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3-dimensional structure of nucleons: 
• Parton distribution functions (PDFs) 
• Fragmentation functions (FFs) 
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• Generalized parton distributions (GPDs)

Introduction

• Collinear factorization in perturbative QCD  
• Simultaneous determinations of PDFs, FFs, etc. 
• Monte Carlo methods for Bayesian inference

JAM Collaboration
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j

∫
1

x

d z
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χ2 Minimization
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Adding high-  data constrains  
and leads to a poor description of 
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Introduction

JAM High-  (2015)x

JAM15 was the last JAM 
polarized high-  analysis with 

Target Mass Corrections (TMCs) 
and Higher Twists (HT)

x
Extracted twist-3 ( ) and 

twist-4 ( ) functions
Dq

HN

DIS only
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Polarized jet productionPolarized DIS W/Z production

Simultaneous extraction of helicity PDFs ( ) and 
single-hadron FFs ( ) ( ) at NLO 

with high-  DIS + TMCs + HTs + nuclear corrections

Δq
DH

q H = π, K, h
x

Ultimate JAM helicity analysis

A. Airapetian et al., Phys. Rev. D 75, 012007 (2007) C. Cocuzza, dissertation (2023)

Introduction

C. Cocuzza, dissertation (2023)
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Leading Twist polarized structure functions:

Wandzura-Wilczek 
(WW) relation

gLT
1 (x, Q2) =

1
2 ∑

q

e2
q[ΔCDIS

q ⊗ Δq+ + 2ΔCDIS
g ⊗ Δg](x, Q2)

gLT
2 (x, Q2) = − gLT

1 (x, Q2) + ∫
1

x

dz
z

gLT
1 (z, Q2)

Structure functions with collinear factorization (CF) TMCs:
[Derivation in Appendix A of our 

paper]

ρ = 1 +
4M2x2

Q2
, xN =

2x
1 + ρ

gTMC
1 (x, Q2) =

1
ρ2

gLT
1 (xN, Q2) +

2(ρ − 1)
ρ2 ∫

1

xN

dz
z

gLT
1 (z, Q2)

gTMC
2 (x, Q2) = −

1
ρ2

gLT
1 (xN, Q2) +

2
(1 + ρ)ρ2 ∫

1

xN

dz
z

gLT
1 (z, Q2)
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Polarized DIS Theory
Higher Twists:

gN
i = gN,TMC

i + gN,HT
i , i = 1,2, N = p, n

gN,HT
1 =

cN,HT
1

Q2
gN,HT

2 = cN,HT
2

Nuclear structure functions:

gA
i (x, Q2) = ∑

N
[ΔfN/A

ij ⊗ gN
j ](x, Q2) (i, j = 1,2)

Template used for ,   
proton and neutron HTs

g1 g2

T(x, μ2) = N xα(1 − x)β(1 + γ x + ηx)
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Polarized DIS Theory
Burkhardt-Cottingham (BC) sum rule:

Γi(Q2) = ∫
1

0
dxgi(x, Q2), i = 1,2 ΓLT

2 (Q2) = 0

 matrix element:d2

Zero at LT. 
Non-zero with TMCs and/or HTs.

Related to nucleon’s color 
polarizability or the transverse color 

force acting on quarks
d2(Q2) = ∫

1

0
dxx2 [2g1(x, Q2) + 3g2(x, Q2)]
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Lattice QCD Data

ℐΔg(ν, μ2) = ∫
1

0
dxx sin(xν) Δg(x, μ2)

ℐΔΣ(ν, μ2) = ∫
1

0
dxx sin(xν) ΔΣ(x, μ2)

Singlet Ioffe time helicity distributions:

 MeV, latice spacing  fmmπ = 358(3) a = 0.096(1)

1901 gauge configurations of an 
ensamble with (2+1)-dynamical clover 
Wilson fermions with stout-link 
smearing and tree-level tadpole-
improved gauge action with a lattice 
volume of 323 × 64

Included on same footing as experimental data
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Data

Polarized DIS EMC, SMC, COMPASS, 
SLAC, HERMES, JLab

1735 points

Polarized SIDIS SMC, COMPASS, 
HERMES

124   points

Polarized Jets STAR, PHENIX 83     points
Polarized W/Z STAR, PHENIX 18     points
LQCD Radyushkin 48     points

JLab data
Helicity PDFs 

(no pos. constraints)
Helicity PDFs 

(no pos. constraints)

Enforce gA = 1.269(3)
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 Summaryχ2

Data

Good description of all 
experimental data and LQCD 

calculations
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Data vs. Theory (DIS) (proton)



14
Data

Data vs. Theory (DIS) (deuteron)
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Data vs. Theory (SIDIS)
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Data vs. Theory ( )pp
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 and  have smaller uncertainties at 
 due to low , high-  data.

Δu+ Δd+

x > 0.1 W2 x

JAM17: Included SIDIS and FFs in fit, but 
not high-  datax
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Helicity PDFs

Helicity PDFs

 and  have smaller uncertainties at 
 due to low , high-  data.

Δu+ Δd+

x > 0.1 W2 x

Small errors on , due to jet and LQCD 
data

Δg

JAM17: Included SIDIS and FFs in fit, but 
not high-  datax
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Structure Functions

 and  stable with regard to HTs; sufficient data to 
constrain them

gp
1 , gn

1 gp
2

gT = g1 + g2

For , errors get much larger due to very sparse  data 
for deuteron/helium

gn
2 A⊥

All HTs are consistent with zero, but give a more 
accurate reflection of the errors.   

I.e. for , qualitative change in conclusion from nonzero 
to consistent with zero

gn
T
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6

ga(1 − αs/π)Integrand

Truncated Integral
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Structure Functions

Bjorken Sum Rule

Integrand begins to explode in unmeasured 
low-  region (shaded area)x

Bjorken sum rule at NLO and LT:

∫
1

0
dx[gp

1 (x, Q2) − gn
1(x, Q2)] =

1
6

ga(1 − αs/π)Integrand

Truncated Integral  result slightly undershoots 
theory.   result matches 

theory very well.

xmin = 0.005
xmin = 0.00001
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 Matrix Elementd2

Factor of  means contribution 
below 0.005 is negligible

x2

Integrand

Truncated Integral

d2(Q2) = ∫
1

0
dxx2 [2g1(x, Q2) + 3g2(x, Q2)]
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Structure Functions

 Matrix Elementd2

At LT, integral goes to zero as 
, as needed by theoryxmax → 1

Factor of  means contribution 
below 0.005 is negligible

x2

With HTs, errors get larger at 
large x

Neutron is always consistent 
with zero.  Integrand for proton 

is non-zero up to x ≈ 0.8

Integrand

Truncated Integral

d2(Q2) = ∫
1

0
dxx2 [2g1(x, Q2) + 3g2(x, Q2)]
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Conclusions

Conclusions

First inclusion of SANE data 
from Hall C

Derived TMCs for polarized structure 
functions in collinear factorization framework

Simultaneous extraction of PDFs and FFs, with low  cut, with TMCs and HTsW2 > 4 GeV2

Low  DIS data provides strong 
constraints on  and  at high 

W2 > 4 GeV2

Δu+ Δd+ x

No signal found for HT effects, but 
they are necessary to get accurate 
error estimates, especially on gn

2
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Outlook

Outlook
JLab 12 GeV data, particularly transversely polarized asymmetries on helium, will 

help further constrain the  matrix elementd2

EIC can provide constraints at small , and reduce uncertainties on the gluon and 
singlet distributions in the extrapolation region

x
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σ = ∑
ij

Hij ⊗ fi ⊗ fj + 𝒪(1/Q)

Experimentally measured 
cross-section

“Hard part” (process dependent) 
Cross-section at parton level 

Calculated in perturbative QCD

“Soft part” (process independent) 
Describes internal structure
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Now that the observables have been calculated…

TheoryData
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Uncertainties

Uncorrelated 
Uncertainties

Normalization

Normalization 
Uncertainty
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Now that we have calculated …χ2(a, data)
Likelihood Function

Bayes’ Theorem
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Parameter Space

Maximum  
Likelihood

Maximum  
Likelihood

Maximum  
Likelihood

σ̃ = σ + N(0,1) α Uncorrelated 
Uncertainties

DR

Replica Data

Pseudo-Data

Original Data

Data
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For a quantity : (for example, a PDF at a given value of )O(a) (x, Q2)
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Exact, but 
!n = 𝒪(100)

E[O] = ∫ dna ρ(a |data) O(a)

V[O] = ∫ dna ρ(a |data) [O(a) − E[O]]2

For a quantity : (for example, a PDF at a given value of )O(a) (x, Q2)

E[O] ≈
1
N ∑

k

O(ak)

V[O] ≈
1
N ∑

k
[O(ak) − E[O]]2

Average over  sets 
of the parameters 

(replicas)

k

JAM15
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E[O] ≈
1
N ∑
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O(ak)

V [O] ≈
1
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k
[O(ak) − E[O]]2

+
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35
Future Experiments

Large impact on  predicted, 
especially below 

Δg
x ≈ 0.01

Sensitivity of  to A1 Δg

⃗l + ⃗N → l′￼+ X
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Positivity constraints rule 
out negative solution |Δf(x, Q2) | < f(x, Q2)

JAM  (2022)Δg
Introduction
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Ajet
LL ∼ (Δg)2 + ΔqΔg + . . .
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LQCD data does not rule out 
negative gluon, but leads to 

wild behavior for  at large ΔΣ x

ℳ(ν, z2
3) = ∫

1

0
dx x sin(xν)Δg(x) (LO)

JAM  (2023)Δg
Introduction



40
Data

 Analysis and StabilityW2
min



40
Data

 Analysis and StabilityW2
min



40
Data

 Analysis and StabilityW2
min



40
Data

 Analysis and StabilityW2
min

TMCs necessary for description of high-  
DIS data 

(1.03  1.02 when HT is added)

x

→



40
Data

 Analysis and StabilityW2
min

TMCs necessary for description of high-  
DIS data 

(1.03  1.02 when HT is added)

x

→



40
Data

 Analysis and StabilityW2
min

TMCs necessary for description of high-  
DIS data 

(1.03  1.02 when HT is added)

x

→

Moments stable for 3.5 < W2
min < 6 GeV2
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Helicity PDFs

Gluon Solutions
For LQCD calculation, we 

show the residuals as a function 
of the 48 eigendirections

In future results, we ignore the 
negative  solutionΔg

When combined with high-  
DIS data and polarized jet data, 
the negative  solution gives a 
far worse description of LQCD 

x

Δg

N. T. Hunt-Smith et al., Phys. Rev. Lett. 133, 161901 (2024)


