTq/RJGGtbCslM/T2R0ciYcRTYzoji0Cx6U/E/r5NieOVnQiUpcsXmi8JUEozJ9G/SF5ozlGNLKNPC3krYkGrK0KZTtCF4iy8vk+Z5xatWqncX5dp1HkcBjuEEzsCDS6jBLdShAQwG8Ayv8OZI58V5dz7mrStOPnMEf+B8/gBfd43g</latexit>

⇠

<latexit sha1_base64="QhaWXmnGoOlgmZu6DZZxvnONEzE=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpl272YTdiVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJFIYdN1vZ219Y3Nru7BT3N3bPzgsHR23TJxqxpsslrHuBNRwKRRvokDJO4nmNAokbwfju5nffuLaiFg94CThfkSHSoSCUbRSA/ulsltx5yCrxMtJGXLU+6Wv3iBmacQVMkmN6Xpugn5GNQom+bTYSw1PKBvTIe9aqmjEjZ/ND52Sc6sMSBhrWwrJXP09kdHImEkU2M6I4sgsezPxP6+bYnjjZ0IlKXLFFovCVBKMyexrMhCaM5QTSyjTwt5K2IhqytBmU7QheMsvr5LWZcWrVqqNq3LtNo+jAKdwBhfgwTXU4B7q0AQGHJ7hFd6cR+fFeXc+Fq1rTj5zAn/gfP4A47uNAw==</latexit>

t

<latexit sha1_base64="E0XpO4H885hSHBfyj0LGTWzXR2s=">AAAB6HicdVBNSwMxEJ31s9avqkcvwSJ4Ktkia3srevHYgv2AdinZNNvGZrNLkhVL6S/w4kERr/4kb/4bs20FFX0w8Hhvhpl5QSK4Nhh/OCura+sbm7mt/PbO7t5+4eCwpeNUUdaksYhVJyCaCS5Z03AjWCdRjESBYO1gfJX57TumNI/ljZkkzI/IUPKQU2Ks1LjvF4q4hC08D2XErWDXkmq1Ui5XkTu3MC7CEvV+4b03iGkaMWmoIFp3XZwYf0qU4VSwWb6XapYQOiZD1rVUkohpfzo/dIZOrTJAYaxsSYPm6veJKYm0nkSB7YyIGenfXib+5XVTE1b8KZdJapiki0VhKpCJUfY1GnDFqBETSwhV3N6K6IgoQo3NJm9D+PoU/U9a5ZLrlbzGebF2uYwjB8dwAmfgwgXU4Brq0AQKDB7gCZ6dW+fReXFeF60rznLmCH7AefsEQR+NRA==</latexit>x

<latexit sha1_base64="Vwlk7WaJYm7tQGLaoQHsbXkE8Q8=">AAAB6nicbVDLTgJBEOz1ifhCPXqZSEw8kV1i0CPRi0eI8khgJbPDLEyYnd3M9JoQwid48aAxXv0ib/6NA+xBwUo6qVR1p7srSKQw6Lrfztr6xubWdm4nv7u3f3BYODpumjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGtzO/9cS1EbF6wHHC/YgOlAgFo2il+/pjuVcouiV3DrJKvIwUIUOtV/jq9mOWRlwhk9SYjucm6E+oRsEkn+a7qeEJZSM64B1LFY248SfzU6fk3Cp9EsbalkIyV39PTGhkzDgKbGdEcWiWvZn4n9dJMbz2J0IlKXLFFovCVBKMyexv0heaM5RjSyjTwt5K2JBqytCmk7cheMsvr5JmueRVSpX6ZbF6k8WRg1M4gwvw4AqqcAc1aACDATzDK7w50nlx3p2PReuak82cwB84nz/TyI2E</latexit>

Q2
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Hω(x, ω, t, Q
2) Nonlocal integral constraints

Numerical integration
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NNPDF: neural networks as flexible PDF parametrizations
A global fit through the QCD forward map—not supervised learning from pointwise PDF labels.

NN PDFs at Q₀ QCD theory
DGLAP evolution 

+ hard coefficients

THE FORWARD MAP

Theory predictions
DIS, DY, jets, W/Z, 

top, …

K includes evolution and process-dependent coefficient functions.

COVARIANCE-WEIGHTED TRAINING LOSS

The network is a flexible functional ansatz; the labels are experimental observables, not PDFs.

The forward map generally contains integrals—even when implemented as fast matrix contractions.

WHERE NNGPD GOES FURTHER

A harder second 
inverse problem

PDF data retain a measured x-like 
scan; DVCS removes GPD x 
completely under the CFF integral.

NNGPD must reconcile 
complementary projections: 
complex CFFs, Mellin moments, 
symmetry, and endpoints.

Uncertainty machinery

NNPDF: independently fitted Monte 
Carlo data replicas.  
NNGPD here: variational BNN weight 
posterior.

NNPDF is an important precedent; NNGPD applies the philosophy to a more underdetermined, multidimensional reconstruction.

1

2

3



THE NNGPD FRAMEWORK

Physics acts between the network output and the loss
The GPD is the learned object; only its integral projections are compared with available information.

1 Flexible representation
A neural network maps kinematics to the 
unknown GPD.

2 Physics operators
Convolutions, moments, symmetries, 
and endpoints act on its output.

3 Observable-level training
Their residuals form the loss and 
update the network parameters.
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Physics acts between the network output and the loss
The GPD is the learned object; only its integral projections are compared with available information.

1 Flexible representation
A neural network maps kinematics to the 
unknown GPD.

2 Physics operators
Convolutions, moments, symmetries, 
and endpoints act on its output.

3 Observable-level training
Their residuals form the loss and 
update the network parameters.

No pointwise GPD values enter the training data.
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CFF data constrain the GPD through a nonlocal convolution
The network predicts the function; the known hard kernel maps it to a measurable complex amplitude.

Neural GPD CFF convolution Predicted CFF CFF data

FORWARD OPERATOR LO KERNEL

TRAINING 
LOSS

Imaginary part: crossover line

Directly samples x = ±ξ.

Real part: principal-value integral

Couples the reconstruction across the full x domain.

A single CFF datum constrains an entire x-dependent slice of the neural GPD.
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CONSTRAINT 2  •  MELLIN MOMENTS

Mellin moments connect the neural GPD to form factors and 
lattice QCD Each power of x provides a different global projection;  

together they constrain normalization, shape, and polynomiality.

GLOBAL x-WEIGHTED 
PROJECTION

n = 1
Electromagnetic form factors

Experimentally measured F1 and 
F2 anchor the normalization.

n = 2
Energy–momentum form factors

n ≥ 3
Tower of generalized form factors

MOMENT LOSS

Vector sector: even n constrain the antisymmetric H+ combination; odd n constrain the symmetric H− combination.
CFFs and Mellin moments illuminate complementary projections of the same hidden function.
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These are exact pointwise properties—not additional fitted observables.

CHARGE CONJUGATION

SYMMETRIC COMBINATION
Mirror symmetry across x = 0

The negative-x antiquark region is fixed by the positive-x prediction.

ANTISYMMETRIC COMBINATION
Sign reversal across x = 0

Continuity therefore enforces a node at x = 0.
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KINEMATIC 
ENDPOINTS

Both combinations vanish as the active parton 
carries all longitudinal momentum.
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CONSTRAINT 3  •  EXACT STRUCTURE

Symmetry and endpoints restrict the admissible function space
These are exact pointwise properties—not additional fitted observables.

CHARGE CONJUGATION

KINEMATIC 
ENDPOINTS

Both combinations vanish as the active parton 
carries all longitudinal momentum.

TWO EQUIVALENT IMPLEMENTATION ROUTES

Architectural enforcement

Learn only x ≥ 0; reconstruct x < 0 
using the exact symmetry relation.

Penalty enforcement

Exact constraints remove unphysical solutions before the integral data determine the remaining shape.

SYMMETRIC COMBINATION
Mirror symmetry across x = 0

The negative-x antiquark region is fixed by the positive-x prediction.

ANTISYMMETRIC COMBINATION
Sign reversal across x = 0

Continuity therefore enforces a node at x = 0.
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METHOD  •  LOSS ANATOMY

The loss is sector-specific—and deliberately reweighted
The physics terms are the same projections introduced earlier; the numerical hierarchy is different in H⁺ and H⁻.

CFF-VISIBLE ANTISYMMETRIC SECTOR  H⁺

EP combines H⁺(0)=0 with the x=1 endpoint condition.

CFF-BLIND SYMMETRIC SECTOR  H⁻

No CFF term: smoothness and ensemble diversity stabilize the underconstrained sector.

7

NN Architecture

All results reported in this section are obtained using
a fixed neural-network architecture, denoted as

NNGPD(4, 1, 100)

which is as a fully connected feedforward neural network
that takes four kinematic variables (x, ω, t, Q

2), as in-
put, and outputs a single generalized parton distribu-
tion. Each hidden layer has a width of 100 neurons. The
same network architecture is used for all runs presented
in this work, ensuring that the closure test probes the
optimization and constraint structure of the framework
rather than architectural flexibility.

The network employs the SiLU activation function at
all hidden layers. To improve training stability and miti-
gate overfitting in this pseudo-data setting, layer normal-
ization is applied after each linear transformation, and
dropout with probability p = 0.1 is used during train-
ing. No architectural or regularization hyperparameters
are tuned between runs. Instead, all runs are performed
with identical settings and di!er only by random initial-
ization of the network parameters.

Training data

The training dataset consists of 9455 distinct kine-
matic points generated from the underlying phenomeno-
logical GPD model. Each data point corresponds to a
unique (Q2

, ω, t) configuration and provides simultaneous
pseudo-observables corresponding to Mellin moments up
to n = 7, and CFFs. The kinematic coverage of the
dataset spans

Q
2

→ [4.0, 10.0] GeV2
, ω → [0.01, 0.50],

t → ↑[0.01, 0.80] GeV2
,

which is representative of the domain relevant to exist-
ing and forthcoming DVCS measurements. 4 For each
kinematic configuration, the network is constrained by
the n = 2, 4, 6 Mellin moments, as well as by the real
and imaginary parts of the corresponding Compton form
factors. These quantities are treated on equal footing as
global integral constraints derived from the same under-
lying GPD. The optimization settings used to produce
the figures in this section are broadly comparable. For
the antisymmetric combination H

+
u , the curves in Fig. 4

are obtained with AdamW [31] combined with Looka-
head [32] and a ReduceLROnPlateau scheduler. For the
symmetric combination H

→
u , a comparable adaptive op-

timization setup is used for the run shown in Fig. 5. In

4 Note that for every ω, up to target mass corrections tmin =
→4ω

2
/(1→ ω

2). Any value of t below this is kinematically forbid-
den.

both cases, the training uses a batch size of 256. These
settings correspond to the training runs shown in the fig-
ures below.

Loss Function

The total loss function minimized during training is
constructed as a weighted sum of physically motivated
contributions discussed in the previous section:

L
+
total = wCFF LCFF + w

+
MML

+
MM + w

+
EP L

+
EP

+ wKLLKL (24a)

L
→
total = w

→
MML

→
MM + w

→
EP L

→
EP + wsmoothLsmooth

+ wdiversityLdiv + wKLLKL (24b)

Here CFF, MM, EP, KL refer to the loss-function con-
tributions defined above, with LCFF given in Eq. (17)
and LMM in Eq. (18). The shorthand LEP denotes
the boundary contribution: for the antisymmetric sec-
tor, L

+
EP combines the symmetry term of Eq. (21) and

the x = 1 boundary term of Eq. (22); for the symmet-
ric sector, L

→
EP reduces to the x = 1 boundary term

alone. Note that LCFF includes loss terms associated
with the real and imaginary parts of the CFFs, Eq. (17);
The Kullback–Leibler divergence term LKL regularizes
the approximate posterior of the Bayesian neural net-
work toward its prior. an endpoint loss enforcing the
boundary conditions H

+
q (0) = 0 and H

+
q (1) = 0, and

a Kullback–Leibler divergence term LKL that regularizes
the approximate posterior of the Bayesian neural network
toward its prior. The relative weights of the di!erent con-
tributions are chosen as

wMM = 10, w
Re
CFF = 0.1, w

Im
CFF = 0.1,

wKL = 0.001, wend-point = 10

For the symmetric H
→ distribution, the weights di!er

from the H
+ case, reflecting both the di!erent set of

Mellin moments used (n = 1, 3, 5, 7) and the need to com-
pensate for their rapidly decreasing absolute magnitudes
with increasing n. We choose

wMM1 = 10, wMM3 = 160,

wMM5 = 730, wMM7 = 2500,

wend-point = 1, wsmooth = 0.5,

wdiversity = 5, wKL = 0.001.

The H
→ training further includes the smoothness penalty

Lsmooth =
∑

m

∫
dx

∣∣∣∣∣
εĤ

→
q

εx

∣∣∣∣∣

2

,

and the BNN-diversity penalty

Ldiv = ↑E
[
log Var(Ĥ→

q )
]
,
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q )
]
,

7

NN Architecture

All results reported in this section are obtained using
a fixed neural-network architecture, denoted as

NNGPD(4, 1, 100)

which is as a fully connected feedforward neural network
that takes four kinematic variables (x, ω, t, Q

2), as in-
put, and outputs a single generalized parton distribu-
tion. Each hidden layer has a width of 100 neurons. The
same network architecture is used for all runs presented
in this work, ensuring that the closure test probes the
optimization and constraint structure of the framework
rather than architectural flexibility.

The network employs the SiLU activation function at
all hidden layers. To improve training stability and miti-
gate overfitting in this pseudo-data setting, layer normal-
ization is applied after each linear transformation, and
dropout with probability p = 0.1 is used during train-
ing. No architectural or regularization hyperparameters
are tuned between runs. Instead, all runs are performed
with identical settings and di!er only by random initial-
ization of the network parameters.

Training data

The training dataset consists of 9455 distinct kine-
matic points generated from the underlying phenomeno-
logical GPD model. Each data point corresponds to a
unique (Q2

, ω, t) configuration and provides simultaneous
pseudo-observables corresponding to Mellin moments up
to n = 7, and CFFs. The kinematic coverage of the
dataset spans

Q
2

→ [4.0, 10.0] GeV2
, ω → [0.01, 0.50],

t → ↑[0.01, 0.80] GeV2
,

which is representative of the domain relevant to exist-
ing and forthcoming DVCS measurements. 4 For each
kinematic configuration, the network is constrained by
the n = 2, 4, 6 Mellin moments, as well as by the real
and imaginary parts of the corresponding Compton form
factors. These quantities are treated on equal footing as
global integral constraints derived from the same under-
lying GPD. The optimization settings used to produce
the figures in this section are broadly comparable. For
the antisymmetric combination H

+
u , the curves in Fig. 4

are obtained with AdamW [31] combined with Looka-
head [32] and a ReduceLROnPlateau scheduler. For the
symmetric combination H

→
u , a comparable adaptive op-

timization setup is used for the run shown in Fig. 5. In

4 Note that for every ω, up to target mass corrections tmin =
→4ω

2
/(1→ ω

2). Any value of t below this is kinematically forbid-
den.

both cases, the training uses a batch size of 256. These
settings correspond to the training runs shown in the fig-
ures below.

Loss Function

The total loss function minimized during training is
constructed as a weighted sum of physically motivated
contributions discussed in the previous section:

L
+
total = wCFF LCFF + w

+
MML

+
MM + w

+
EP L

+
EP

+ wKLLKL (24a)

L
→
total = w

→
MML

→
MM + w

→
EP L

→
EP + wsmoothLsmooth

+ wdiversityLdiv + wKLLKL (24b)

Here CFF, MM, EP, KL refer to the loss-function con-
tributions defined above, with LCFF given in Eq. (17)
and LMM in Eq. (18). The shorthand LEP denotes
the boundary contribution: for the antisymmetric sec-
tor, L

+
EP combines the symmetry term of Eq. (21) and

the x = 1 boundary term of Eq. (22); for the symmet-
ric sector, L

→
EP reduces to the x = 1 boundary term

alone. Note that LCFF includes loss terms associated
with the real and imaginary parts of the CFFs, Eq. (17);
The Kullback–Leibler divergence term LKL regularizes
the approximate posterior of the Bayesian neural net-
work toward its prior. an endpoint loss enforcing the
boundary conditions H

+
q (0) = 0 and H

+
q (1) = 0, and

a Kullback–Leibler divergence term LKL that regularizes
the approximate posterior of the Bayesian neural network
toward its prior. The relative weights of the di!erent con-
tributions are chosen as

wMM = 10, w
Re
CFF = 0.1, w

Im
CFF = 0.1,

wKL = 0.001, wend-point = 10

For the symmetric H
→ distribution, the weights di!er

from the H
+ case, reflecting both the di!erent set of

Mellin moments used (n = 1, 3, 5, 7) and the need to com-
pensate for their rapidly decreasing absolute magnitudes
with increasing n. We choose

wMM1 = 10, wMM3 = 160,

wMM5 = 730, wMM7 = 2500,

wend-point = 1, wsmooth = 0.5,

wdiversity = 5, wKL = 0.001.

The H
→ training further includes the smoothness penalty

Lsmooth =
∑

m

∫
dx

∣∣∣∣∣
εĤ
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The loss is sector-specific—and deliberately reweighted
The physics terms are the same projections introduced earlier; the numerical hierarchy is different in H⁺ and H⁻.

CFF-VISIBLE ANTISYMMETRIC SECTOR  H⁺

EP combines H⁺(0)=0 with the x=1 endpoint condition.

CFF-BLIND SYMMETRIC SECTOR  H⁻

No CFF term: smoothness and ensemble diversity stabilize the underconstrained sector.
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εĤ

→
q

εx

∣∣∣∣∣

2

,

and the BNN-diversity penalty

Ldiv = ↑E
[
log Var(Ĥ→
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Smoothness penalty

Suppresses uncontrolled local oscillations; implemented 
as a first-difference penalty on the x-grid.

BNN-diversity penalty

Penalizes collapse of the posterior spread, retaining an 
ensemble of functions compatible with the moments.
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NN Architecture

All results reported in this section are obtained using
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NNGPD(4, 1, 100)

which is as a fully connected feedforward neural network
that takes four kinematic variables (x, ω, t, Q

2), as in-
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tion. Each hidden layer has a width of 100 neurons. The
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dropout with probability p = 0.1 is used during train-
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are tuned between runs. Instead, all runs are performed
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q )
]
,

7

NN Architecture

All results reported in this section are obtained using
a fixed neural-network architecture, denoted as

NNGPD(4, 1, 100)

which is as a fully connected feedforward neural network
that takes four kinematic variables (x, ω, t, Q

2), as in-
put, and outputs a single generalized parton distribu-
tion. Each hidden layer has a width of 100 neurons. The
same network architecture is used for all runs presented
in this work, ensuring that the closure test probes the
optimization and constraint structure of the framework
rather than architectural flexibility.

The network employs the SiLU activation function at
all hidden layers. To improve training stability and miti-
gate overfitting in this pseudo-data setting, layer normal-
ization is applied after each linear transformation, and
dropout with probability p = 0.1 is used during train-
ing. No architectural or regularization hyperparameters
are tuned between runs. Instead, all runs are performed
with identical settings and di!er only by random initial-
ization of the network parameters.

Training data

The training dataset consists of 9455 distinct kine-
matic points generated from the underlying phenomeno-
logical GPD model. Each data point corresponds to a
unique (Q2

, ω, t) configuration and provides simultaneous
pseudo-observables corresponding to Mellin moments up
to n = 7, and CFFs. The kinematic coverage of the
dataset spans

Q
2

→ [4.0, 10.0] GeV2
, ω → [0.01, 0.50],

t → ↑[0.01, 0.80] GeV2
,

which is representative of the domain relevant to exist-
ing and forthcoming DVCS measurements. 4 For each
kinematic configuration, the network is constrained by
the n = 2, 4, 6 Mellin moments, as well as by the real
and imaginary parts of the corresponding Compton form
factors. These quantities are treated on equal footing as
global integral constraints derived from the same under-
lying GPD. The optimization settings used to produce
the figures in this section are broadly comparable. For
the antisymmetric combination H

+
u , the curves in Fig. 4

are obtained with AdamW [31] combined with Looka-
head [32] and a ReduceLROnPlateau scheduler. For the
symmetric combination H

→
u , a comparable adaptive op-

timization setup is used for the run shown in Fig. 5. In

4 Note that for every ω, up to target mass corrections tmin =
→4ω

2
/(1→ ω

2). Any value of t below this is kinematically forbid-
den.

both cases, the training uses a batch size of 256. These
settings correspond to the training runs shown in the fig-
ures below.

Loss Function

The total loss function minimized during training is
constructed as a weighted sum of physically motivated
contributions discussed in the previous section:

L
+
total = wCFF LCFF + w

+
MML

+
MM + w

+
EP L

+
EP

+ wKLLKL (24a)

L
→
total = w

→
MML

→
MM + w

→
EP L

→
EP + wsmoothLsmooth

+ wdiversityLdiv + wKLLKL (24b)

Here CFF, MM, EP, KL refer to the loss-function con-
tributions defined above, with LCFF given in Eq. (17)
and LMM in Eq. (18). The shorthand LEP denotes
the boundary contribution: for the antisymmetric sec-
tor, L

+
EP combines the symmetry term of Eq. (21) and

the x = 1 boundary term of Eq. (22); for the symmet-
ric sector, L

→
EP reduces to the x = 1 boundary term

alone. Note that LCFF includes loss terms associated
with the real and imaginary parts of the CFFs, Eq. (17);
The Kullback–Leibler divergence term LKL regularizes
the approximate posterior of the Bayesian neural net-
work toward its prior. an endpoint loss enforcing the
boundary conditions H

+
q (0) = 0 and H

+
q (1) = 0, and

a Kullback–Leibler divergence term LKL that regularizes
the approximate posterior of the Bayesian neural network
toward its prior. The relative weights of the di!erent con-
tributions are chosen as

wMM = 10, w
Re
CFF = 0.1, w

Im
CFF = 0.1,

wKL = 0.001, wend-point = 10

For the symmetric H
→ distribution, the weights di!er

from the H
+ case, reflecting both the di!erent set of

Mellin moments used (n = 1, 3, 5, 7) and the need to com-
pensate for their rapidly decreasing absolute magnitudes
with increasing n. We choose

wMM1 = 10, wMM3 = 160,

wMM5 = 730, wMM7 = 2500,

wend-point = 1, wsmooth = 0.5,

wdiversity = 5, wKL = 0.001.

The H
→ training further includes the smoothness penalty

Lsmooth =
∑

m

∫
dx

∣∣∣∣∣
εĤ
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PROOF OF CONCEPT  •  CLOSURE TEST

Can integral projections recover a hidden GPD?
A controlled closure test separates the information used for training from the pointwise truth used for evaluation.

TRAINING PHASE EVALUATION PHASE

unblind

1 HIDDEN TRUTH

UVA2 GPD 
model

Known only to the 
data generator

2 FORWARD PHYSICS

Generate 
projections

CFF convolutions 
and Mellin moments

3 TRAINING TARGETS
Synthetic 

observables

Real/imaginary CFFs 
Moments through n = 7

4 Train NNGPD
Loss uses only CFFs, moments, 

symmetry, and endpoints—never 
pointwise GPD values.

5 RECONSTRUCTION

NNGPD prediction

Pointwise function with 
Bayesian uncertainty

Unblind and compare
Does the reconstructed GPD 

recover the hidden UVA2 shape 
across kinematics?

No information leakage
UVA2 pointwise values never enter the optimization.

Closure 
criterion

Reproduce both the imposed observables and 
the withheld underlying function.

The closure test asks whether the inverse reconstruction works before real-data complications are introduced.



CLOSURE TEST  •  TRAINING SETUP

One fixed model across a broad kinematic domain
The closure test probes the constraint structure—not architecture or hyperparameter tuning.

9,455
kinematic configurations

4 → 1
inputs (x, xi, t, Q2) → one GPD

Q2: 4–10 GeV2

xi: 0.01–0.50  •  −t: 0.01–0.80 GeV2

Integral targets
complex CFFs  •  moments (n ≤ 7)

Kinematic coverage at fixed Q2 Model and uncertainty
ARCHITECTURE
Fully connected network; hidden 
width 100; SiLU activations; layer 
normalization and dropout (0.1).

SECTOR-SPECIFIC TARGETS
Antisymmetric sector: even moments (2, 4, 6) 
plus real and imaginary CFFs. 
Symmetric sector: odd moments (1, 3, 5, 7).

BAYESIAN NETWORK
Gaussian weight posterior; repeated samples give the 
mean reconstruction and epistemic uncertainty.

Fixed across all runs: architecture and regularization.  Varied only: random initialization and sampled Bayesian weights.



RESULT 1  •  OBSERVABLE-LEVEL CLOSURE

NNGPD simultaneously fits moments and complex CFFs
All imposed integral residuals decrease together—before asking whether the hidden pointwise function is recovered.
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RESULT 1  •  OBSERVABLE-LEVEL CLOSURE

NNGPD simultaneously fits moments and complex CFFs
All imposed integral residuals decrease together—before asking whether the hidden pointwise function is recovered.

Mellin hierarchy
The n = 2, 4, and 6 residuals all 
fall and stabilize without 
sacrificing one order for another.
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RESULT 1  •  OBSERVABLE-LEVEL CLOSURE

NNGPD simultaneously fits moments and complex CFFs
All imposed integral residuals decrease together—before asking whether the hidden pointwise function is recovered.

Mellin hierarchy
The n = 2, 4, and 6 residuals all 
fall and stabilize without 
sacrificing one order for another.

Complex CFF
Real and imaginary components 
decrease concurrently, preserving 
both analytic pieces of the amplitude.
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RESULT 1  •  OBSERVABLE-LEVEL CLOSURE

NNGPD simultaneously fits moments and complex CFFs
All imposed integral residuals decrease together—before asking whether the hidden pointwise function is recovered.

Mellin hierarchy
The n = 2, 4, and 6 residuals all 
fall and stabilize without 
sacrificing one order for another.

Complex CFF
Real and imaginary components 
decrease concurrently, preserving 
both analytic pieces of the amplitude.

What this establishes
The learned function is compatible with 
the supplied projections; pointwise 
closure is the stronger next test.

Observable-level agreement is necessary—but not sufficient—to solve the inverse problem.
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RESULT 2  •  POINTWISE CLOSURE

Integral constraints recover the hidden x-dependence
A representative antisymmetric GPD slice reconstructed from even moments and complex CFFs—without pointwise labels.

x
Adapted from manuscript Fig. 7(c)

DGLAP ERBL DGLAP

How to read the closure test

NNGPD Bayesian ensemble mean

Withheld UVA2 ground truth

Posterior uncertainty bands (1 sigma and 2 sigma)

1 The NNGPD mean follows the hidden curve across 
both DGLAP and ERBL regions.

2 Sharp variations near the kinematic boundaries x = 
±xi are reproduced, with small local deviations.

3 The withheld truth remains within the 2-sigma 
posterior band throughout this slice.

The blue curve was never shown to the network.

This is genuine pointwise closure from nonlocal information.



RESULT 3  •  KINEMATIC DEPENDENCE

One representation, many kinematics
Across ten representative configurations, the learned H⁺ᵤ changes shape and scale while retaining pointwise closure.

NNGPD mean + posterior

The closure is global—not tied to one favored kinematic point.
Residual differences remain localized near x = ±ξ, where the target varies most rapidly; the truth remains covered by the posterior bands.

Truth



RESULT 4  •  CONSTRAINT COMPLEMENTARITY

What does the CFF projection buy us?
A channel-level ablation: compare the sector seen by CFFs with the sector constrained by Mellin moments alone.

H⁺ᵤ  — antisymmetric channel
Re CFF + Im CFF  +  even moments n = 2, 4, 6

narrow
posterior bands 

truth closely 
tracked 

sharp x = ±ξ 
structure

H⁻ᵤ  — symmetric channel
CFF-blind  +  odd moments n = 1, 3, 5, 7 only

~10× wider

posterior bands 
overall shape 

retained 
local detail 
unresolved

CFFs and Mellin moments are complementary projections—not interchangeable constraints.
CFFs anchor detailed x-dependence in H⁺; moments provide indispensable access to symmetry sectors and integral structure.



TAKE-HOME MESSAGE

NNGPD reconstructs GPDs from complementary projections
A unified, uncertainty-aware solution of the CFF-to-GPD inverse problem—without pointwise GPD labels.

1 THE SECOND INVERSE PROBLEM

From CFFs to GPDs

H(x, ξ, t, Q²)  →  𝓗(ξ, t, Q²)

The experimentally inaccessible x-
dependence disappears under the 
CFF convolution. Reconstructing it 
is more underdetermined than the 
PDF problem reviewed in NNPDF.

No measured GPD x-axis

2 PHYSICS-CONSTRAINED LEARNING

Complementary constraints

complex CFFs Mellin moments

symmetry endpoints

One BNN must satisfy every operator 
simultaneously. Their complementarity
—not any one integral loss—is the 
central idea.
The posterior quantifies unresolved freedom

3 WHAT THE CLOSURE TEST 
SHOWS

The hidden x-shape is 
recovered

✓ CFFs and moments close together 

✓ Pointwise x-shape is recovered across 
kinematics 

✓ H⁺ versus H⁻ bands expose resolving power

Pointwise GPD truth is never used in training

• Replace pseudo-observables with experimental CFFs and lattice-QCD moments.

• Incorporate constraints such as polynomiality into NN representations

NEXT:


