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INTERPRETATION OF DEEP INELASTIC SCATTERING
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The proton moves almost
along “+” direction from  in time−∞

The active quark interacts with
the virtual photon and moves 
almost along “—” direction

What experimentalists “see”

The active quark and remnants 
fragment and produce hadrons 
that can be detected in experiment



INTERPRETATION OF DEEP INELASTIC SCATTERING
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The proton moves almost
along “+” direction from  in time−∞

The active quark interacts with
the virtual photon, the interaction 
is short

Interpretation of the bilocal matrix element

                            eixP+b−⟨P, S | ψ̄(b−)ψ(0) |P, S⟩

The proton recombines in a 
proton with the active quark shifted 
along “—” direction and moves
to  in time, this shift is Fourier
conjugate to .

+∞
x

How theorists “interpret”

Structure is encoded here in 
terms of collinear Parton 

Distribution Functions 
(PDFs)



HADRON’S PARTONIC STRUCTURE
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P
k

One large scale (Q) sensitive to particle nature of quark and gluons
One small scale (kT) sensitive to how QCD bounds partons and to the detailed structure at 
~fm distances.

Transverse Momentum Dependent functions - 3D structure!

fq/P (x, kT )

longitudinal & transverse

To study the physics of confined motion of quarks and gluons inside of the proton one needs a 
new type “hard probe” with two scales.

kT

xP



INTERPRETATION OF SEMI-INCLUSIVE DEEP INELASTIC SCATTERING
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Transverse degree of freedom allows to study 
correlations of the transverse motion and spin etc.
It gives access to purely quantum mechanical 
properties of the system

If we detect one of the hadrons in the 
final state, then Deep Inelastic Scattering is called 

Semi-Inclusive Deep Inelastic Scattering

The proton recombines in a 
proton with active quark shifted 
along “—” direction and transverse 
direction “T” and moves
to  in time, these shifts are
Fourier conjugate to  and 

+∞
x kT

                           
eixP+b−−ikTbT⟨P, S | ψ̄(b−, bT)ψ(0) |P, S⟩

This new transverse degree 
of freedom allows to resolve

3 dimensional structure
encoded in 

Transverse Momentum 
Dependent distribution 

and fragmentation functions
(TMDs) 



SEMI-INCLUSIVE  DEEP INELASTIC SCATTERING



Cross-sections of Semi-Inclusive Deep Inelastic Scattering, Drell-Yan, e+e- annihilation into a pair 
of hadrons differential in transverse momentum can be written as

TMD FACTORIZATION

10

The term that is valid 
at  contains 
TMDs

qT ≪ Q
The term that is valid at 

 contains 
collinear PDFs
qT ∼ Q

The error term
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d�

dqT
= W (qT , Q) + Y (qT , Q) + error
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FIG. 1. Parton-model structure for Drell-Yan process.
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FIG. 2. Structures for Drell-Yan to leading power at low qT.

A. TMD factorization

To get the corresponding contribution to a TMD-
factorized form, approximations are made: (a) In the
hard-scattering subgraph, H, the exact parton momenta
kA and kB are replaced by on-shell values. (b) But
in the kinematics, parton transverse momentum is re-
tained, so that the virtual photon momentum q is
(xAP

+
A , xBP

�
B ,kAT + kBT). Thus, after the approxi-

mations, the dependence on the small components k�A
and k+B is confined to the subgraphs A and B, respec-
tively, while the transverse momentum of the Drell-Yan
pair arises from the quark transverse momenta.

We can then integrate over k�A within A and k+B within
B, to obtain the natural contributions to the usually de-
fined TMD pdfs. The approximations are valid because
k�A = O(q2T/q

+), etc. The approximations become bad
when qT increases to roughly order Q.

Other graphical structures giving leading power contri-
butions, Fig. 2 are treated similarly, with the application
of Ward identities and unitarity-style cancellations to get
the TMD-factorized form.

B. Collinear factorization for large qT, and for
integral over qT

Large qT is dominantly generated from hard scatter-
ings where extra partons are emitted, exemplified in Fig.
3. The appropriate leading-power approximation for the
hard scattering now neglects the transverse momenta of
the incoming partons kA and kB , as well as their virtu-
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FIG. 3. Example of structure giving Drell-Yan at large qT.

ality. Each collinear pdf f(x) is therefore defined with
an integral over transverse momentum, and therefore de-
pends kinematically only on the longitudinal momentum
fraction x of the parton.
The collinear approximation involves neglecting small

transverse momenta of the incoming partons in com-
parison with qT, as well as neglecting their virtualities.
Therefore the approximation completely breaks down
once qT is of order a typical transverse momentum for
the partons entering the hard scattering. A symptom
of the breakdown is the well-known strong singularity at
qT = 0 of fixed-order calculations of the Drell-Yan cross
section.
Next we turn to the cross section integrated over qT.

Here one must include all the contributions at low qT.
But now the collinear approximation remains valid, un-
like the TMD case. In graphs like Fig. 1, the collinear
approximation ignores the partonic kT in the hard scat-
tering, which shifts the virtual photon’s transverse mo-
mentum to zero from its true value. But since this is just
a shift, it leaves the integral over qT unchanged, to lead-
ing power in the large scale Q. Thus although collinear
factorization is incorrect at low qT for the distribution in
qT, it is nevertheless valid for the integral over qT.

C. Error sizes

The qualitative behavior of the fractional errors in
TMD and collinear factorization is shown in Fig. 4. TMD
factorization is accurate at low qT up to relative errors
suppressed by a power of 1/Q, but it is totally inaccu-
rate at qT of order Q. Collinear factorization for the qT
distribution has the opposite behavior.

III. CSS’S W + Y METHOD TO COMBINE TMD
AND COLLINEAR FACTORIZATION

CSS implemented the combination of TMD and collin-
ear factorization by

d�

d4q
= W + Y + error, (2)
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+
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mations, the dependence on the small components k�A
and k+B is confined to the subgraphs A and B, respec-
tively, while the transverse momentum of the Drell-Yan
pair arises from the quark transverse momenta.

We can then integrate over k�A within A and k+B within
B, to obtain the natural contributions to the usually de-
fined TMD pdfs. The approximations are valid because
k�A = O(q2T/q

+), etc. The approximations become bad
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Other graphical structures giving leading power contri-
butions, Fig. 2 are treated similarly, with the application
of Ward identities and unitarity-style cancellations to get
the TMD-factorized form.

B. Collinear factorization for large qT, and for
integral over qT
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ings where extra partons are emitted, exemplified in Fig.
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ality. Each collinear pdf f(x) is therefore defined with
an integral over transverse momentum, and therefore de-
pends kinematically only on the longitudinal momentum
fraction x of the parton.
The collinear approximation involves neglecting small

transverse momenta of the incoming partons in com-
parison with qT, as well as neglecting their virtualities.
Therefore the approximation completely breaks down
once qT is of order a typical transverse momentum for
the partons entering the hard scattering. A symptom
of the breakdown is the well-known strong singularity at
qT = 0 of fixed-order calculations of the Drell-Yan cross
section.
Next we turn to the cross section integrated over qT.

Here one must include all the contributions at low qT.
But now the collinear approximation remains valid, un-
like the TMD case. In graphs like Fig. 1, the collinear
approximation ignores the partonic kT in the hard scat-
tering, which shifts the virtual photon’s transverse mo-
mentum to zero from its true value. But since this is just
a shift, it leaves the integral over qT unchanged, to lead-
ing power in the large scale Q. Thus although collinear
factorization is incorrect at low qT for the distribution in
qT, it is nevertheless valid for the integral over qT.

C. Error sizes

The qualitative behavior of the fractional errors in
TMD and collinear factorization is shown in Fig. 4. TMD
factorization is accurate at low qT up to relative errors
suppressed by a power of 1/Q, but it is totally inaccu-
rate at qT of order Q. Collinear factorization for the qT
distribution has the opposite behavior.

III. CSS’S W + Y METHOD TO COMBINE TMD
AND COLLINEAR FACTORIZATION

CSS implemented the combination of TMD and collin-
ear factorization by

d�

d4q
= W + Y + error, (2)
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Figure 2.5: Leading power quark parton distribution functions for the proton or a spin-1/2 hadron.

For a spin-1/2 particle such as the proton, using the spin vector from Eq. (2.113), the
spin-dependent TMD PDFs can be further decomposed into eight independent structures 9 as
follows [131, 64, 63, 132]10:

5
[✏+]
8/?( (G , k) , ⇠, ✓) = 51(G , :)) �

&
⌧�
)
:)⌧()�

"

� 5
?
1)(G , :)) , (2.123)

5
[✏+✏5]
8/?( (G , k) , ⇠, ✓) = (! 61(G , :)) �

:) · ()
"

6
?
1)(G , :)) ,

5
[8��+✏5]
8/?( (G , k) , ⇠, ✓) = (

�
)
⌘1(G , :)) +

(!:
�
)

"

⌘
?
1!(G , :))

�
k2
)

"
2

✓
1
2 6

�⌧
)

+
:
�
)
:
⌧
)

k2
)

◆
() ⌧⌘

?
1)(G , :)) �

&
�⌧
)

:)⌧

"

� ⌘
?
1 (G , :)) .

Here for brevity on the right hand side we have dropped the arguments ⇠ and ✓, as well as the
flavor and hadron subscripts 8/?(. Note that all functions on the right-hand side only depend
on the magnitude :) = |k) |, but that all :⇠

)
with an explicit Lorentz index or scalar products

are evaluated in Minkowskian metric. In Eq. (2.123), " denotes the nucleon mass, which is

9There exist different notations for the corresponding TMDs, for instance those used by Torino-Cagliari group.
The notations and relations to our notations can be found in Refs. [19, 128, 129, 130].

10Notice that in the original naming convention for TMDs, symbol ? was used for TMDs with at least one un-
contracted index :

�
)

in the correlator. In our convention, we use ? to denote all leading-twist TMDs proportional
to :) in the correlator. An example of the consequence of such a convention is 6

?
1)(G , :)) which was originally

denoted as 61)(G , :)) in Ref. [132].

TMD Handbook,  arxiv:2304.03302
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The quark TMDs are projections of a bilocal matrix element ,
where for twist-2 TMDs the basis is 

Φ[Γ] ∼ ⟨PS | q̄Γq |PS⟩
Γ = {γ+, γ+γ5, iσα+γ5}

TMD Handbook 66

Following the discussion in Ref. [141] we review in detail the argument for the sign change
of the Sivers function. Let |�i = |?(% , ()i and h� | be equal to the rest of the matrix element
in Eq. (2.121). The definition in Eq. (2.121) is suitable for the Drell-Yan process with past
pointing Wilson lines while for SIDIS one defines a similar matrix element with future pointing
Wilson lines ,A(1⇠, 0) as in Eq. (2.117). From the parity and time-reversal invariance of
QCD, h�% |�%i = h� |�i and h�) |�)i = h� |�i, where |�%i and |�%i, and |�)i and |�)i are
the parity and time-reversal transformed states from the states |�i and |�i, respectively.
Thus one derives [141] that the only difference between 5

[✏+]
8/?( (G , k) , ⇠, ✓) for SIDIS and Drell-

Yan is ( ! �(. Therefore one immediately concludes that the spin-averaged TMD quark
distributions are process independent

5
SIDIS
1 (G , :)) = 5

DY
1 (G , :)) (2.124)

while Sivers function changes the sign

5
?SIDIS
1) (G , :)) = � 5

?DY
1) (G , :)) (2.125)

The sign change of the Sivers function is a property of the gauge invariant TMD parton
distributions. Similar arguments can also be made for the other TMD PDFs listed in Table 2.2.
In order to make sure that a single definition (that of Drell-Yan) can be used for both SIDIS and
Drell-Yan we previously introduced the coefficient� = ±1 in Eq. (2.120) to explicitly account for
this sign change in SIDIS processes. In this notation, tests of the sign-flip prediction between
SIDIS and DY become tests of �DY = ��SIDIS.

One can obtain the position-space version of Eq. (2.123) by a Fourier transform with
respect to k) . In contrast to Eq. (2.123), which is commonly adopted in the literature, there
are different conventions for the spin-decomposition in position space. Historically, it was
common to simply Fourier-transform Eq. (2.123) as is, and this was used for example in [142]
and in the lattice studies in [143, 144, 145] (see Sec. 6). In this case, one decomposes 5̃ as [142]11

5̃
[✏+]
8/?( (G , b) , ⇠, ✓) = 5̃1(G , 1)) + 8&⌧�1

⌧
)
(
�
)
" 5̃

?
1)(G , 1)) ,

5̃
[✏+✏5]
8/?( (G , b) , ⇠, ✓) = (! 6̃1(G , 1)) + 81) · ()"6̃

?
1)(G , 1)) ,

5̃
[8��+✏5]
8/?( (G , b) , ⇠, ✓) = (

�
)
⌘̃1(G , 1)) � 8(!1

�
)
"⌘̃

?
1!(G , 1)) + 8&�⌧1?⌧"⌘̃

?
1 (G , 1))

+ 1
2b2

)
"

2
✓
1
2 6

�⌧
)

+
1
�
)
1
⌧
)

b2
)

◆
(? ⌧ ⌘̃

?
1)(G , 1)) . (2.126)

Here, the explicit factors of 8 ensure that all functions on the right-hand side are manifestly
real. Due to the k)-dependent prefactors in Eq. (2.123), the 5̃ , 6̃ and ⌘̃ in Eq. (2.126) are
now b)-dependent derivatives of Fourier transformations of the corresponding 5 , 6 and ⌘ in

11Note that we have accounted for a relative minus sign in 1
⇠ when relating the definition in [142] to our

convention. See also [146], and the comment below Eq. (2.37).

Similarly for fragmentation functions

TMD Handbook,  arxiv:2304.03302
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Figure 2.6: Leading power quark TMD fragmentation functions for a spin-1/2 (or for an unpolarized
or spin 0) hadron.

analogous to Eq. (2.126) as [142]12
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Due to the p0
)
-dependent prefactors in Eq. (2.134), the ⇡̃ , ⌧̃ and �̃ in Eq. (2.135) are now

b)-dependent derivatives of Fourier transformations of the corresponding ⇡ ,⌧ and � in

12When comparing Eq. (2.135) to the corresponding expression in [142], one has to account for a sign change
1
⇠ ! �1⇠ due to a different definition of the TMD correlator as well as &��

)
! �&��

)
because we consider a

=0-collinear hadron.

TMD Handbook,  arxiv:2304.03302
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The quark TMD FFs are projections of a bilocal matrix element,
where for twist-2 TMDs the basis is Γ = {γ+, γ+γ5, iσα+γ5}
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Due to the p0
)
-dependent prefactors in Eq. (2.134), the ⇡̃ , ⌧̃ and �̃ in Eq. (2.135) are now

b)-dependent derivatives of Fourier transformations of the corresponding ⇡ ,⌧ and � in

12When comparing Eq. (2.135) to the corresponding expression in [142], one has to account for a sign change
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⇠ ! �1⇠ due to a different definition of the TMD correlator as well as &��
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because we consider a

=0-collinear hadron.
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2 Semi-Inclusive Deep Inelastic Scattering process

2.1 Kinematics

In this section we will define the kinematics of the process and introduce our notations. The
Semi-Inclusive Deep Inelastic Scattering process (SIDIS)

ω(l) + p(P ) → ω(l→) + h(Ph) +X , (2.1)

in the single-photon exchange approximation is sketched in Fig. 1. Here, l and P are the momenta
of the incoming lepton ω and the nucleon p; l→ and Ph are the momenta of the outgoing lepton ω and
of the detected produced hadron h. The center-of-mass energy of the process is s = (l + P )2, the
virtual-photon momentum q = l ↑ l

→ defines the z-axis of the Trento ε
↑
P frame [24], its virtuality

is Q
2 = ↑q

2. Vectors l
→ and l define the lepton plane and l

→ points in the direction of the x-axis
from which azimuthal angles are counted. The produced hadron h has the momentum Ph and its
transverse momentum is Ph↓. Vectors q and Ph define the hadron plane. The fully di!erential
cross-section at Q2

↓ M
2
Z
reads [1, 2, 10]:

dϑ =
ϖ
2
em

(l · P )Q4
LµωW

µω
d3l→

2El→

d3P

2EP

(2.2)

where Lµω is the leptonic tensor

Lµω = 2(lµl
→
ω
+ l

→
µ
lω ↑ (l · l→)gµω) + 2iϱlς

µωεϑ
lεl

→
ϑ
, (2.3)

where ϱl is the helicity of the lepton, and Wµω is the hadronic tensor2

Wµω(q)
def
=

1

(2φ)4

∑

X

∫
d4x e

iq·x
↔P |Jµ(x)|Ph +X↗↔Ph +X|Jω(0)|P ↗ . (2.4)

The relevant kinematic variables expressed via Lorentz invariants are:

x =
Q

2

2P · q
, y =

P · q

P · l
, zh =

P · Ph

P · q
. (2.5)

In addition to x, y, and zh, the cross section is also di!erential in the azimuthal angle ↼h of the
produced hadron, in the square of the hadron’s momentum component Ph↓, and in the azimuthal
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Up to corrections suppressed as 1/Q2, the kinematic prefactors pi in Eq. (2.6) are given by [25]
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2 y
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⇐
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X denotes the sum over full set of “out” states and Jµ =

∑
ef ω̄

f
εµωf is the electromagnetic current.

We take into account only u, d, s quarks and consider them massless.
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Figure 2.16: Semi Inclusive Deep Inelastic Scattering process (SIDIS) in ✏⇤
? center of mass frame. The

plot is from Ref. [213], adapted to the notation used here.

and similarly for the form in Eq. (2.180b).
Finally, we remark that Higgs production at the LHC is dominated by perturbative⇤QCD ⌧

@) ⌧ <� , in which case one can relate the gluon TMD PDFs to collinear PDFs as discussed in
Sec. 2.8, supplemented by resummation of large logarithms as outlined in Chapter 4.
2.11.3 Polarized SIDIS cross section

We now consider Semi-Inclusive Deep-Inelastic Scattering (SIDIS),

✓ (;) + ?(%) ! ✓ (;0) + ⌘(%⌘) + - , (2.185)

where the incoming lepton (an electron, positron or muon) with momentum ; scatters off a
proton with momentum %, both of which can be polarized. One measures both the outgoing
lepton with momentum ;

0 and a hadron of type ⌘ (such as a pion or kaon) and momentum %⌘ ,
but is inclusive over any additional hadronic radiation -.

As in the case of polarized Drell-Yan discussed in Sec. 2.11.1, we are interested in mea-
suring angular correlations in order to extract correlations between the polarization of the
struck quark and the spin of the proton. This requires defining a reference frame in which to
specify angular measurements, which is commonly chosen according to the Trento conven-
tions [19]. In this frame, the spacelike momentum @ defines the I axis, which together with
the lepton momenta defines the (G , I)-plane, with respect to which all angles are defined. This
is illustrated in Fig. 2.16.

We are interested in measuring the momentum component %⌘) and azimuthal angle )⌘ of
the detected hadron in this frame. In addition, there is an azimuthal angle #; characterizing
the overall orientation of the lepton scattering plane around the incoming lepton direction. The
angle is calculated with respect to an arbitrary reference axis, which in the case of transversely
polarized targets is chosen to be the direction of the polarization vector () . In the DIS limit
#; ⇡ )(, where the latter is the azimuthal angle of the spin-vector of the struck hadron. These
observables are also illustrated in Fig. 2.16.

In the limit that & ⌧ <, ,/, the SIDIS process can be described in the single-photon
exchange approximation, and is characterized by 18 independent structure functions [124]. At
leading order in a 1/& expansion, only a subset of 8 structure functions contributes, and the

✓Leading structures are relatively well understood
✓Subleading structures are not easy to separate experimentally from leading ones
✓Leading power structure functions may receive power suppressed contributions

 and  are leading power,  is next-to-leading power , and 
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Their relation in the region of validity of the TMD factorization theorem, q2
T
/Q

2
→ 1, reads

q
T
= ↑kT + p→

T
(2.9)

The second choice is photon-hadron frame [9, 24], Fig. 2 (a). In this case q is aligned with z axis
and the incoming hadron still has the vanishing transverse momentum. In this frame all transverse
directions will be labeled with a subscript “→”. The interpretation of the transverse momentum
of the parton in p is the same, k↑, however the outgoing hadron h has transverse momentum p↑
relative to the fragmenting parton and the transverse momentum of the produced hadron Ph↑ in
this frame is

Ph↑ = zhk↑ + p↑ (2.10)

For a su!ciently large Q
2
↓ M

2 the two frames are related as follows

k↑ = kT , p↑ = ↑zhp
→
T
, Ph↑ = ↑zhqT . (2.11)

The subtleties of the two frames and the definitions of the convolutions are discussed in Ref. [17].
In order to simplify our discussion we will work in the approximation Q

2
↓ M

2 where Eqs. (2.11)
hold.

Structure functions in Eq. (2.6) are described in terms of convolutions of TMDs PDFs, f and
TMD FFs, D, in the region where the TMD factorization is valid, and the generic structure of the
convolution in our approximation reads [1, 2]

C [ω f D] = x

∑

a

Haa(Q
2
, µ

2)

∫
d2k↑ d2p↑ ε

(2)(zhk↑ + p↑ ↑ Ph↑)ω f
a(x,k2

↑) D
a(zh,p

2
↑)

= x

∑

a

Haa(Q
2
, µ

2)

∫
d2k↑ ω f

a(x,k2
↑) D

a(zh, (Ph↑ ↑ zhk↑)
2) (2.12)

= x

∑

a

Haa(Q
2
, µ

2)

∫
d2kT d2p→

T
ε
(2)(kT ↑ p→

T
+ q

T
)ω f

a(x,k2
T
) Da(zh, (↑zhp

→
T
)2)

= x

∑

a

Haa(Q
2
, µ

2)

∫
d2kT ω f

a(x,k2
T
) Da(zh, (↑zh(qT + kT ))

2) , (2.13)

the first two lines, Eq. (2.12), describe the convolution in photon-hadron frame, while the last two
lines, Eq. (2.13), define the convolution in hadron-hadron frame. Here ω is a weight function, which
in general depends on the transverse momenta of incoming and outgoing quarks in the Trento
frame, k↑, p↑, or hadron frame kT , p→

T
, and ĥ = Ph↑/Ph↑ = ↑q

T
/qT , and the sum runs over

all quark and anti-quark flavors a = u, ū, d, d̄, etc. Here, the hard function3 for the SIDIS process
is denoted by Haa. Each TMD obeys TMD evolutions equations and depends on two scales (not
shown in equations above) corresponding to the regulator for the ultra violet divergence, µ, and
the regulator for the rapidity divergence, ϑ, see Ref. [8, 9]. In the following, the flavor index a and
the scale dependence of TMDs will be omitted in our formulas.

Notice that according to Refs. [8, 9, 26–28] the density interpretation of TMD FFs requires
that they depend on p2

↑ in photon-hadron frame or on (↑zhp→
T
)2 in hadron-hadron frame, it is also

evident in our Eqs. (2.12) and (2.13). In the following Section we will indicate this dependence
explicitly.

3
Notice that generally, the hard function may be o!-diagonal, Haa→ , in particular at N3LL. We will consider the

lowest order in which it is diagonal and trivial Haa(Q
2
, Q

2
) = e

2
a.
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Each structure function is a convolution

H
→a

1 (zh,p
2
→) = H

→(1)a
1 (zh)

2z2m2
h

ω→p2→↑
2
H

→
1

e
↑p2

→/↓p2
→↔

H
→
1 , (4.1c)

h
→a

1 (x,k2
→) = h

→(1)a
1 (x)

2M2

ω→k2→↑
2
h
→
1

e
↑k2

→/↓k2
→↔

h
→
1 . (4.1d)

These parametrizations were shown to work reasonably well in phenomenological applications. The
collinear functions f

a

1 (x) and D
a

1(z) are taken from MSTW [43] and DSS [44] extractions [33–
42]. This is the same set up as in Ref. [25] where Semi-Inclusive Deep Inelastic Scattering in
Wandzura-Wilczek-type (WW) approximation was studied. In this approximation, TMD functions
that originate from quark-gluon correlations are assumed to be small and a series of relations are
found among TMDs. These relations, such as xf→

↓ f1 and xh ↓ ↔(k2
→/M

2)h→
1 , see Appendix B,

allow to reduce drastically the number of TMDs contributing to structure functions and to simplify
the expressions. It was found in Ref. [25] that WW approximations were generally in agreement
with the experimental observations. By keeping the same set up we will be able to comment on
similarities and di!erences of WW approximations with our formalism.

Parametrizations for unpolarized TMD PDF and TMD FF will be taken from Ref. [33], they
are flavor independent with →k

2
→↑f1 = 0.25 (GeV2), →p2→↑D1 = 0.2 (GeV2). As we do not perform

a phenomenological analysis, these parametrizations are su”cient for numerical estimates. Using
formulas (3.15)-(3.18) one can perform calculations with any other set of TMD PDFs and TMD
FFs. Boer-Mulders functions and their first moments, h→(1)

1 (x), are taken from Ref. [45] and the
Collins FF and their first moments, H→(1)

1 (zh), are from Ref. [46]. This set up will allow us to have
the direct comparison with results of Ref. [25]. In the plots in the following Sections we will not
restrict the range of Ph→ to the one where our approximation works, qT /Q ↗ 1. The reason is that,
first, experimental values of qT are not always available and, second, we would like to explore the
expression for the whole range in Ph→, however the interpretation of our estimates at large values
of Ph→ should be done with caution.

Notice that it was fund in Ref. [45] that both u and d first moments of Boer-Mulders functions
are negative in SIDIS. Collins FF for u quark fragmentation into ω

+ is positive, while d quark
fragmentation into ω

+ is negative, see e.q. Ref. [46].

4.1 FUU,T structure function

Our result for FUU,T , Eq. (3.15), shows that it has LP and NNLP contributions, while NLP contri-
bution is absent,

FUU,T = F
LP
UU,T

+ F
NNLP
UU,T

, (4.2)

FUU,T = C [f1D1] + C

[
2qT
Q2

(ĥ · k→)f1D1

]
+ C

[
2qTk2

→
zhMmhQ

2
(ĥ · p→)εh

→
1 H

→
1

]
, (4.3)

where the first term in Eq. (4.3) contains the standard leading power result,

F
LP
UU,T

= C [f1D1] , (4.4)

see Refs [2, 9]. The next-to-next-to-leading power contributions F
NNLP
UU,T

, the second and the third
terms in Eq. (4.3) proportional to 1/Q2, are the main results of our study. This formula appears
to have a slightly di!erent structure comparing to Ref. [17], see Eq. (B.3) from Ref. [17]:

FUU,T |Ref.[17] = C [f1D1] +
1

2
FUU,L , (4.5)

where FUU,L is discussed in the next Section. The di!erence of our result and Ref. [17] is due to
di!erent results for Sµω

0 Wµω in two formalisms.

– 14 –

The unpolarized structure function at leading power is:

SEMI-INCLUSIVE DEEP INELASTIC SCATTERING AT LEADING POWER

Figure 8: SIDIS multiplicity measured by COMPASS [50] for h+ (right panel)and h
→ (left panel)

production o! the deuterium target. Calculations shown as blue lines include NNLP contributions,
the orange dashed lines include only leading power terms.

We conclude at this point that taking into account the longitudinal structure function FUU,L

is important in phenomenological applications. In order to further demonstrate it in Fig. 9 we plot
the ratio FUU,T + p1FUU,L structure functions over the leading power FLP

UU,T
for ω+ production o!

the proton at Q2 = 3 GeV2, x = 0.2, zh = 0.3 . One can see, compare to Fig. 4, that the FUU,L is
not negligible even at small values of Ph↑.

Figure 9: The ratio of FUU,T + p1FUU,L structure functions over the leading power FLP
UU,T

for ω+

production o! the proton at Q2 = 3 GeV2, x = 0.2, zh = 0.3.

4.3 F
cosωh

UU
structure function

F
cosωh

UU
structure function is a next-to-leading contribution (→ 1/Q) 6. It appears to have many

various kinematical and dynamical contributions [2]. We consider contributions from f1D1 and
h
↑
1 H

↑
1 , see Eq. (3.17),

F
cosωh

UU
= C

[
↑
2(ĥ · k↑)

Q
f1D1

]
+ C

[
↑

2k2
↑

zhMmhQ
(ĥ · p↑)εh

↑
1 H

↑
1

]
, (4.13)

It is the same as in Piloñeta and Vladimirov Ref. [17], compare to Eq. (B.5) in Ref. [17], and in Ebert,
Gao, Stewart, Ref. [13], after neglecting “tilde” functions in Eq. (5.41), the same as in Anselmino

6
The next contribution to F

cosωh

UU will be at 1/Q
3
, NNNLP.
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The  modulation at NLP is:cos ϕh

The  modulation at leading power is:cos 2ϕh

Figure 11: Left panel, Acosωh

UU
for ω

+ asymmetry calculated at characteristic COMPASS kine-
matics, Q2 = 3 GeV2, x = 0.027, zh = 0.34 with NNLP terms (blue line) and with LP terms only
(orange dashed line) in the denominator. Right panel shows the comparison of our estimates for
A

cosωh

UU
to COMPASS experimental data [56] for h+ (circles) and h+ (squares).

In Fig. 11 we compare our estimates for COMPASS data [56]. Notice that COMPASS collabo-
ration measures h± we approximate charged hadrons as charged pions ω±. One can see from Fig. 10
and Fig. 11 that NNLP contributions in the denominator reduce the size of the asymmetry and the
asymmetries become closer to the measured ones. It is known that phenomenological description
of cosεh and cos 2εh modulation is di!cult, see i.e. Ref. [40]. It is known that the asymmetry is
dominated by the Cahn term (the first term in Eq. (4.13)) and it was shown in Ref. [40] that in a
simple parton model cosεh asymmetries very sensitive to the widths of the distributions and very
low values compared to our standard ones were found. In addition, in Ref. [40] the contribution from
the Boer-Mulders functions was found to give negligible contribution to the asymmetries. Indeed,
one can see from Fig. 10 and Fig. 11 that the predicted di”erence between ω

+ and ω
→ which are

predominantly due to Boer-Mulders contribution (the second term in Eq. (4.13)) and have opposite
trends compared to the experimental findings. We believe that a phenomenological analysis that
takes into account NLP terms will improve the situation.

4.4 F
cos 2ωh

UU
structure function

F
cos 2ωh

UU
structure function, Eq. (3.18), has leading and next-to-next-to-leading terms

F
cos 2ωh

UU
= F

cos 2ωhLP
UU

+ F
cos 2ωhNNLP
UU

, (4.17)

F
cos 2ωh

UU
= C

[
2(ĥ · k↑)(ĥ · p↑)→ (k↑ · p↑)

zhMmh

ϑh
↑
1 H

↑
1

]

+ C

[
2qT (ĥ · k↑)

Q2
f1D1

]
+ C

[
2qTk2

↑
zhMmhQ

2
(ĥ · p↑)ϑh

↑
1 H

↑
1

]
, (4.18)

where the leading power contribution, the first term in Eq. (4.18) is the same as the standard result,
see Ref. [2]. It originates from Boer-Mulders function h

↑
1 convoluted with Collins fragmentation

function H
↑
1 . The next-to-next-to-leading power contributions are di”erent from Piloñeta and

Vladimirov Ref. [17], compare to Eq. (B.6) in Ref. [17], again due to di”erent results for S
µε

0 Wµε

in two formalisms.
In our notations, result from from Piloñeta and Vladimirov, Ref. [17], see Eq. (B.6) from

Ref. [17], reads

F
cos 2ωh

UU
|Ref.[17] = C

[
2(ĥ · k↑)(ĥ · p↑)→ (k↑ · p↑)

zhMmh

ϑh
↑
1 H

↑
1

]
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✓Information on unpolarized TMD PDF and FF
✓Their widths, flavor dependence, etc

✓Boer-Mulders TMD, Collins FF
✓How transversely polarized quarks fragment
✓Info on transversely polarized quarks 

✓Large “Cahn” modulation
✓Intrinsic motion effect
✓Access to subleading TMDs 
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The Solenoidal Large Intensity Device (SoLID) is a new experimental 
apparatus planned for Hall A. Approved SIDIS experiments

E12-11-007:  Single and Double Spin Asymmetries on Longitudinally 
Polarized 3He (neutron)

E12-10-006:  Single Spin Asymmetries on Transversely Polarized 
3He (neutron)

E12-11-108:  Single Spin Asymmetries on Transversely Polarized 
NH3 (proton)

Importance of 3He target was demonstrated in many impact studies:

11
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FIG. 7. Upper panel: PhT distribution with and without
Fermi motion of the initial nucleon in the 3He target for ω+

as leading hadron. Lower panel: their di!erence.

further investigation of possible EMC e!ect [78–80] in
TMD physics.

IV. PHYSICS IMPACT STUDIES

In this section we present our projections and
MAPTMD24+SoLID physics impact results on the unpolar-
ized cross section, including the SoLID statistical and
systematic uncertainties (see Appendix A and Ref. [61]).

Adopting the MAPTMD24 framework [38], as elaborated
in Sec. II B, we show the impact of the SoLID pseudo-
data on the unpolarized TMDs (extracted in the analysis
of the MAP Collaboration) in Sec. IVC in particular.

A. SoLID SIDIS kinematics

In our study we have used the following kinematic-
variable ranges of the pseudo-data sets given as

0 < xbj< 0.7, 0.3 < zh < 0.7, Q
2
> 1.4 GeV2,

PhT < min [min[0.2Q, 0.5 zh Q] + 0.3 GeV, zh Q].

In Fig. 8 we show the correlations between di!erent
kinematic variables (equivalently, the phase-space com-
ponents) obtained taking into account the SoLID accep-
tance but without imposing the zh cut. More precisely,
we present the correlations in the phase space at the com-
bined 11 GeV and 8.8 GeV beam energies for ω+ produc-
tion o! transversely polarized 3He target.
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FIG. 8. Phase-space correlations for the SoLID apparatus
between Q2 and xbj (top plot), xbjand zh (bottom plot). The
SoLID zh cut is not applied.

B. Transverse momentum projections for the
SIDIS unpolarized cross section

We start by considering the SoLID projections of the
SIDIS unpolarized cross section (see Eq. (3)) integrated
over εh as a function of PhT for ω

+. Examples of such
projections are shown in Figs. 9 and 10. The pseudo-
data points in both figures include the SoLID statis-
tical and systematic uncertainties combined in quadra-
ture, and the central values are determined by employ-
ing the MAPTMD24 framework (more details are collected
in Sec. IVC). In all the panels of both figures, the
pseudo-data are simulated at 11 GeV. In addition, in
Appendix B, where the central values of the projections
are obtained using the general ansatz of a simpler TMD
parton model discussed in Sec II C, we show results both
at 11 GeV and 8.8 GeV.

“The 3He data is especially crucial for a precise determination of the down 
quark transversity TMD PDF and for up and down flavor separation’’

L. Gamberg et al Phys.Lett.B 816 (2021) 136255
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Figure 7.54: Top: Expected impact on the up and down quark transversity distributions
and favored and unfavored Collins function first moment when including EIC Collins effect
SIDIS pseudodata from e+p and e+He collisions [526]. Bottom left: Plot of the truncated
integral g[xmin ]

T vs. xmin. Also shown is the ratio DEIC/DJAM20 of the uncertainty in g[xmin ]
T for

the re-fit that includes pseudodata from the EIC to that of the original JAM20 fit [241]. Note
that the results from two recent lattice QCD calculations [527,528] are for the full gT integral
(i.e., xmin = 0) and have been offset for clarity. Bottom right: The impact on the up quark
(du), down quark (dd), and isovector (gT) tensor charges and their comparison to the lattice
data.

culations (see, e.g., Ref. [527, 528]). As such, potential discrepancies may become
relevant for searches of physics beyond the Standard Model [529, 530]. We also
mention that there is a significant reduction in the uncertainty for the Collins
function (see Fig. 7.54), which will be an important test of universality with re-
sults from e+e� annihilation. (Theoretical considerations suggest that TMD frag-
mentation functions are universal, based on the specific kinematics of the frag-
mentation process — see, for example, Refs. [448, 531].) In addition, Fig. 7.54
shows g[xmin]

T vs. xmin, where g[xmin]
T is the following truncated integral: g[xmin]

T ⌘
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Figure 7.54: Top: Expected impact on the up and down quark transversity distributions
and favored and unfavored Collins function first moment when including EIC Collins effect
SIDIS pseudodata from e+p and e+He collisions [526]. Bottom left: Plot of the truncated
integral g[xmin ]

T vs. xmin. Also shown is the ratio DEIC/DJAM20 of the uncertainty in g[xmin ]
T for

the re-fit that includes pseudodata from the EIC to that of the original JAM20 fit [241]. Note
that the results from two recent lattice QCD calculations [527,528] are for the full gT integral
(i.e., xmin = 0) and have been offset for clarity. Bottom right: The impact on the up quark
(du), down quark (dd), and isovector (gT) tensor charges and their comparison to the lattice
data.

culations (see, e.g., Ref. [527, 528]). As such, potential discrepancies may become
relevant for searches of physics beyond the Standard Model [529, 530]. We also
mention that there is a significant reduction in the uncertainty for the Collins
function (see Fig. 7.54), which will be an important test of universality with re-
sults from e+e� annihilation. (Theoretical considerations suggest that TMD frag-
mentation functions are universal, based on the specific kinematics of the frag-
mentation process — see, for example, Refs. [448, 531].) In addition, Fig. 7.54
shows g[xmin]

T vs. xmin, where g[xmin]
T is the following truncated integral: g[xmin]

T ⌘

Abdul Khalek etl al Nucl.Phys.A 1026 (2022) 122447



IMPACT STUDY

19

12

FIG. 9. Unpolarized cross section for ω+ production at beam
energy 11 GeV as a function of PhT , in specific xbjand Q2

kinematic bins, and at given zh values within the range of
[0.3, 0.7].

FIG. 10. Unpolarized cross section for ω+ production at beam
energy 11 GeV as a function of PhT , as in Fig. 9 but for larger
two xbjand three Q2 kinematic bins, and at given zh values
within the range of [0.3, 0.7].

C. Impact results on unpolarized TMDs and FFs

The unpolarized TMD-related impact results are
shown in Fig. 11 (for ω

± and K
±), as well as in Ap-

pendix C, in Fig. C1 (for ω
±) and in Fig. C2 (for K

±).
All figures are obtained at Q

2 = 2 GeV2. Qualitatively
similar results are also obtained at other values of Q

2

available at SoLID: namely, for 4 and 6 GeV2 [61]. Each
column refers to a fixed xbjvalue: namely, 0.05, 0.1, 0.3
and 0.5, while each row refers to a given quark flavor in
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FIG. 11. The MAPTMD24 and impact MAPTMD24+SoLID results on
unpolarized TMDs for the final-state pions & kaons configu-
ration in the bins of xbj = 0.05, xbj = 0.1, xbj = 0.3, xbj = 0.5

at Q2 = 2 GeV2 as a function of |k→|. See the text in this
section for more details.

the MAPTMD24 ansatz, where the flavors considered are u,
d, ū, d̄, and s. In the vertical axis we have the relative
di!erence of the unpolarized TMD f

q
1 with respect to the

average value (→fq
1 ↑) of the ensemble of replicas from the

MAPTMD24 (light bands) and the MAPTMD24+SoLID (dark
bands) analyses, so defined:

f
q
1 (xbj , k

2
→, Q,Q

2)↓ →f
q
1 (xbj , k

2
→, Q,Q

2)↑

→f
q
1 (xbj , k

2
→, Q,Q2)↑

. (46)

The horizontal axis shows the modulus of the quark in-
trinsic transverse momentum |k→|. The light and dark
uncertainty bands are computed at 68% confidence level
(CL).
One can see that the main impact, coming from the

SoLID 3He pseudo-data, is on the d-quark distribu-
tion. This is because the experimental data used in the
MAPTMD24 analysis are for proton and deuteron targets
and do not provide constraints in the SoLID kinematic
region. In contrast, the u-quark TMD is already well

18

FIG. B1. Unpolarized cross section for ω+ production at
11 GeV in selected kinematic bins: xbj = [0, 0.25], PhT =
[0, 0.2] GeV/c, zh = [0.3, 0.6], Q2 = [1, 3] GeV2. The blue
point pseudo-data depict the cross section without the az-
imuthal modulations, and the cross section with the azimuthal
modulations are the red points. The bottom band in each plot
describes the total systematic uncertainty from Table I, ap-
plied to the blue points only.

FIG. B2. Unpolarized cross section for ω+ production at
8.8 GeV in selected kinematic bins: xbj = [0, 0.25], PhT =
[0, 0.2] GeV/c, zh = [0.3, 0.6], Q2 = [1, 2.5] GeV2. The rest
of the explanation is the same as in Fig. B1.

Ref. [61] for more figures)4. In all these multi-binned fig-
ures, the systematic and statistical uncertainties are the
SoLID statistical uncertainties. All details are given in
the figure captions.

4
For the unpolarized cross-section expression (with the Default
model) see Eq. (3), along with Eqs. (39)-(44), Eq. (21) and

Eq. (26).

FIG. B3. Unpolarized cross section for ω+ production at
11 GeV in selected kinematic bins: xbj = [0.25, 0.5], PhT =
[0, 0.2] GeV/c, zh = [0.3, 0.6], Q2 = [1.5, 3] GeV2. The rest
of the explanation is the same as in Fig. B1.

FIG. B4. Unpolarized cross section for ω+ production at
8.8 GeV in selected kinematic bins: xbj = [0.25, 0.5], PhT =
[0, 0.2] GeV/c, zh = [0.3, 0.6], Q2 = [1.5, 3] GeV2. The rest
of the explanation is the same as in Fig. B1.

Azimuthal-angle projections of the SoLID SIDIS
unpolarized cross section at high-Q2 region from the

general ansatz of Sec. II C

One example at high Q
2 is in turn shown in Fig. B5.

Similarly, the bottom band in each plot describes the
total systematic uncertainty from Table I, applied to the
blue points only.

The pseudo-data was generated using MAP24TMD framework for unpolarized cross-sections and 
by a parton model framework that contains azimuthal modulations. The systematic errors were 
taken from the SoLID proposal, , for pions≲ 11 %

MAP24: A. Bacchetta et al., JHEP 08, 232 (2024)

Unpolarized cross section for  production at beam energy 11 GeV 
as a function of  in a specific  and  kinematic bins, and at 

.

π+

PhT xbj Q2

zh ∈ [0.3,0.7]

Unpolarized cross section for  production at beam energy of 11 GeV as a 
function of  in a specific , ,  bin with (red points) and without (red 
points)  azimuthal modulation.

π+

ϕh xbj Q2 zh

S. Bastami et al  JHEP 06 (2019) 007 
https://github.com/TianboLiu/LiuSIDIS

M.Cerutti et al, arXiv: 2512.20897
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FIG. 9. Unpolarized cross section for ω+ production at beam
energy 11 GeV as a function of PhT , in specific xbjand Q2

kinematic bins, and at given zh values within the range of
[0.3, 0.7].

FIG. 10. Unpolarized cross section for ω+ production at beam
energy 11 GeV as a function of PhT , as in Fig. 9 but for larger
two xbjand three Q2 kinematic bins, and at given zh values
within the range of [0.3, 0.7].

C. Impact results on unpolarized TMDs and FFs

The unpolarized TMD-related impact results are
shown in Fig. 11 (for ω

± and K
±), as well as in Ap-

pendix C, in Fig. C1 (for ω
±) and in Fig. C2 (for K

±).
All figures are obtained at Q

2 = 2 GeV2. Qualitatively
similar results are also obtained at other values of Q

2

available at SoLID: namely, for 4 and 6 GeV2 [61]. Each
column refers to a fixed xbjvalue: namely, 0.05, 0.1, 0.3
and 0.5, while each row refers to a given quark flavor in
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FIG. 11. The MAPTMD24 and impact MAPTMD24+SoLID results on
unpolarized TMDs for the final-state pions & kaons configu-
ration in the bins of xbj = 0.05, xbj = 0.1, xbj = 0.3, xbj = 0.5

at Q2 = 2 GeV2 as a function of |k→|. See the text in this
section for more details.

the MAPTMD24 ansatz, where the flavors considered are u,
d, ū, d̄, and s. In the vertical axis we have the relative
di!erence of the unpolarized TMD f

q
1 with respect to the

average value (→fq
1 ↑) of the ensemble of replicas from the

MAPTMD24 (light bands) and the MAPTMD24+SoLID (dark
bands) analyses, so defined:

f
q
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. (46)

The horizontal axis shows the modulus of the quark in-
trinsic transverse momentum |k→|. The light and dark
uncertainty bands are computed at 68% confidence level
(CL).
One can see that the main impact, coming from the

SoLID 3He pseudo-data, is on the d-quark distribu-
tion. This is because the experimental data used in the
MAPTMD24 analysis are for proton and deuteron targets
and do not provide constraints in the SoLID kinematic
region. In contrast, the u-quark TMD is already well

A new analysis MAP24+SoLID was performed to estimate the impact of the pseudo data.

Results for the TMD PDFs as function of  at  for 
various values of . Lighter shade color is for previous knowledge, 
solid bands indicate the impact of SoLID.

As expected the major impact is for down and up quarks across all 
values of .

k⊥ Q2 = 2 GeV2

x

x

M.Cerutti et al, arXiv: 2512.20897
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FIG. 9. Unpolarized cross section for ω+ production at beam
energy 11 GeV as a function of PhT , in specific xbjand Q2

kinematic bins, and at given zh values within the range of
[0.3, 0.7].

FIG. 10. Unpolarized cross section for ω+ production at beam
energy 11 GeV as a function of PhT , as in Fig. 9 but for larger
two xbjand three Q2 kinematic bins, and at given zh values
within the range of [0.3, 0.7].

C. Impact results on unpolarized TMDs and FFs

The unpolarized TMD-related impact results are
shown in Fig. 11 (for ω

± and K
±), as well as in Ap-

pendix C, in Fig. C1 (for ω
±) and in Fig. C2 (for K

±).
All figures are obtained at Q

2 = 2 GeV2. Qualitatively
similar results are also obtained at other values of Q

2

available at SoLID: namely, for 4 and 6 GeV2 [61]. Each
column refers to a fixed xbjvalue: namely, 0.05, 0.1, 0.3
and 0.5, while each row refers to a given quark flavor in
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FIG. 11. The MAPTMD24 and impact MAPTMD24+SoLID results on
unpolarized TMDs for the final-state pions & kaons configu-
ration in the bins of xbj = 0.05, xbj = 0.1, xbj = 0.3, xbj = 0.5

at Q2 = 2 GeV2 as a function of |k→|. See the text in this
section for more details.

the MAPTMD24 ansatz, where the flavors considered are u,
d, ū, d̄, and s. In the vertical axis we have the relative
di!erence of the unpolarized TMD f

q
1 with respect to the

average value (→fq
1 ↑) of the ensemble of replicas from the

MAPTMD24 (light bands) and the MAPTMD24+SoLID (dark
bands) analyses, so defined:

f
q
1 (xbj , k

2
→, Q,Q

2)↓ →f
q
1 (xbj , k

2
→, Q,Q

2)↑

→f
q
1 (xbj , k

2
→, Q,Q2)↑

. (46)

The horizontal axis shows the modulus of the quark in-
trinsic transverse momentum |k→|. The light and dark
uncertainty bands are computed at 68% confidence level
(CL).
One can see that the main impact, coming from the

SoLID 3He pseudo-data, is on the d-quark distribu-
tion. This is because the experimental data used in the
MAPTMD24 analysis are for proton and deuteron targets
and do not provide constraints in the SoLID kinematic
region. In contrast, the u-quark TMD is already well
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constrained by the available data, except in the large-
x region (xbj→ 0.5). It is important to stress that the
uncertainties obtained in our study, by using the SoLID
pseudo-data of the ω± & K

± configuration, could be sim-
ilar or, slightly larger than the uncertainties obtained by
using only the pseudo-data of ω±. This can be traced
back to the following issues: (i) unavoidable intrinsic un-
certainty stemming from the used collinear PDF sets; (ii)
correlations coming from having similar TMDs but di!er-
ent cross sections in certain regions; (iii) specific number
of replicas that is fixed by the MAPTMD24 extraction.
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FIG. 12. The MAPTMD24 and impact MAPTMD24+SoLID results
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|P→|. See the text in this section for more details.

For completeness, in Figs. 12 and 13 we show the im-
pact study on the pion and kaon TMD FFs, the com-
plementary nonperturbative key element in SIDIS. The
quantity under consideration is the corresponding one
appearing in Eq. (46), which is

D
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More in detail, in Fig. 12 we present the results for the
favored (u ↗ ω

+) and disfavored (d ↗ ω
+) pion TMD

FFs2 at fixed scale, Q2 = 2 GeV2, for di!erent values of

2
Here favored (disfavored) refers to the case where the hadron

contains (does not contain) the fragmenting quark as a valence

quark.
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FIG. 13. The MAPTMD24 and impact MAPTMD24+SoLID results
on unpolarized FFs for the final-state kaons in the bins of
zh = 0.3, zh = 0.5, zh = 0.7 at Q2 = 2 GeV2 as a function of
|P→|. See the text in this section for more details.

zh as a function of |P↑|. Similarly, in Fig. 13 we show the
results for the three relevant kaon TMD FFs, namely u ↗

K
+, s̄ ↗ K

+ (both favored) and d ↗ K
+ (disfavored)

for the same Q
2 and zh values. As one can see even in

the case of TMD FFs the reduction in the uncertainties is
significant, showing once again the impact of the SoLID
analysis.

D. TMD width parameters

1. Results from the parton model analysis of azimuthal

modulations

In this section we consider the SoLID pseudo-data for
the εh distributions and try to fit them with a simple
function, A(1 ↑ B · cos(εh) ↑ C · cos(2εh)), to evaluate
the azimuthal modulation e!ects. In this formula, the
parameters B and C indicate the amplitudes of the mod-
ulation and are directly related to the structure functions
entering Eq. (3), while the parameter A is related to FUU .
By applying the corresponding simplified fitting, e.g., to
the εh-dependent ω+ pseudo-data from Fig. B1 (and ω

↓

pseudo-data from Fig. A9 in Appendix A of [61]) we ob-
tain the results shown in Figs. 14 and 15.

These azimuthal modulation e!ects can be analyzed

A new analysis MAP24+SoLID was performed to estimate the impact of the pseudo data.

Results for the TMD FFs for . Lighter shade color is for previous 
knowledge, solid bands indicate the impact of SoLID

π+
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constrained by the available data, except in the large-
x region (xbj→ 0.5). It is important to stress that the
uncertainties obtained in our study, by using the SoLID
pseudo-data of the ω± & K

± configuration, could be sim-
ilar or, slightly larger than the uncertainties obtained by
using only the pseudo-data of ω±. This can be traced
back to the following issues: (i) unavoidable intrinsic un-
certainty stemming from the used collinear PDF sets; (ii)
correlations coming from having similar TMDs but di!er-
ent cross sections in certain regions; (iii) specific number
of replicas that is fixed by the MAPTMD24 extraction.
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FIG. 12. The MAPTMD24 and impact MAPTMD24+SoLID results
on unpolarized FFs for the final-state pions in the bins of
zh = 0.3, zh = 0.5, zh = 0.7 at Q2 = 2 GeV2 as a function of
|P→|. See the text in this section for more details.

For completeness, in Figs. 12 and 13 we show the im-
pact study on the pion and kaon TMD FFs, the com-
plementary nonperturbative key element in SIDIS. The
quantity under consideration is the corresponding one
appearing in Eq. (46), which is
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More in detail, in Fig. 12 we present the results for the
favored (u ↗ ω

+) and disfavored (d ↗ ω
+) pion TMD

FFs2 at fixed scale, Q2 = 2 GeV2, for di!erent values of

2
Here favored (disfavored) refers to the case where the hadron

contains (does not contain) the fragmenting quark as a valence

quark.
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FIG. 13. The MAPTMD24 and impact MAPTMD24+SoLID results
on unpolarized FFs for the final-state kaons in the bins of
zh = 0.3, zh = 0.5, zh = 0.7 at Q2 = 2 GeV2 as a function of
|P→|. See the text in this section for more details.

zh as a function of |P↑|. Similarly, in Fig. 13 we show the
results for the three relevant kaon TMD FFs, namely u ↗

K
+, s̄ ↗ K

+ (both favored) and d ↗ K
+ (disfavored)

for the same Q
2 and zh values. As one can see even in

the case of TMD FFs the reduction in the uncertainties is
significant, showing once again the impact of the SoLID
analysis.

D. TMD width parameters

1. Results from the parton model analysis of azimuthal

modulations

In this section we consider the SoLID pseudo-data for
the εh distributions and try to fit them with a simple
function, A(1 ↑ B · cos(εh) ↑ C · cos(2εh)), to evaluate
the azimuthal modulation e!ects. In this formula, the
parameters B and C indicate the amplitudes of the mod-
ulation and are directly related to the structure functions
entering Eq. (3), while the parameter A is related to FUU .
By applying the corresponding simplified fitting, e.g., to
the εh-dependent ω+ pseudo-data from Fig. B1 (and ω

↓

pseudo-data from Fig. A9 in Appendix A of [61]) we ob-
tain the results shown in Figs. 14 and 15.

These azimuthal modulation e!ects can be analyzed

Results for the TMD FFs for . Lighter shade color is for previous 
knowledge, solid bands indicate the impact of SoLID
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FIG. 9. Comparison of various PDFs from the present JAM24 global analysis (red bands) with

results from the CT18 [81] (blue), MSHT20 [86] (green), and NNPDF4.0 [80] (yellow) NLO

parametrizations at the scale Q2 = 4 GeV2. Bands represent a 95% credible interval for JAM24

and NNPDF4.0, a 90% C.L. for CT18, and a 68% C.L. for MSHT20.

26

JAM Collaboration, T. Anderson Phys.Rev.D 112 (2025) 9, 094011

Collinear distributions have flavor dependence. What about flavor dependence of TMDs?

11

The results in Tab. IV clearly show that a change in the collinear PDF set from MMHT to NNPDF produces
a negligible e!ect on the quality of the fit. This is reasonable because in the kinematic region covered by the
global dataset included in this analysis the two considered PDF sets are well constrained and compatible with
each other.3

In contrast, our results are significantly a!ected by the choice of collinear FFs. In fact, the ω2
0/Ndat becomes

larger when moving from DSS to MAPFF. Unsurprisingly, this deterioration a!ects the description of SIDIS
data, without significant impact on the description of Drell-Yan data. The increase of the ω2

0/Ndat value is
mostly due to the MAPFF collinear set being a!ected by lower uncertainties as compared to the DSS one.

In Fig. 4, we show the unpolarized TMD PDFs of the up quark in a proton extracted in MAPTMD22 (orange)
and MAPTMD24 FI (purple) as functions of the partonic transverse momentum |k→| at µ =

→
ε = Q = 2 GeV

and x = 0.1 (left panel), and µ =
→

ε = Q = 100 GeV and x = 0.001 (right panel). The plots evidently
show that the TMD PDFs extracted with two di!erent choices of collinear PDF sets are compatible with
each other in the kinematic region covered by experimental data. We note that the MAPTMD24 uncertainty
bands, corresponding to the 68% confidence level (C.L.), are equal to or larger than the MAPTMD22 ones, as
a consequence of the fact that each replica of the MAPTMD24 fit is associated to a di!erent member of the
collinear PDF set, while in the MAPTMD22 fit all TMD replicas were associated to the same member.

0.0

0.1

0.2

0.3

0.4

0.5

x
f

u 1
(x

,k
2 �
,Q

,Q
2
)

Q = 2 GeV

x = 0.1

MAP24 FI

MAP22

0.000

0.005

0.010

0.015

0.020

0.025

0.030

0.035

Q = 100 GeV

x = 0.001

MAP24 FI

MAP22

0.00 0.25 0.50 0.75 1.00 1.25 1.50 1.75 2.00

|k�| [GeV]

0

2

0 1 2 3 4 5

|k�| [GeV]

0.8

1.0

1.2

FIG. 4: Comparison between the unpolarized TMD PDFs of the up quark in a proton extracted in the MAPTMD22 fit
(orange) and the MAPTMD24 Flavor Independent fit (purple), as functions of the partonic transverse momentum |k→|

at µ =
→
ω = Q = 2 GeV, x = 0.1 (left panel) and µ =

→
ω = Q = 100 GeV, x = 0.001 (right panel). Lower panels show

the ratio of MAPTMD24 Flavor Independent to MAPTMD22. The uncertainty bands represent the 68% C.L.

In Fig. 5, we display the unpolarized TMD FFs for an up quark fragmenting into a ϑ+ extracted in the
MAPTMD22 (brown) and MAPTMD24 FI (light blue) fits, as functions of the pion transverse momentum |P→|
at µ =

→
ε = Q = 2 GeV and z = 0.4 (left panel), and z = 0.6 (right panel). We note significant di!erences

both in shape and normalization, which can be traced back to the di!erent choice of the collinear FF set (see
Tab. IV). However, there was no need to change the functional form of the nonperturbative parametrization,
since it turned out to be su”ciently flexible to accommodate the di!erences caused by changing the collinear
FF set. The MAPTMD24 FI fragmentation function has a second smaller peak at intermediate |P→|, especially
in the low-z region. This feature is present also in the MAPTMD22 fit, but the size of the peak is smaller
and its position shifted to higher |P→| values. As anticipated in model descriptions of fragmentation functions,
this behavior could be induced by the interference of di!erent channels in the fragmentation process where the
detected hadron could be produced directly or through the decay of heavier resonances. The TMD FFs could
be better constrained by data from double-inclusive hadron production in electron-positron annihilation [90].
Important constraints could be obtained also from di!erent processes, such as single-inclusive hadron production
in electron-positron annihilation with the reconstruction of the thrust or jet axis [91–94].

Since the flavor-independent ansatz for the nonperturbative part of TMDs does not provide a su”ciently
good description of the data, as an intermediate step toward a flavor-dependent extraction we consider a flavor-
independent but hadron-dependent ansatz. Namely, we allow the non-perturbative parts of the TMD FF for
pions to di!er from those for kaons. We employ the same functional form of Eq. (27) but with di!erent
parameters for pions and kaons. In this version of the extraction, denoted as MAPTMD24 HD, we have a total
of 29 free parameters: 1 for the Collins–Soper kernel, 10 for the TMD PDF, 9 for the TMD FF in pions, and 9
for the TMD FF in kaons.

Because of the increased flexibility, we achieve a significantly better description of the data, obtaining

3 We remark that in Ref. [6], where also other sets of PDFs were taken into account, the authors concluded that the choice of
collinear PDF sets led to a significant di!erence in the description of experimental data and required a change in the functional
form of the nonperturbative components.

There are some hints on flavor dependence of TMDs. Purple is flavor 
independent analysis and orange is flavor dependent analysis MAP24.

Can SoLID data tell us more about it?

MAP24: A. Bacchetta et al., JHEP 08, 232 (2024)
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FIG. 17. The contour bands at 68% CL of →P 2
→↑q↑ω+

r as a function of →k2
→↑qr, obtained from the fit of MAPTMD24 for the u (light

orange shape) and d (light gray shape) quark flavors, as well as from the joint fit of MAPTMD24+SoLID for the u (red shape) and
d (blue shape) quark flavors; all obtained at fixed zh = 0.5 and Q2 = 2 GeV2. The three panels correspond to three values of
xbj : xbj = 0.1 (left panel), xbj = 0.3 (central panel) and xbj = 0.5 (right panel).

global studies of the EMC e!ect [78–80], which addresses
the di!erences in the partonic structure of a free pro-
ton and a bound proton in a nucleus. There are several
possible explanations for the EMC e!ect, including the
non-negligible Fermi motion of the nucleon, short-range
correlations, the o!-shellness of the bound nucleon and
nuclear medium modifications. Combined with data on
proton cross section [38, 81, 85–87], the neutron cross
section can be extracted using the state-of the-art calcu-
lation [88] for treating the 3He nuclear e!ect. Both in
our projections and MAPTMD24+SoLID physics impact re-
sults, we have used the impulse approximation, in which
the 3He is treated as a system of two protons plus one
neutron. The extracted neutron results can then be com-
pared to available and future data on deuterium target
as well as upcoming results from various global analy-
ses, which will allow for an improved investigation of the
EMC e!ect in SIDIS processes considering the scattering
o! a 3He target.
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Appendix A:
Systematic uncertainties of the unpolarized cross

section with FUU

In this appendix we present a summary of all SoLID
systematic uncertainty sources studied and discussed in
Sec. 5 of the experimental proposal of Ref. [61]; the mag-
nitudes of the assigned systematic uncertainties are listed
in Table I (for pions) and Table II (for kaons).
The total systematic uncertainty of the unpolarized

cross section for charged pion production is up to 11%,
calculated by rounding o! the quadrature sum of the in-
dividual contributions. The largest source of uncertainty
comes from the so-called coincidence acceptance correc-
tion being 8.2% (which includes the electron acceptance
correction uncertainty). One should also note that the
ω
+ and ω

→ systematic uncertainties are determined to
be approximately similar by their magnitudes. It is the
case for both ω

+ and ω
→ at low-Q2 and high-Q2 regions

as well. It is the reason why we consider only one to-
tal systematic uncertainty for both particles and for the
entire Q

2 region, from low Q
2 to high Q

2.
It is essential to emphasize that for the unpolarized

cross section for charged kaons all the systematic uncer-
tainty sources, except for the coincidence acceptance cor-
rection and the charged-hadron detection e”ciency, is the
same as shown in Table I for charged pion production.
Meanwhile, for the kaons, the systematic uncertainty of

M.Cerutti et al, arXiv: 2512.20897

Impact of SoLID data on flavor separation of TMD PDFs (horizontal axis) and TMD FFs 
(vertical axis).
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SIDIS measurements at Jefferson Lab are promising to be impactful for the 
studies of the three-dimensional structure of the nucleon  
Combination of various polarizations and targets together with good PID is 
essential for such a program
3He target SIDIS measurements at SoLID are going to be important for 
valence quark distribution and fragmentation functions studies, in particular 
for down quarks


